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PREFACE TO VOLUME III 

rTHHE present volume continues the theory of series begun in Volume II, 
and then proceeds to the theory of measurement. Geometry we have 
found it necessary to reserve for a separate final volume. 

In the theory of well-ordered series and compact series, we have followed 
Cantor closely, except in dealing with Zermelo's theorem (#257 — 8), and in 
cases where Cantor's work tacitly assumes the multiplicative axiom. Thus 
what novelty there is, is in the main negative. In particular, the multi- 
plicative axiom is required in all known proofs of the fundamental proposition 
that the limit of a progression of ordinals of the second class (i.e. applicable 
to series whose fields have N terms) is an ordinal of the second class (cf. #265). 
In consequence of this fact, a very large part of the recognized theory of 
trans6nite ordinals must be considered doubtful. 

Part VI, on the theory of ratio and measurement, on the other hand, 
is new, though it is a development of the method initiated in Euclid Book V 
and continued by Burali-Forti* Among other points in our treatment of 
quantity to which we wish to draw attention we may mention the following. 
(1) We regard our quantities as in a generalized sense " vectors," and 
therefore we regard ratios as holding between relations. (2) The hypothesis 
that the vectors concerned in any context form a group, which has generally 
been made prominent in such investigations, sinks with us into a very 
subordinate position, being sometimes not verified at all, and at oth^r times 
a consequence of other more fruitful hypotheses. (3) We have developed 
a theory of ratios and real numbers which is prior to our theory of measure- 
ment, and yet is not purely arithmetical, i.e. does not treat ratios as mere 
couples of integers, but as relations between actual quantities such as two 
distances or two periods of time. (4) In our theory of " vector families," 
which are families of the kind to which some form of measurement is 

* Cf. Peano'a Formulaire, i. (1895;, pp. 28—57. 
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applicable, we have been able to develop a very large part of their properties 
before introducing numbers; thus the theory of measurement results from 
the combination of two other theories, one a pure arithmetic of ratios and 
real numbers without reference to vectors, the other a pure theory of vectors 
without reference to ratios or real numbers. (5) With a view to geometrical 
applications, we have devoted a special Section to cyclic families, such as the 
angles about a given point in a given plane. 

The theory of measurement developed in Part VI will be required in the 
next volume for the introduction of coordinates in Geometry. 

We have to thank various friends for their kindness in bringing to our 
notice mistakes and misprints noted in the Errata, both in this and in 
previous volumes. 

A. N. W. 

B. R. 



15 February 1913 
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SECTION D. 

WELL-ORDERED SERIES. 

Summary of Section D. 

A " well-ordered " series is one which is such that every existent class 
contained in it has a first term, or, what comes to the same thing, one which 
is such that every class which has successors has a sequent. We will call a 
relation in general well-ordered if every existent class contained in its add 
has one or more minima. Then a well-ordered series is a series which is a 
well-ordered relation. 

Well-ordered series have many important properties not possessed by 
series in general. A well-ordered series is Dedekindian, except for the fact 
that it may have no last term ; i.e. every section having a last term is 
Dedekindian. A well-ordered series which is not null has a first term, and 
every term of the series (except the last, if there is one) has an immediate 
successor. A very important property of well-ordered series is that they 
obey an extended form of mathematical induction, which we shall call 
"transfinite induction," namely the following: If <r is a class such that the 
sequent (if any) of any class contained in er and in the series is a member of 
<t, then the whole series is contained in er. (It will be observed that A is 
contained in er, and therefore, by #20614, B'P is a member of er.) This 
differs from ordinary mathematical induction by the fact that, instead of 
dealing with the successors of single terms, it deals with the successors 
of classes. A closely analogous property, which holds for all well-ordered 
relations, whether serial or not, is the following . If er is a class such that, 

whenever P'xC er, where x is any member of C'P, x itself belongs to er, then 
C'P C er. If P is well-ordered, this property holds for all er's ; and conversely, 
if this property holds for all er's, P is well-ordered. Hence this property 
is equivalent to well-orderedness. 

If P is a well-ordered series, min> selects one term out of each member 
of CI ex'C'P. Hence C'P, which is min P "Cl ex'C'P, is a member of the 
multiplicative class of CI ex'C'P ; hence the multiplicative class of CI ex'C'P 
exists, and therefore the multiplicative class of any class contained in 
CI ex'C'P exists (by #88'22). It follows that if s'k can be well-ordered, and 
A ~€ k, the multiplicative class of k exists ; and that, if every class can be 
R. & w. III. 
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well-ordered, the multiplicative axiom holds. The converse of this latter 
proposition also holds, as has been proved by Zermelo (cf. #253). 

Another important set of properties of well-ordered series results from 
#208'41 ff. Two ordinally similar well-ordered series can only be correlated 
in one way ; and no proper section of a well-ordered series is ordinally 
similar to the whole series. (A "proper" section is a section not the 
whole.) 

From the uniqueness of the correlator of two similar well-ordered series, 
it follows that all the uses of the multiplicative axiom in #164 can be avoided 
if the fields of the relations concerned consist of ™^U-ordered series. I.e. 
taking #164*45, which is the fundamental proposition in this subject, we 
have, without assuming the multiplicative axiom, 

P, Q e Rel ! excl . D : g ! P sinor Q n Rl'smor . = . P smor sraor Q, 

whenever C'P and C'Q consist of well-ordered series. Hence, under this 
hypothesis, the multiplicative axiom disappears from the hypotheses of all 
the consequences of #164"45. 

Ordinal numbers (#251) are defined as the relation -numbers of well- 
ordered series. (This definition is in accordance with usage: otherwise, there 
would lie no special reason against defining " ordinal numbers " as the 
relation- numbers of series in general. The relation-numbers of series will 
be called serial numbers.) Sums of an ordinal number of ordinal numbers 
are ordinal numbers, but products of an ordinal number of ordinal numbers 
are not in general ordinal numbers. The product of an ordinal number of 
serial numbers is a serial number, and the product of an ordinal number (not 
zero) of ordinal numbers other than zero is not zero, i.e. a product of ordinal 
numbers, in which the number of factors is an ordinal number, does not 
vanish unless one of the factors vanishes. (For relations in general, the 
corresponding proposition requires the multiplicative axiom.) If v is an 
ordinal number, and fi is any serial number, fj.exip r v (i.e. p" as it would 
naturally be called) is a serial number; but if /*>1, fi exp r v is not an 
ordinal number unless v is finite. 

The theory of sections and segments (#252, #253) is much simplified for 

well-ordered series, owing to the fact that every proper section has a sequent. 

Proper sections are identical with proper segments, and both are identical 

— * — > 

with P"C<P. The series of sections, s'iV is P'>P-\+C'P. The series of 

— * — ► 

segments, $'P, is P*>P or P'*P-\+C'P according as there is or is not a last 

— > 
term of C'P, The series of sectional relations, P s , is P^'tPyP^ Q'P+tP; 

its domain is Pt"P"C'P, and its field is Pt"P"C'P w i'P. If 

--> 
xeC f P t P^P'x is never similar to P. 
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The theory of greater and less among well-ordered series and ordinal 
numbers is dealt with in #254 and #255. Cantor has proved, by means of 
segments, that of any two different ordinal numbers one must be the greater. 
This is proved by showing that of any two well-ordered series which are not 
similar, one must be similar to a segment of the other. We define an 
ordinal number a as less than another {3 if series P and Q can be found such 
that P is an a and Q is a /3 and P is similar to some relation contained in Q, 
but not to Q. It can be proved that all the ordinals less than Nr'Q belong, 
one each, to the proper segments of Q. Hence to say that the ordinal 
number of P is less than that of Q is equivalent to saying that there is a 
proper segment of Q to which P is similar. 

\Vhen two series have the same ordinal, they also have the same cardinal, 
in virtue of #15118, but the converse does not hold. When the cardinal 
number of one series is greater than that of the other, so is the ordinal 
number. When two classes can be well-ordered, any well-ordering will make 
the one class similar to a part of the other, or the other similar to a part of 
the one, in virtue of the properties of segments of well-ordered series. Hence 
of two different cardinals each of which is applicable to classes which can be 
well-ordered, one must be the greater — a property which cannot be proved 
concerning cardinals in general. 

In #256 we deal with the series of ordinals in order of magnitude. We 
show that this is a well-ordered series, and that the series of all ordinals of 
a given type has an ordinal number which is greater than any of the ordinals 
of the given type. This constitutes the solution of Burali-Forti's paradox 
concerning the greatest ordinal : there is no greatest ordinal in any one 
type, and all the ordinals of a given type are surpassed by ordinals of higher 
types. 

#257, #258 and #259 deal with " transfinite induction " and its appli- 
cations, of which the most important is Zermelo's theorem, namely, 

#258-34. h :. p ~ e 1 . 3 : 8 € e A 'C! ex ^ . = . 

(gP) .Pen.O'P = ft.S= minp f CI ex > 

where fl is the class of well-ordered series. This proposition leads to the 
following : 
#258-36. h : p e C"fl u 1 . = . g ! e A 'Cl ex> 

I.e. a class can be well-ordered or is a unit class when, and only when, a 
selection can be made from its existent sub-classes. Hence we arrive at 
#258-37. h : Mult ax . = . <7"X2 v, 1 = Cls 

I,e. the multiplicative axiom is equivalent to the assumption that every class 
can be well-ordered or consists of a single member. 

The proof of Zermelo's theorem uses an extension to transfinite induction 
of the ideas of #90 and #91, which is explained in #257. 



*250. ELEMENTARY PROPERTIES OF WELL-ORDERED SERIES. 

Summary of #250. 

A relation is called " well-ordered " when every existent sub-class of its 
field has one or more minima. A well-ordered series is defined as a well- 
ordered relation which is a series. We shall denote the class of well-ordered 
relations by '' Bord," which is an abbreviation for " bene ordinata " or " bien 
ordonnee." The class of well-ordered series will be denoted by fl. Thus 
our definitions are 

Bord = P (CI ex'C'P C (Train,,) Df, 

ft = Ser n Bord Df. 

Weil-ordered relations other than series will be seldom referred to after the 
present number. 

By applying the definition of " Bord " to unit classes, it appears that a 
well-ordered relation must be contained in diversity (#250104). A well- 
ordered relation is one whose existent upper sections all have minima 
(#250102). Hence by #21117, 

*250103. r : P e Bord . = . P„ e Bord 

Hence by *250'104, 
#250105. r : P e Bord .D.P^CJ 

By considering couples, it can be shown (*250'lli) that a well-ordered 
relation in which no class has more than one minimum is connected ; hence 
by #204-16 and #250-105, it is a series. Thus we have 

#260-125. f- : P e H . = . E !! minj/'Cl ex'C'P, 

I.e. a well-ordered series is a relation such that every existent sub-class 
of the field has a unique minimum. This might have been taken as the 
definition of £1. 

By the definition of H we have 
#250121. 1- :. P € ft . = : P € Ser : a C C'P . g ! a . D a . E ! min P 'a : 
= : P e Ser : 3 ! a n C'P . D a . E ! min P 'a 

Applying this to C f P we have 
#25013. r : P eO- t'A . D . E ! B'P 



SECTION D] ELEMENTARY PROPERTIES OF WELL-ORDERED SERIES 5 

We have also 
*250141. h:Peft.D.P£aen 
*250 17. I- :. P, Q e ft - t'A . D : P smor Q . = . P t d'Psraor Q £ d'Q 

This proposition justifies the subtraction of 1 from the beginning, and is 
useful in the theory of segments of well-ordered series. 

We have next (*250'2 — 243) an important set of propositions on P, when 
P e ft. The most useful of these is 
*250-21. I- : P e ft . D . D'P = D'P, 

I.e. in a well-ordered series every term except the last (if any) has an 
immediate successor. (It is not in general the case that every term except 
the first has an immediate predecessor.) Another useful proposition is 

*250242. h:Pen.D.P = P 1 *yP 1 |P 

The next set of propositions (#250'3 — 362) is concerned with "trans- 
finite induction." We have 

*250 33. I- . ft = connex * P {aCC'P n a .D a . seq P 'a C a- : Z), . C'P C a) 

I.e. a well-ordered series is a connected relation P such that the whole field 
of P is contained in every class cr which is such that the sequent (if any) of 
every sub-class of C'P r\ a- is a member of cr. 

*250 35. I- . Bord = P [xe C'P . ~P'x C a . D x . x e <r : Z>, . C'P C «r} 

I.e. a well-ordered relation is a relation P whose field is contained in every 
class cr which contains every member of C'P whose predecessors are all 
contained in cr. We may say that a property is " transfinitely hereditary " 
in P if it belongs to the sequents of all classes composed of members of C'P 
which possess the property. In virtue of #25033, if P is well-ordered? 
every transfinitely hereditary property belongs to every member of C'P, and 
conversely. 

Our next set of propositions (#250'4 — "44) is concerned with A and 
couples. We prove that Aeft (#250*4) and that x^y .D .x ],y e ft 
(#25041). 

#2505 — - 54 are concerned with selections. We have 

*250-5. h : P e ft . 3 . 

min P T CI ex'C'P e e A 'Cl ex'C'P . i'C'P = Prod'Cl ex'C'P 
whence 

#250 51. h : a e C"ft . D . 3 ! e A 'Cl ex-'a 

Observe that C"ft is the class of those classes that can be well-ordered. 
From #250"51 we deduce 

*250-54. k- : C"ft w 1 = Cls . D . Mult ax 

The converse, which is Zermelo's theorem, is proved in #258. 



6 SERIES [PART V 

*250"6 — '67 are concerned with consequences of #208. We show that 
two well-ordered series cannot have more than one correlator (#250'6) ; that 
if P is a well-ordered series, and j8 is contained in a proper section of P, 
P£jS is not similar to P (#250"65); and that if P is any well-ordered 
relation, and a is any class such that there are terms in C'P which are later 
than any member of a n C'P, then P is not similar to P £ a (#250*67). 



♦25001. Bord = P (CI ex'C'P C d'min P ) Df 

♦250 02. H = Ser n Bord Df 

♦2501. \-:Pe Bord . = . CI ex'C'P C d'minp [(*25O-01)] 

*250'101. (- :. P e Bord . = : g ! a n C'P . X . g ! min P 'a [*2501 . *20515] 

♦250102. (- : P e Bord . = . sect'P - t'A C d'min P 
Dem. 

V . *2501 . D V : P e Bord . . sect'P - i'A C d'minp (1) 

\- . #205 19 . D h . min (P po )'a = min (P^'P^'a 

[#20568] = min P 'P # "a (2) 

h . #90'331 . *21 113 . Z> h : g ! a a C'P . D . P*"a e sect'P - t'A (3) 

I- . (3) . Z> I- :. sect'P - t'A C d'min P . D : a ! a n C'P . D a . 3 ! mrn P '(P # "a) . 
[(2)] D a . 3 !mki(P po )'a. 

[♦205-26] D a . a ! minp'a : 

[♦250-101] DsPeBord (4) 

h . (1) . (4) . D I- . Prop 
♦250103. hPe Bord . = . P^ e Bord [♦250102 . #211-17] 

♦250104. KBordCRl'J 
Dem. 

\- . ♦250-1 . D I- : P e Bord .xeC'P.D.xe min P 't'x . 

[♦205194] D . ~ (a;Pa;) : D 1- . Prop 

♦250105. HPeBord.D^PpoG/ [♦250103104] 
♦25011. h:Pe connex . D :. P e Bord . = : 3 ! o n C'P . D„ . E I min P 'a : 

= : a C C'P . g ! a . D a . E ! min P 'a 
[♦2501101 . *20532] 

♦250111. h.Pf Bord .D:Pe connex . = . min P e 1 -► Cls 

Dem. 
K #2501. #711 .D 

r- :: P e Bord . min P e 1 -* Cls . D : . .r, y <? C'P . D : (i';z w i'y) - P"(t'a: w t'y) e 1 ; 

[♦54-4] Dii'su i'y - P"(i'x w t'y) = i* x . v . 

t'tf u t'y - P"(i'a: u t'y) = t'y (1) 
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K(l).Dh:.Pe Bord . min P e 1 -► Cls . x,y e C'P . x + y . D : 

^ e P"{l'x v I'y) . v . # e P"{l'x v I'y) ; 
[♦250-104] 3 : #Py . v . yPx (2) 

i- . (2) . #202103 .Dh-.Pe Bord . min P e 1 -> Cls . D . P e connex (3) 

r .(3). #205-31.3 K Prop 

#250 112. I- : P e connex a Bord . = . E !! min P "Cl ex'C'P 
Dem. 

K #2501-111.3 

\- : P e connex n Bord . = . nrin P e 1 — > Cls . CI ex'C'P C (Pmin P . 
[*7U6] = . E !I min P "a'min P . Cl ex'C'P C (I'min P . 

[#205-1516] = . E !! min P "Cl ex'C'P : D h . Prop 

#250 113. I- . connex n Bord = fl 
Bern. 

h . #2041 . (#250-02) .DKflC connex n Bord (1) 

I- . #250105 . D h : P e connex a Bord .D.Pe connex . P^ G J . 
[*204'16] D . P e Ser (2) 

I- . (2) . (*250'02) . D r : P e connex a Bord . D . P e O (3) 

K(l).{3).Dh. Prop 

#250-12. r : P e n . = . P e Ser a Bord [(#250'02)] 

#250121. I- :. P e H . = : P e Ser : a C C'P . a '. a . Z>„ . E ! min P 'a : 

= : P e Ser : a ! a a C*P . D tt . E ! min P 'a [#2501211] 

#250122. r :. P € ft . - : P e Ser : a ! C'P n ^'P"(a n C'P) . D a . E ! seq P 'a 
Dem. 

K #206-13. #250121 .3 

r :. P e H . D : P e Sev : g I C'P n p'P^'(« n C'P) . Z>« . E ! seq P 'a (1) 

r . #204-62 . D 

r : P e Ser . a ! a n C'P . D . g ! C'P np?P"p'P"(a n C'P) . 

[*40-62] D.a!C'Pn^'P"{C'PnyP"(anC'P)} (2) 

r . (2) . #10-1 . D 

r :. P e Ser : a ! C'P n jo'P"(a a C'P) . D a . E ! seq P 'a : D : 

3 ! a n C'P . D a . E ! seq P '{C'P n p'~P"(a n C'P)} . 
[#206'131*54] D a . E ! min P 'a : 

[#250121] D: PeH (3) 

r . (1) . (3) . D r . Prop 
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#250123. I- :. P e - t'A . = : P e Ser : g ! p'P"(a a C'P) . D . E ! seq/a 

K #250122.3 

I- :. P e Ser : g ! p'*P"(a n C'P) . Z> . E ! seq/a O.Pefi (1) 

h.#406.*24o2.D 

I- :. g ! p'P"(a a C'P) . D„ . E ! seq/a : D . E ! seq/A . 

[#20618] D . g ! P (2) 

h . #250122 . #4002 . D 

h : . P e n . 3 : P e Ser : g ! a a OP . g ! ju'P"(o n C'P) . D tt . E ! seq/a (3) 

I- . #20614 . D h : a n C'P = A . Z> . seq/a = 5'P 

[#20512] = min/C'P (4) 

h . *33-24 . #250-121 . D h : P e H - i'A . D . E ! min/C'P (5) 

h. (4). (5). Dh: PeO -i'A.«nC'P= A. D . E ! seq/a (6) 

h.(3).(6).D ^_ 

h.Pefl-i'A.D : Pe Ser : g !//P"(a a C'P) . Z> a . E ! seq/a (7) 

h.(l).(2).(7).Dh.Prop 

#250124. I- : P e fi . = . P e Ser . sect'P - t'C'P C d'seqj. 

De?n. 
h . #250122 . #211703 . Z> h : P e H . Z> . P e Ser . sect'P - t'CP C d'seq,. (1) 
I- . #211-7 . D \- :. P e Ser . sect'P - t'C'P C d'seq P . D : 

/3 e sect'P - i* A . Z>„ . E ! seq/(CP - £) . 
[#211723] D*.E!mm/£: 

[#250-10212] DrPef) (2) 

h.(l).(2).DKProp 

#250125. h : P e . = . E !! min/'Cl ex'CP [#250112113] 

The above proposition might be demonstrated, independently of 
#250112-113, as follows: 

(a) If E !! min/'Cl ex'CP, it follows that x e C'P . 3 . E ! min/t'z, 
whence x e C'P . D . ~ (xPx), whence PQJ. 

(b) If E !! min/'Cl ex f C ( P, it follows that 

x,ye C'P .x^y.D.El min/(t'£ w i'y). 
whence it follows that 

xPy . ~ {yPx) . v . t/Pj; . ~ (xPy). 
Hence P e connex . P 2 Q.J. 

(c) If E !! min/'Cl ex'CP it follows that 

xPy . yPz . D . E ! min/(t'*r w t'y w l'z), 
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whence xPy . yPz . D . ~ (zPx), 

and by P 2 QJ (which has just been proved) 

xPy . yPz . D . x 4= z. 
Hence, since, by (b), P e connex, we must have 

xPy . yPz . D . xPz, i.e. P e trans. 
Hence E !! min P "Cl ex'C'P .D.Pe Ser. 

Hence the above proposition is obvious. 

*250126. h : P e H . E ! max/a . ~ E ! seq/a . D . B'P e a . B'P = raax/a 
Dem. 

V . #250-123 . Transp . D \- : Hp . Z> . ~ g ! p'*P"(a n C'P) . 

0205 65] D . ~ g ! P'maxp'a . 

[*33'4] D.max P 'a~eD'P. 

— ►" 
[*93'103] D . maxp'a e B'P . 

[*202'52] D . maxp'a = B'P : D h . Prop 

#25013. h:Pe&-i'i . Z> . E ! B'P 

Dem. 

V . *3324 . J h : Hp . 3 . g ! C'P . 

[#250-121] . 3 . E ! min P 'C'P . 

[#205-12] D . E ! 5'P Oh. Prop 

#250 131. I- :. P eil . D : g ! P . = . E ! B'P 

Dem. 

h . #93102 . #3324 . D h : E ! B'P . D . g ! P (1) 

h. (1). #250-1 3. Dh. Prop 

*25014. hPf Bord . Z> . RI'P C Bord 

Dem. 
':■ . #2501 . #20526 . Z> 

h:P« Bord . Q G P . Z> . CI ex'C'P C (Fmbp . min P f CI ex'C'Q G min e . (1) 
[*60-42.*35-64] D . CI ex'C'Q C CI ex'C'P . (Fminp n CI ex'C'Q C <3'min (2) 
I- . (1) . (2) . #22 44-621 .Dt-:Pe Bord . Q G P . D . CI ex'C'Q C (I'ming . 
[#2501] D . Q e Bord OK. Prop 

#250141. HPen.D.Pfcaefl [#250-14 . #2044] 

#250142. hPe Bord . D . RI'P n connex C ft 
Dem. 

f- . #250-14 . D I- : Hp . D . RI'P n connex C Bord n connex 
[#250113] CO: Dh. Prop 

2 
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#25015. hzPeH.ElP'P.D.PeDed 

Dem. 

\- . #250101 . D r :. Hp . D : g ! a n C'P . D„ . g ! min P r a (1) 

I- . #206-14 . D h :. Hp . D : an C'P = A . D a . g ! prec P <« (2) 
h . (1) . (2) . D h : Hp . D . (a) . g ! (min P 'a w prec P 'a) . 
[#214-1] D.PeDed. 

[#214-14] D . P e Ded : D r . Prop 

#250151. h : ?efl.a;ea'P . D . P £ P # '« eDed 
Dem. 

r. #250141. DHHp.D.PtP^eO (1) 

h . #205-41 . D h : Hp . D . P'Cnv'(P £ ^<ar) « m7xp'? # 'tf 

[#205197] =t<#. 

[#533] D . E ! J3'Cnv'(P £ %'x) (2) 

h.(l).(2).*250-15.Dh.Prop 

#250-152. I-.HC semi Ded [#2147 .*250'124] 

#25016. I- : P e H . 3 ! a a C'P . D . ~P<mm P 'a = p'P"(a n ft'P) 
[#205-65. #2501 21] 

#25017. I- :. P,Q e fl - i'A . 3 : Psmor Q . = . P £ d'Psmor Q £d'Q 
[#204-47 . #25013] 

This proposition is useful in connection with the series of segmental 
relations in a well-ordered series, for the series of proper segmental relations 
in a well-ordered series is (a* will be proved later) 

pf^piPta'P, 

and this is ordinally similar to P £ d'P. Hence, by the above proposition, 
two well-ordered series which are not null are ordinally similar when, and 
only when, the series of their segmental relations are ordinally similar. 

#250-2. HPeBord. D . D'P = D'(P-P a ) 
Dem. 

h.*33-4. Dha;eD'P. = .a!P'a (1) 

I- . #2501 . #20516 . Z> h :. P e Bord . D : g ! *P'x . = . g ! mTn P r P" ( j; . 
[#205-251] -.tfeD'CP^P') (2) 

h.(l).(2).Dh.Prop 



SECTION D] ELEMENTARY PROPERTIES OF WELL-ORDERED SERIES H 

*25021. h : P e fi . Z> . D'P = D'P, [*201 63 . #250-2] 

In virtue of this proposition, every term of a well-ordered series (except 
the last, if any) has an immediate successor. 

#250 22. h : P c Ser r> Ded . D'P = D'P, . D . P e H - t'A 
Dem. 

V . #214101 -Dh:Hp.~E! max/a . 3 . E ! seq P 'a ^i) 

V . #206-45 . 3 r- : Hp . raax/a e D'P . 3 . E ! seq P 'max/a . 
[#20646] D . E ! seq P '« (2) 
I- . (1) . (2) . D h :. Hp . D : ~(max P 'a = B'P) . X . E ! seq/a : 
[*93-l 18] Z> : ~ (B'P e a) . a . E ! seq P 'a : 

[#2025 11. *214o] Z> : g !/)'P"(an C'P) . Z> a . E ! seq P 'a : 

[#250-123] D : Pell -i'A:.DI-. Prop 

#25023. I- : P e II . E ! B'P . = . P eSer a Ded . D'P = D'P, 
Dem. 

h .#25022. #2145 . D \- : P e Ser n Ded . D'P = D'P, . Z> . Pell . E ! 5'P (1) 

K #25015-21. D h : Pe fl . E ! B'P.I.Pe Ser n Ded. D'P = D'P, (2) 

r-.(l).(2).Dh.Prop 

#250-24. h : P e II . D . P a j P, = P £ D'P 

-Dem. 

I- . #201-1 . #13-12 . Z> I- :. Hp . xP*z . D : yPx . Z> . yP 2 ^ : y = x . D . yPH : 
[Transp] D : ~ (yP 2 z) . D . ~ (yPa?) ■ y + * : 

[#201-63.#202-103] D : yP x s .O.xPy (1) 

K(l). #201-63. Dh:Hp rPtz.zPty.D.xPy.x^eD'P (2) 

I- . #250-21 . Z> I- : Up - •£, y e D'P . xPy . Z> . faz) . yP x z . 

[#201-63] 0.{^z).yPz.zP x y. 

[#34-1] D.x(P 2 \P x )y (3) 

I- . (2) . (3) . 3 h . Prop 

*250 241. I- : P e fl . Z> . P, j P 3 = (d'P0 1 P [Proof as in #25024] 

#250 242. YiPeCl.l.P^PtKtP^P 

Dem. 
V . #201-63 . D I- :: Hp . D :. xPy . = : xP x y . v . xP*y : 
[#250-21] = : xP x y . v . (gs) . a?P^ . «P a y : 

[#250241] = : xP,y . v . (g«) . arP,* . zPy :: D h . Prop 
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#250243. hiPen.D.Ptd'P^ia'PoUPivPlPt) 

[Proof as in *250'242] 

The following propositions deal with the extended form of mathematical 
induction which is characteristic of well-ordered series. 

#2503. h:.Pe Bord : a C C'P n <r . D a . seq P <a C <r : D . G l P C a 

Dent. 

h . #250101 . r : P e Bord . 3 ! C'P - a . D . a ! rrnn P '( C'P - a) . 

— ► 
[#20514] D . (3#) .xe&P-c.P'xC*. 

[*206-4.*250104] 3 . (a<c) . a; e C'P - a . P'a; C a . x seq P (P'^t) . 

— ► — > 

[#13-195] D . (ga, a).a = P'i.aC C ( P n <j . a; e seq/a - a . 

[#10-24] D.(a«).aCC"P Ao-.a'. seq/a-o- (1) 

h.(l).Transp.Dh.Prop 

— ► « — > 

#250301. h : P e connex . ~ 3 ! min P 'r . a = C'P — P"t . a C a . 3 . seq P 'a C o- 

I- . #205122 . #202-501 . D h : Hp . Z> . <r Cp'P'W . 
[#40-67] D.TCp'K (1) 

I- . *206134 . D h : Hp . a seqp a . D . P'# C -p'P"a 
[#4016] C-2?'P"a 

[(1)] C-T. 

[#37-462] 3.x~eP" T . 

[*20618.Hp] Z>.ae<r:DKProp 

*25031. H:P econnex:. a C C'P noO a .seqp'aCo-:D a . C'P C <r :. D . P e ft 

h . #250-301 . D 

h :.Pe connex .3! C'Pr\ t . ~g ! minp'r . a= C l P~ P"t . D : 

a C o- . D tt . seqp'a C 0- 13 I C'P -a (1) 

h. (1). #10-28. D 

— » 
h.Pe connex : (31") . 3 ! C'P n t . ~ 3 ! minp'r : D : 

(30-) :of 0-. D .seq P 'aC a 13! C l P - a (2) 

I- . (2) . Transp . D 

— ► 
h :: Pe connex :. aC a . D a . seq P 'a C a : D„ . C'PC a :. 3 : 

3 ! C'P a t . D T . 3 ! minp'r : 
[#2501011 D : P e Bord (3) 

K (3). #250113. Dh. Prop 
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♦250 32. I- ::. P e cormex . D :: P e Bord . = :. 

— > 
a C C'P rtu.},. seq P 'a C c : D a . G"P C a [*250*3-31 ] 

♦250 33. h . H = connex a P (a C C'P a a . D a . seq P 'a C <r : D ff . C'P C <>■} 

[♦250-32113] 

♦25034. \-:.PeBord:xeC'P.P ( xCa.D x .xe<r:D.C'PCa 
Bern. 

r- . *250-ll . D h : P e Bord . g ! C'P - o- . D . g ! min P '( C'P - <r) . 
[♦20514] ^.(a^.^eC'P-o-.P'^Co- (1) 

h . (1) . Transp . D h . Prop 

♦250 341. h :: a: e C'P . P'x C a . D x . a e a : D„ . C'P C a :. D . P e Bord 

I- . #205-122 . #37462 . D 

I- : g ! C'P n r . ~ a ! miDp'r .a = C'P- P«t . x e C'P . P'x C <r . 3 . 

#~eP"T.a!C'P-<r. 
[Hp] D.^etr.alC'P-ff (1) 

I- . (1) . *10-28 .D\-:. (gr) .g!(?'PrtT.~ a ! miop'r . D : 

(g<r) : x 6 C'P . P'# C <r . Z>* . x e a- : g ! C'P - <r (2) 
h . (2) . Transp . Z> h :. Hp . D : g ! C'P a t . D T . a ! min P 'x : 
[♦250101] D : P 6 Bord :. D I- . Prop 

♦250-35. KBord = P[#eC'P.P'ttC<r. 3,.a ! «<r:D f .C , PC(r| 
[♦250-34-341] 

♦25036. h :. P <= H : \ C <r . g ! X a C'P . D„ . seq P '\ C a- : D . P"<r C <r 

r . *250'121 . D h : P e a . 3 ! P"<r - <r . 3 . E ! min P '(P"<r - a) (1) 

I- . #20514 . *37-46 . D 

V : * = min P '(P"<r -^.D.gSffnP'ir. P'a; a (P"<r - a) = A . 

[♦24-311] ^.^\cnP'x.~P'x-cC-P"a (2) 

K (2). ♦202501. Z> 

h : P 6 Ser . a; = min P '(P"<r - <, ) . D . g ! <r «?'« . P'a; - <r C j9'?"<> a C'P) . 

[♦4016] D . a I * « P'# . ~P'x - a Cp'~P"{<r n P'x) . 

[♦40-61] D . ~P*w - a C P"{* a ?<a>) (3) 

h . (3) . D I- : Hp (3) . D . ~P'x C (<r a ~P'x) w P"(<t a ?<*) . 
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D . x = seq P '(o- r\ P'x) . 

— ► — > -* — ► 

[(2)J D . g '. a r\ P'x . a- n P'x Cff.~ {seq P *(o- n PVy C c\ . 

[*1024] 3 . (3\) . X C <r . g ! X n C'P . ~ (seq P *X C <r) (4) 

K (4) . Transp . D h : Hp . D . ~ E ! min P '(P"o- - <r) . 

[(1 ).Transp] D.P"<r-<r=A:Dh. Prop 

^ -* 

*250 361. I- :■ P e n . P/'a C<r:XC«r.a!(\rt C'P) . D A . limax/X C c : D . 

P"<r C<r 

h . *206'46'43 .DhsHp.XCo-.E! max P '\ . D . seq P 'X = P/max P '\ . 

[Hp] D.seq P 'XC<r (1) 

— * — ► 

K*2074.D h: Hp. XC <r.g! (X a C'P). ~ E ! max P 'X .D.seq P 'X = limax P 'X. 

[Hp] D.seq P 'XC<r (2) 

I- . (1) . (2) . D I- :. Hp . D : X C a . g ! (X n C'P) . Z> A . seq P 'X C <r : 

[*25036] Z> : P"<r C <r : . D K Prop 

*250-362. I- :. P e £1 . Pj"<r C a : X C <r . g ! X a C'P . D A . Hmin P '\ C a : D . 

P"o-C<x 

*250-361p.*121-26 

*2504. h.Aefi 

Dem. 

K*60-33. Dh.Clex'C'Aca'min(A) (1) 

h.(l).*2501.Dh.AeBord (2) 

I- . (2) . *204-24 . D I- . Prop 

*250'41. V-.x^y.O.xlyeQ 
Dem. 
h.*60-39. DKC1 ex t C'(xly) = i t i t xvi t i'yui\i'x\Ji t y) (1) 

h.*205'18. D I" : Hp . P = «|y . 3 . miDp't'3; = ^. miD P 'i'3/ = 3/ (2) 

h.*205-18J. Dh:Hv(2).D.m\n F '(i<xui'y) = x (3) 

h . (1) . (2) . (3) . D h : Hp (2) . D . CI ex'C'(x ly)C d'min P . 
[*2501] D.a^yeBord (4) 

h . (4) . *204-25 . D h . Prop 
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♦25042. 

Dem. 



r : P e a - i'A . D . E ! 2 P . 2 P =P 1 'B<P. P'2 P =i<B<P . P £ P%,= A 

(1) 



I- . #121-13 .Dr:#=2 i >. = .# = P.'B'P 
\- . #25013 . D I- : Hp . D . E ! B ( P . 
[*250'21.*204 7] D . E ! P/J5 ( P 

I- . (1) . (2) . D I- : Hp . D . E ! 2 P . 2 P = P.'B'P 
[♦204-71] Z>.P<2 P = i'£'P 

[♦200-35] D . P £ ?2 P = A 

I- . (3) . (4) . (5) . 3 I- . Prop 



(2) 
(3) 
(4) 
(5) 



#25043. 

Dem. 



K0 r = n* C"Q 



l-.#56"104.DI-:PeO r . = .P = A. 



*250'44. 

Bern. 



[*250-4.*33-241] 
[♦71-37.*54-l] 

I- . 2 r = n n C"2 



.Pen.c<p = A. 

.Pea«C"0:DI-.Prop 



K#5611.3r:.Pe2, 
[♦250-41] 
[♦56-11-38] 
[*204-14] 



(a«,y).«4=y.P = t4y : 
Pe£l:('&x,y).x^y.P = xly: 

Peflr>(5"2.P/SP = A: 

Pell* (7"2:.DI-. Prop 

♦2505. I- : P e n . D . minp |* CI ex'C'P e e 4 'Cl ex'C'P . 

i l C l P = Prod'Cl ex'C'P [#20533 . #250* 1 . ♦11517] 
This proposition is of great importance, since it gives the existence- 
theorem for selections from any class of existent classes whose sum can be 
well-ordered (cf. #250'53, below). Observe that " a e C"Q " means " a is a 
class which can be well-ordered." 

♦250-51. h : a e C"n . D . 3 ! e A 'Cl ex'a [*250"5] 

♦25052. \-:aeC"n.pCa.1.K\e A 'C\ex'fi [*88'22*2.*250'51] 



♦25053. 

Dem. 



♦250 54. 

Dem. 



r : s'/t e G"ti . A ~ € k . D . 3 ! e^te 

r . ♦60-2357 . D I- : Hp . D . k C CI ex's'* . 
[*88-22.*250'51] D a ! <=a'k : D I- . Prop 

r:C^nwl = Cls.D.Multax 

I- . ♦25053 . #83*4 . D r :. Hp . D : A ~ t k . X . a ! <*'* : 
[♦88-37] D : Mult ax:. D h . Prop 
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The above proposition states that if every class which is not a unit class 
is the field of some well-ordered series, then the multiplicative axiom holds. 
The converse of this proposition has been proved by Zermelo (cf. #25847). 

#2506. I- :P,Q eft. Psmor Q. D.PslriorQel [#20841 . #25012-1] 

This proposition is very useful, since it enables us, when two similar 
series of similar well-ordered series are given, to pick out the correlators of 
all the pairs without assuming the multiplicative axiom. I.e. given 
P,Q e Rel* excl.SeP smor Q.SG smor, if N e C'Q, the correlator of S'N 

and N will be i < (S ( Hf) smor N if S'NfNeCl. This enables us to dispense 
with the multiplicative axiom in the hypotheses of *164'44 and its con- 
sequences, whenever the relations concerned have fields whose members are 
well-ordered series. 

#250-61. I- : P e n . D . P snwi P = i'{I \ C'P) [#208-42] 

*250*62. \-:Pe Bord . 8 e cror'P . 3 . ~ (g«) . (S'w) Px [*208'43] 

•25063. |-:Pen*Cnv"a.D.Rl'Pr>Nr'P = t'P [#208-45] 

This proposition will be useful in showing that a finite series is not 
similar to any proper part of itself, and is a series which is well-ordered and 
has a converse which is also well-ordered. 

#25064. HPe Bord. Secror'P.D. C'P «p r P"D'S = A [*208'46] 

In virtue of this proposition, a part of a well-ordered series can only be 
similar to the whole if the part extends to the end of the series. Thus e.g. 
no proper section of a well-ordered series can be similar to the whole. 

#25065. I- : Pe fl . cte sect'P - I'C'P. /3C a . D . ~ {P smor P £ 0} 
Dem. 

I-. #4016. 3r:Hp.D.p'P"C%Pta)C£'P'<C'(PE / 8) (1) 

I- . #211-133 .DI-:Hp.a~«l.D.a = C'(P £ a) . 
[#211-703] D . g ! p'P"C'(P [ a) . 

[(1)] 3. a !p'P"C%P££) (2) 

h . (2) . #40-6-62 . D h : Hp . a ~ e 1 . g ! P . D . g ! C'P « p'^'C^P £ /3) . 
[#208-47] D . ~ {P smor (P £ £)} (3) 

I- .#211-1 . #2413 . D I- : P = A . D . sect'P- i'C'P= A (4) 

r . (4) . Transp . D I- : Hp . 3 . g ! P (5) 

h . #20035 . #250104 . D I- : Hp . g ! P . o e 1 . D . ~ [P smor (P £ £)} (6) 
r . (3) . (5) . (6) . D I- . Prop 

#250-651. I- : P e n . D . Nr'P r> P £ "(sect'P - t'C'P) = A [#25065] 
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#250 652. I- : P e Bord . Q G P . 3 ! C'P n p^'CQ . D . ~ (P smor Q) 
[#208-47] 

#250 653. hPe Bord . g ! C'P n p'P"(a n C'P) . D . ~ (P smor P £ a) 

r . #37-41 . D I- . C ( (P tot)CanC'P. 

[#4016] 3 I- .£'P"(a r> C'P) C p'P~"C'(P la) (1) 

I- . (1) . D I- : Hp . D . g I C'P n jt)'P"C'(P £ a) . 
[#250-652] D . ~ {P smor (P £ a)} : D H . Prop 

#250-66. I- : PeH . a esect'P.Psmor (P £ a). D.a=C'P [*250'65 . Transp] 

#250-67. hiPefl.tfeC'P.? - {P smor (P £ ~?V)} 
Dew. 

I- . #21 T302 . D h : Hp . D . P'# e sect'P (1 ) 

r. #200-52. 3r:Hp.D.P'#4=C'P (2) 

l-.(l). (2). #250-65. Dl-.Prop 

#2507. r :. P e ft . = : a; e C'P . D* . P £ P*'# e ft : P e Ser 
Dem. 

r. #250-141. Dt-:.P.6n.D:^e C'P. D^.P^P^ell (1) 

I- . #250121 . D 
h :. * e C'P . D* . P £ P # '« e ft : = : #e C'P . g ! a n C'(P [;"?*'&') • 3*,a ■ 

E!min(P£P^)'a: 
[*202-55] D : x e d'P n a . D,,. . E ! mm (P £ P*'#)'a : 
[#205-27] D^. . E ! min/a : 

[#10-23] D:aia«Prta.-D a .E!min P 'a (2) 

r . #205-18 .*202-52 . D h : Pe Ser .'a= £<P . D . E ! min/a (3) 

h . (2) . (3) . D r :. a; e C'P. 3 X . P £ P*'^ 12 : Pe Ser : D : 

* 3 ! a « C'P . D a . E ! min P 'a : 
[#250-121] Z>:Peft (4) 

r.(l).(4).Dh.Prop 

This proposition is used in proving that the series of ordinals in order of 
magnitude is well-ordered (#256-3). We prove first that if P e ft, the 
ordinals up to and including Nr'P are well-ordered ; thence, by the above 
proposition, it follows that the whole series of ordinals is well-ordered. 

r. & w. III. 



#251. ORDINAL NUMBERS. 

Summary of #251. 

The name "ordinal numbers" is commonly confined to the relation- 
numbers of well-ordered series, and will be so confined in what follows. The 
relation-numbers of series in general are commonly called "order-types*." 
Thus a is an order-type if ae Nr"Ser, and a is an ordinal number if ae Nr a H. 
In the present number we shall be concerned with a few of the simpler 
properties of ordinal numbers and of the sums, products, and powers of well- 
ordered series. 

We put NO = Nr"H Df, 

where " NO " stands for " ordinal number." 

We prove in this number that any relation similar to a well-ordered 
relation is well-ordered (#251*11), and therefore any relation similar to a 
well-ordered series is a well-ordered series (#251111). We prove 

#251132142. r-:a 6 NO. = .C(4-ieNO. = . i+aeNO 

#2511516. r.0 r ,2 r eNO 

#25124. r:a,/3eNO.D.a + ySeNO 

We prove that if P is a well-ordered series oi mutually exclusive well- 
ordered series, %'P is a well-ordered series (#251*21) ; that if P is a well- 
ordered series of series, WP is a series (#251*3) ; that if P is a series and Q 
is a well-ordered series, P Q and P exp Q are series (#2 51 "42) ; that if P, Q are 
well-ordered series, so is P x Q (#251*55), and therefore the product of two 
ordinal numbers is an ordinal number (#251 56). 

In virtue of the uniqueness of the correlator of two well-ordered series, 
we have 

#251-61. V : . P, Q e Rel* excl .C'PCil.D: 

g ! (P smor Q) r\ Rl'smor . = . P smor smor Q 
whence, without assuming the multiplicative axiom, 

* We shall also speak of them as "serial numbers." 
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#251-621. h : C'P C H . g ! (P snToT #) n Rl'smor . D . 

2Nr'P= SNr'Q . nNr'P= HNr'Q 

*25165. I- : a e NO - t'A . /3 e NR . P e £ . C'P C a . 3 . 

SNr'P = /3 X a . n Nr'P = a exp r /3 

Finally, we have propositions (*251'7'7l) showing that the existence of an 
existent il in any type is equivalent to the existence of 2 r in that type, and 
therefore holds for every type of homogeneous relations, except (possibly, so 
far as our primitive propositions can show) in the type of relations of 
individuals to individuals. 



#25101. NO = Nr"H Df 

#2511. h:a e NO. = .(g/ J ).Peft.a = Nr<P [(#251-01)] 

#25111. h : P e Boixl . P smor Q . D . Q e Bord 

Bern. 
h .#205-8. #2501. #37-431. 3 

h :. P e Bord . Se Psnw Q . D : a C C'P . g ! a . D tt . a ! min</i?"a : 
[#37-63-431] 3 : jB e £'"Cl ex'C'P . g ! £ . ^ . g ! tiling : 

[#71-491] D : /3 e CI ex'£"C'P . D^ . a ! mh 1( //3 : 

[#15ril-131.*37-25] 3 : /3 e CI ex'C'Q . D^ . 3 ! min Q <£ : 

[#250-1] J : Q e Bord :. D h . Prop 

#251111. hiPen.PsmorQ.D.^eQ [#251-11 . #204-21] 

#25112. h : P e Bord . D . Nr'P C Bord [#251-11] 

#251121. hiPen.XNr'PCn [#251111] 

#251122. h:aeNO. D.aCH [#2511211] 

#25113. h:Pf Bord . z ~ e C'P . = . P-\> ze Bord 
Pern. 

h . #205-83 . #250-1 . D f- : Hp . g ! C'P n a . D . g ! min (P +> s)'a (1) 

f-.*205'831. Dh : Hp. C"(P -^ ^) n a =t'2.D. a ! min (P+>^V« (2) 

K#KHi.4. Dht.Hp.g! C'(P-H>s) n a . D : 

g !C'Pn a.v .C f Pn a= A.g! i'^r>a: 

[#10114] D:a!CPrta.v.C'(2 > -|*^)na = ^ (3) 

h.(l).(2).(3).D ^ ^ 

h :. Hp . D : g ! C'(P+>£) n a . D a . g ! min(P+> £)<a (4) 

h. (4). #250-101. Z) h :Pe Bord, £-e C'P. D.P+^e Bord (5) 

h.*250-L4-l04.*200-4l . D H : P+> ^ e Bord . Z> . P e Bord . z~e C'P (&) 

h.(.)).(6).Dr . Prop 
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#251131. hPen.^eC'P.E.P-^^fl [#204-51 .#25113] 
#251132. h : a 6 NO . = . a-j- i e NO 

Dem. 

K*25llll.*18ri2.:)h:PeO. = . J, A^pPeH. 

[#18111.(*181-01).*251131J =.P+>^efl. 

[*18r3.*2511] ^.Nr'P + ieNO (1) 

K (1). #2511. DI-. Prop 

#25114. h : PeBord . ir~ e C'P . = . z<+ Pe Bord 

h. #205-832. #1611 2. D 

-> — > 

I- :. Hp . D : ^ rsj e a , D . min (^ <-|- P)'a = min^'a : 

[#250101] ^ : g ! (a r» C'P) . z~ e a . D . a ! min (e <f P)'a (1) 

I-. #205-833, #1611 2. D 

— > 
h:Hp.^6a.g IP.D.g \mm(z<±P)'a (2) 

h.(l).(2).D 

|-:.Hp.g!P.3: 3 !ar» C"(* *J- P) . D a . a ! min «f P)'« : 
[#250-101] I> : s *f P e Bord (3) 

I- .#161-201 . #2504 . D h : P = A . D . zM- P eBord (4) 

h.(3).(4). D I- : Pe Bord. *~ eC'P . D . **f P eBord (5) 

h . #250-14104. #20041 . D r- : 2 *f P e Bord . 3 . P e Bord . z ~ e C'P (6) 
h . (5) . (6) . D h . Prop 
#251141. Y\PeQ,.z~€C<P . = t z<±Pe£l [#204-51 .#25114] 

#251142. r- : a e NO . = . 1 + a e NO [Proof as in #251-132] 

#25115. K0 r eNO [#2504 . #153-11] 

#25116. K2 r eNO [#25041 ,#153-211] 

#25117. V:x^y.x^ z. y$ z .1 .x ly-frzeQ, [#251131 . #25041] 
#251171. h.2 r 4-ieNO [#25116132] 

#251'2. I- : P e Rel 2 excl o Bord . C'P C Bord . D . 2<P e Bord 
Dem. 

V . #162-23 . D I- : g ! a n C't'P . D . 3 ! a n F"C'P . 

[#37-264] D.glC'Pn P"a (1) 

h.*37-46.*33-5.DI-:QeP u a.D.a!«^ C'Q (2) 

r-.(l). (2). #250-101 .3 

I- :. Hp . D : g ! a n P'X'P . D . (aQ) • Q min P P"a . 3 ! rnin^'a . 
[#20585] 3 . 3 ! rain (X'P)'a (3) 

I-. (3). #250-101 . Dh.Prop 
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#251-21. h:PeRel s exclnn.O'PCQ.D.S'Pen [*204'52 . #251-2] 

#251211. I- : Nr'P e NO . Nr"C'P C NO . D . 2 N r'P e NO 

Dem, 

\-. #18216-162. Dh:Hp. 3. Nr' l^Pe NO . J >'P e Rel 2 excl (1) 

f- . #1820511 . #151-65 . D h : Hp . D . Nr«C J JP C NO (2) 

h . (1) . (2) . #251-122 . D I- : Hp . D . 1 JP e Rel 2 excl ftH.C'|;PCft. 

[#251-21] D.S'l^Pea. 

[#25 11. (#183-01)] 3 . 2 Nr'P eNOOK Prop 

#251-22. I- : P, Q e Bord . C'P n C'Q = A . 3 . P£Q e Bord 

Dem. 
F .#162-3. #163-42.31-: Hp .~(P = A . Q = A) . D . 

P | Q e Bord . C'(P IQ)C Bord . P J, Qe Rel* excl . 

^(P1Q) = P-^Q- 

[#251-2] D.P^eBord (1) 

I- . #160-21 . #250-4 .Dr-iP^A.Q-A.D.P^Qe Bord (2) 

r-.(l).(2).DKProp 

#251-23. ViP,Q€n.C<Pr>C<Q = A.D.P£Q€n [*204'5 .#251-22] 

#251-24. h:a,/3eNO.D.a4-/8eNO 

Dem. 

h. #251111 . #18012-11. D 

h : P, Q e Q, . I> . 1 (A n C'Q)h'>P e 11 . (A r» C'P) | H»Q e O . 

c 4 (A o cq)h ;p « c<(a * cp) j uJQ = a . 

[#251-23.(*181-01)] 3 . P + Q e O . 

[*180-3.#251-1] 3 . Nr'P + Nr'QeNO (1) 

t-.(l). #2511. DI-. Prop 

#25125. h :P^Qen. = .P,Qefl. C'PnC'Q = A 

Dem. 

I- . #204-5 . D I- : P£Q e H . I> . P, Q € Ser . C'P o C'Q ^ A (1) 

I- . (1) . #20584 . Z> I- :. P$Q e fl . D : g.! C'P n a . D a . g ! min P 'a : 
[#25011] D:PeBord (2) 

I- .(1) . #205-841 .31-:. P£Q efl.D: 

3 ! a - C'P n C'(P4l#) . D a • a ! rmn Q '(a - C'P) : 
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[*1 60-14.(1)] D:#]anC'Q.X.'Kl min Q '(a - C'P) . 

[#205-15.(1)] X . g ! min,/a : 

[#250-101] D : Q e Bord (3) 

h . (1) . (2) . (3) . 3 h : P£ Q e Q . D . P, Q e H . C'P n C'Q = A (4) 

h. (4). #251-23. Dh. Prop 

#251-26. h:a,/3eNO-i'A. = .a4-/3eNO-<<A [#25125] 

#251-3. I- : Pe Q. C'P CSciO.II'PeSer [#204'57 . #2504] 

#25131. I- : E !! B"C'P . D . B [ C'PeF^C'P 
Bern. 

h . #71-571 . D I- : Hp . D . B [ C<P e 1 -> Cls . <1<(P f C'P) = C'P (1) 
I- . #93-103 . D h . B G P (2) 

I-. (1). (2). #80-14. Dh. Prop 

#25132. h : E !! S"C'P . g ! P . D . B [ C'P = £'n<P 
Bern. 

h . #172102 . D I- : Hp . 3 .~B'U'P= B^C'P 

[#82-21] = t'(fl f C'P) Oh Prop 

#251-33. h : C'P C H - I'k . g ! P . 3 . 3 ! U'P . B [ C'P = B'U'P 
[#25013. #251-32] 

#251-34. \-:Pe Rel 2 excl .C'PCD-t'A.D.g! e^C'C'P 
Bern. 

\- . #251-33 . #17316 . 3 h : Hp . g ! P . 3 . g ! Prod'P . 
[#173-161] D . g ! Prod'C'C'P 

[#1151] Z>.g!e A 'C"C'P (1) 

I- . #8315 . D h : P= A . D . g ! e^'C'CP (2) 

K(l).(2).Dr-.Prop 

#25135. hiiPeO.D:. 

aP cl £ . = : a, /3 e Cl'C'P : (g*) . s £ a - £ . a a P's = * P'z 
Bern. 

h . #170-2 . D 

I- :. a, £ e Cl'C'P : (<&z) . z e a - £ . a o P'z = /3 n ~P l z : D . aP cl £ (1) 

I-.*170-231. #250121. D 

I- :: Hp . D :. aP cl # . D : a, £ e Cl'C'P : (g*) . * e a-/3 . a n P'z = £ n P's (2) 
h . (1) . (2) . D h . Prop 
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#251-351. h :: P e H . D :. aP lc £ . = : 

a, e Cl'C'P : (gV) .^^-a.anP'^A [#251-35 . #170'101] 

#25136. h:Pen.D.P cl eSer 

Dem. 

h. #17017. Dh.P cl G J (1) 

I- . #251-35 . D h :: Hp . D :. aP cl /3 . /3P cl7 . D : 

— > — ■> — > — > 

(gs, w).zea-/3.wi-B-y.oinP ( z = /3n P'z . /3 n P'w = 7 n P'iy (2) 

h. #20114. D 

— -^ _^ — ^ _^ 

h : . Hp . 2r e a - /3 . w e /3 - 7 . a r» P<* - /3 rt P'z . £ « P'w =yn P'w . D : 

—> — » 

£pw . D . £ e a — 7. an P'^ = y,n P f £ (3) 

-r- \ , fr 

I- . #201-14 . D h :. Hp (3) . D : wPz .D.wea-y.an PHc = 7 r> P'w (4) 

h . (2) . (3) . (4) . #202-104. #251-35. D hr.Hp. D:aP cl ^ . £P cl7 . 3 . aP cl7 (5) 
I-. #250-121 .3 
I- : Hp . a,/8e Cl'C'P . a +/3 . 3 ■ (&) ■ * = min/[(a- /3) u (/?- a)} . 

[#205-14] D . (gs> . s e {(a - £) u 08 - a)} . a n P's = /? n P'* . 

[#251-35] D.«(P cl uP cl )£ (6) 

I- . (1) . (5) . (6) . h . Prop 

#251-361. h : P e O . D . P lc e Ser [#251-36 . #170-101] 

#251-37. h:Peft.D.P cl = P df [#251-35 . #171-2] 

#251-371. H : Pell . D . P lc = P fd [#251-37 . *170i01 . #171-1011 

#251-4 h : P c Rel 3 arithm n Bord . C'P C Bord . C'S'P C Bord . D . 

S'S'P e Bord 
Dem. 

I- . #251-2 . 3 : Hp . Z> . t'P e Rel 2 excl rx Bord . C't'P C Bord . 
[#251-2] D . 2'2'P e Bord : D I- . Prop 

#251-41. \-:Pe Rel 3 arithm n H . C'P C H . C't'P Cfl.D. 2'2'P e fl 
[#204-54. #251-4] 

#251-42. r:PeSer.Qen.D.P«,(Pexp())eSer [#20459 . #250-1] 

#251-43. I- : a e NR . a C Ser . e NO . D . (0 exp,/3) e NR . (a exp r/ 8) C Ser 
[#186-13. #251-42] 

#251-44. f- : a e NO - t'0 r . £ e NO - t'0 r . 3 . a exp r /3 4= r 
Dem. 

h. #165-27. D 

I- : Hp . P € a . Q e /? . D . P J, >Q e O - t'A . C'P J, '>Q C Q - t' A . 

[*251-33.*176-1] D.gKPexpQ) (1) 

I- .(1) .#186-13.3 I- . Prop 
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#251-5. \-:R\P.Qe Bord . D . P j, JQe Bord [#165-25 . #25111] 

#251-51. \-:ft\P.Q € [l.3.Pl'>Qen [#16525 . #204-21 . #251-5] 

■> 

#251-52. f- : P e Bord . D . OP J, »Q C Bord [#1G526 . #23112] 

'f 

#251-53. hzPen.l.C'Pl'QeQ. [#165-26 . #20422 . #251-52] 

#251-54. h : P, Q e Bord .D.PxQe Bord 

h. #165-21. #251-5-52. D 

h : Hp . a ! Q . D . Q j 5P 6 Rel 2 excl n Bord . C'Q 1>PC Bord . 
■j m f 

[#251-2.#16Gl]D.PxQeBord (1) 

I- . #166-13 . #250-4 ,DI-:Q = A.3.PxQe Bord (2) 

h . (1) . (2) . D h . Prop 

#251-55. h-.P.Qefi.D.PxQen [#251-54 . #204-55] 

#251-56. h:a,/3eNO.D.«x#eNO [#184-13 .#251-551] 

#251-6. b'.P,Qe Rel 2 excl . CP Cfi.^eP smor Q n Rl'smor . 

M = \ [( a #) .N € C'Q.\ = (S'N) smor #} . D . 

t P yu. e 6a V • s't"/u, e P smor smor Q 
Dem. 

h. #2506. #251-111. 3h:Hp.3./t CI . 

[#83-43] D.i|>ee 4 >. (1) 

[#164-43] D.iV>eP smor smor Q (2) 

h . (1) . (2) . D h . Prop 

#25161. h :. P, (? e Rel 2 excl . <7<P C ft . D : 

g; ! (P smor Q) o Rl'smor . = . P stnor smor Q 
Pern. 

h . #251-6 . D h : Hp . g ! (P smor Q) r* Rl'smor .2 . P smor smor Q (1) 
r-.(l). #164-17 . Dl- .Prop 

#251-62. h:Hp #251-61 .g '.Psmor QnRl'smor. D. 

X'P smor 2'Q . Il'P smor WQ . 

S Nr'P = 2 Nr'Q . n Nr'P = n Nr'Q 



Dem 



I- . #164-151 . #251-61 . D h : Hp . D . 2'Psmor %'Q (1) 

h.#l72-44\*251-6l. D h : Hp . D . Il'P smor II'Q (2) 

h.(l). #183-13. Dh:Hp.D.SNr'P=2Nr f Q (3) 

h. (2). #185-1. Dh:Hp.D.nNr'P=IlNr'Q (4) 

h.(l).(2).(3).(4). Dr. Prop 
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In the above proposition, the hypothesis " P, Q eKcl-cxcl " is unnecessary 
for 2^NVP = SXr'Oj and II Xi'P= IIXr'Q, as appears from #18314 and 
#185'12. Thus we have 

#251'621. h : C'P C Q . 3 ! (P slnor Q) r> Rl'smor . D . 

SXVP = S Xr'Oj . n Xr'P = II Xi ■'(,) 

h. #151-65. #18205162. D h . 1 rC"Pe( 7 JPisilTor P * Rl'smor (1) 

■J •! 

h.(l).*I 51'1G2. Dh:Hp.D.5i!((J ; ^)suV6r( JjQ) r> Rl'smor (2) 

h . (1 ) . #251-1 1 1 . #18216 . D h : Up . D . G" I U> C ii . J >P, I '>Q e ReP exel ^3) 
h . (2) . (3) . #251-62 . #183-14 . #1S.V12 .Dr. Prop 

#251-63. h : c XO - t'A . j3 e XII . P e Rel- exel . 7 J e £ . C'P Ca.D. 

S'Pe£Xa.2Xr'P = /3xa 

h. #164-47. #165-27-21. D 

\-:Hv.Q € <x.a$0 ) ..0.Ql'>P f :/3.C'Ql'>PCa.P > Ql'>Pelie^exc]. 

■> ■> ■> 

[#164-47] D . 3 ! (Q j, 5P) smor P n Rl'smor . P, # i ; P e Rol 2 exel . 

[#251-61] D . (Q J, »'P) smor smor P . 

•j 

[#164-151. #166-1] D.(PxQ).smor2'P. 

[#184-13] D.2'Pe/3x« (1) 

r . (1) . D h : Hp . « 4= r . D . 2'P e /9 X a (2 ) 

h . #162-42 . Transp . D h : Hp . a = 0, . D . 2'P = A . 

[*184-16J D.S'Pe/3x« (3) 

r . (2) . (3) . D h : Hp . D . S'P e £ X a (4) 

[#183-13] D.2Xr'P = /3x« (5) 

h . (4) . (5) . h . Prop 

#251-64. h : Hp #25 1'63 . D . II' P e (a exp r /3) . nXr'P = aexp,/3 
[Proof as in #251-63] 

#251-65. r : a e XO - t' A . £ s XR . P e £ . C'P Ca.D. 

S Xr'P = J3 X . II X c'P = exp, £ 

H. #182-16. #183-231. D 

h : Hp . e a . D . i JP e Rel 3 exel . \ »P e Xr'P . C 1 JP C Nr'Q . ( 1 ) 

:i 
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[#251'63] D . £Nr< J 5P = Nr'P X Nr'# . 

[*183*14] D.2Nr'P = Nr'PxNr'Q 

[♦152-45] =,8X0 (2) 

h . (2) . ♦1025 . Dh:Hp.D.SNr'P = /3xa (3) 

h . (1) . ♦251*64 . D h : Hp . Q e a . D . n Nr' J ?P = (Nr'Q) exp,. (Nr'P) . 

[♦185-112] D . n Nr'P = (Nr'Q) exp r (Nr'P) 

[#152-45] = aexp r # (4) 

h . (4) . #1023 . Dh:Hp.D.nNr'P = aexp r /9 (5) 

K (3). (5). 3 h. Prop 

In virtue of the above proposition, the usual relations of addition to 
multiplication, and of multiplication to exponentiation, when the summands 
or the factors are all equal, can be established without the multiplicative 
axiom, provided the summands, or the factors, are ordinal numbers. 

♦2517. h:a!fl-i'AnCa. = .a!2 f nCa. = .aI2ft('a. = .a!2. 

Dem. 
K #64-55. Dh:a!a-t'AnCa.s.(aP).Pen-i'A.Cf'.PC<,'a (1) 
b . #200-1 2 . D h : P € a - l 'A . D . (gar, y) . a?, y «r C'P . a? + y . 
[#153201. #55'3] Z).g!2 r nRl'P (2) 

H . (1) . (2) . D h : a ! fl - i'A o Co ■ 3 • (gP) ■ C'P C *„'<* . a 1 2 r n Rl'P . 
[#33-265] D . (g0 . $ «r 2 r . C'Q C C« . 

[♦64-55] D . g ! % n C« (3) 

h . #25116-122 . D h : g ! 2 r o t^a . D . g ! H - t'A n C« (4) 

h . (3) . (4) . D h : a ! fi - t'A n t w ( a . s . g ! 2 r n t^a (5) 

h . #64'55 . D h : g ! 2 r n ^'a . = . (g#, y).x^y .x,ye t 'a . 

[♦63-62] = . (go?, y).x^y.i i xvi t ye t'a . 

[*5426] =.a!2n«'a (6) 

h . (5) . (6) . (#65-01) . D K Prop 

#25171. h.g!(i-f'An CCls . g ! H - t'A n fo'Rel 
[#251-7. #101 -42-43] 



#252. SEGMENTS OF WELL-ORDERED SERIES. 

Summary of #252. 

The properties of sections and segments are greatly simplified in the case 

of series which are well-ordered, owing to the fact that every proper section 

— ► 
has a sequent, whence it follows that the class of proper sections is P"C l P\ 

and this is also the class of proper segments. Hence also the series of proper 
sections or of proper segments is the series P>P (#252'37). The series of all 
sections is P'>P-t>C'P (*252"38) ; hence (*252'381) 

NrVP*=Nr'P+i. 
The most useful propositions in this number are (apart from the above) 
#25212. HrPeO.D. 

sect'P - i'C'P = D'Pe - l'C'P = P"C'P . sect'P = ~P"C'P u l'C'P 

*25217. 1- : P € £1 - i'A . D . sect'P - i'A = P^d'P u i'C'P 

#252171. h : P e . D . sect'P - i'A - i'C'P = P"(I'P 

#252372. h :. P e n . D : s'Pe O : E ! B'P . D . Nr's'P= Nr'P : 

~ E ! B'P . D . Nr's'P = Nr'P+ 1 

#2524. 1- : P € H . X C sect'P . g ! X . D . p'X e X 



#2521. h:Pefi. a e sect'P - i'C'P . D . E ! seq P 'a [#250-124] 

#25211. r- : P e D. . D . sect'P - i'C'P = sect'P * (I'seq^ 

Xtem. 

h.*206-18-2.DH.C"P^ea'seq P (1> 

h . (1) . #2521 . D h . Prop 



28 SERIES [part V 

#252 12, r : P e n . D . 

sect'P - t'C'P = D'P e - i'C'P = P"C"P . .sect'P = 1 J "C'I J u t'6"i J 

Pem. 

L . #211 -24. #2521 1 . D H : Hp . a e sect'P - r'C"7 J . D . a e I)'7 f (1) 

I- . #21115 . D I- : Hp . a e D'Pe - *'C'P . D . a c sect'7* - i'6"P (2) 

K(l) (2). Dh:Hp. D. sect' /'- t'C'P = D'i'e-i'C'P (3) 

r - *21 1-302 . #252-11 . D r : Hp . D . .sect'P - i'C'P = ~P"C*P (4) 

h.(3).(4).*211-26.Dl-.Prop 

In dealing with sections and segments of well-ordered series, it is necessary 
to distinguish series with a last term from such as have no last term. If 
a series has no last term, C"7 J = 7 J "C"P, so that C'Peh'Pe. But if a 

series has a last term, C"P~eD'P e ; in this case, l)'i J e = P"C"P. Thus 

D'Pf is either P"C'P or sect'P, according as there is or is not a last 
'x'rm. In either case, 

sect'P = P"C'Pui'C«P > 
as has been already proved in #25212. 

*252'13. h : P e n . E ! P'P . 3 . sect'P - i'C'P = D'P e =~P"C l P . 

sect'P = D'P t u i'C'P =~P«C'P u i'C'P 
Pit in. 

r . #250-21 . *21 1 -36 . D h : Hp . D . sect'P - D'P f = i'C'P . 
[*24-492.*211-15] D . sect'P - «'C"P= D'P e (1) 

[#252-12] =~P"C'P (2) 

h.(l).(2).*2U-2G.Dh.Prop 

#252-14. r- : 7 J e O . - E ! B'P . D . sect'P = D'Pe=7"C"P v i'C'P 
[*2oO-2l.*211-3Gl .#252-12] 

#252-16. !- : P e O . D . I)'7 J f = P"D'7> u t'D'7^ 

/Jem. 

r- . #252 13 . J h : Hp . E ! B'P . D . D'7\ = P"D'P u i ( ~P ( B'P 

[#202-524] =P"D , Put'D < P (1) 

h.#252-14.DI-:Hp.~E!/i ( P.D.D*Pe="p"I) f Pwt'D ( P (2) 

K(l).(2). D (-.Prop 

*252 16. r : / J e P. - 2, . D . D' 7 J e = sect'(P £ WP) 

Ihun. 
K #204271 . Dh : Hp.D. I)'/ J ~ e l . 
j #202-55) D.6"(P£ 1>'7 J ) = W. 

| *250-l il .*2:,2- 1 2 1 Z) . .eet'( 7 J £ D'P) - Ft~X) 7 T i "D'P u t'P'7 J 

|>3T-t2-42l j = P"D'Put'])'7' 

!a'252-I5| = I)'P« : D h . Prop 
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#252 17. h : Pe il - i<\ . D . sect'P - t'A = ~P"CI'P u t'L" /> 
Dem, 

V . #252-12 . D h : Hp . D . sect'P- t'A - (P"C'P - t' A) u f T'p 

[*33-41J = P"(T'P u ,V'P :Dh. p,-,, () 

#252 171. h : Pe H . D . sect'P - *'A - f 'C"P - P"(I'P 

Pern. 

b . #252-12 . D h : Hp . D . (sect'P - t'C'P)- i 'A = ~P"<'<P _ ,<\ 

[#33-41] =~P"(I'P : D I- . Pmp 

#2523. h:Pen.D.l)VP*-P"C"P [#212-171 . *252-J2] 

#252 31. H:Pen.a'.P.D. GVP* = ~P"C'P u ('CP 
[#21 2-172. #252-12] 

#252-311. HPefl.glP.D. (l's'P* =~P«a i P u i'C"P 
r*212-l7l. #252-17] 

#252-32. h:Pcn.I>.D's'P = P<'D'P [#212132 . #25215] 

#25233. h : P e n - t'A . D . C's'P = ~P«D'P w t 'D'P 

[#212-133 . #252-15] 

#252-34. h : P e H . E ! B'P . D . CVP = P"C'P 

I- . #202524 . D h : Hp . D . "?< B'P = D'P . 

[#252-33 J D . CVP = P' 'C'P Oh. Prop 

#25235. I- : P e O - t'A . ~ E ! B'P . D . C'<;<P=~P"C<P u f '6"P 
[#212-133. #25214] 

#252-36. h : P <r fi . E ! B'P . D . s'P = p;p 

Dew. 

h . #212-25 . #252-34 . D h : Hp . D . p'lP = (s'P) £ (("<;' P) 
[*36-33] = s'P : D h . Prop 

#252-37. h : P e fl . 3 . (s'P) £ (- I'C'P) =~P 5 P 

Dem. 

\- . #3G-3 . D h . (s'P) t (- t'C'P) = (s'P) t (CVP - t'C'P) 

[#212-133134] = (s'P) £ (D'P e - i'C'P) (l) 

h . (1) . #252-12 . D h : Hp . D . (s'P) £ (- i'C'P) -. (s'P) £ (P"C'P • 
r*2 12-25] =?;p:Dh.Prop 
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#252 371. I- : P € fi . ~ E ! B'P . D . s'P = ~P'>P-t*C<P 

Dem. 
r . #21225 . #25232 . D V : Hp . D . ~P*P = (s'P) £ (D VP) (1) 

h . #212133 . D h : Hp . a ! P • 3 . C'P = B'Cnv's'P (2) 

h . #25232 . D r : Hp . D . D' s'P = P"C'P . 

[#20012.#204-34] D.DVP~d (3) 

h . (1) . (2) . (3) . #204-461 . D h : Hp . a ! P . D .~P'>P-frC'P = s'P (4) 

h . #212134 . #1612 . D h : Hp . P = A . D . s'P = A. PJP+> C'P= A (5) 

h.(4).(5).3h. Prop 

#252372. h :. P e H . D : s'P e H : E ! B'P . D . Nr's'P = Nr'P : 

~ E ! B'P . D . Nr's'P = Nr'P + 1 
Dem. 

\- . #252-36 . #20435 . D I- : Hp . E 1 B'P . D . s'P smor P . 

[*251111.*152 321] Z>. s'P eH. Nr's'P = Nr'P (1) 

h . #252-371 . #204-35 . #200"52 . D 

h : Hp . ~ E ! B'P . D . Nr's'P = Nr'P 4- 1 . (2) 

[#251-132] D.s'Pefl (3) 

h.(l).(2).(3).Dh.Prop 

#252-38. h : P f n . D . s'P* = P;P+>C'P 

Dem. 
V . #252-12. #212-24. D 

h :: Hp . 3 :. a(s'P*)£ . = : a,&eP"C<P u t'C'P . a C . <* + £ : 
[*37-G.*200-52] 

=i : (aa?,y) . a;, y e C'P . a = P'# .fr^P'y .~P<x C ?'y . P'# + Pty . v . 
(g«) .xeC'P.a=:P<x.p = C'P : 
[#204-3334] = : (a#, y) . .uP y . a = P'x . £ =~P'?/ . v . 

(aar) . x e C'P . « = P'# . £ = C'P : 
[#150-5-22] = : a (P'>P) £ . v . a e C'PJP . £ = C'P : 
[#16111] = : a(P;P-bC'P)/3 :: D h . Prop 

#252381. hPefl.D. s'P* e O . Nr's'P* = Nr'P + i 
[#25238 . #20052 . #204-35 . #251131] 
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#2524. I- : P € . X C sect'P . g ! X . D .p'X e \ 

Dem. 

h . *211-44-l . D h : Hp . P = A . D . X = t'A . 

[#53*01] D.p'XeX (1) 

I- . #212-172 . Dh:Hp.a!P.D.XC CVP* . g ! X . 

[#252-381.*250-121] D . E ! min(s'P*)<X. 

[#210-222.#211-67'66] D.p'XeX (2) 

h . (1) . (2) . D I- . Prop 

#252-41. t-:PeQ.XCsect*P.a!\,3.*'Xe\ [Proof as in #252 4] 

#252-42. t- :. P e H . (Cnv VP*)/V C o- : 

X C <r . g ! X r> CVP* . 3x . s"(X n CVP*) e <x : D . 

(CnvVP*)"rr C <r 
[#250-361 . #252-381 . #212-322] 

#252-43. \-:.P € a. ($'P*y<r c °" : 

X C o- . g ! X o C"VP* . 3x . p'(X rs C's'P*) € a- : D . (s"P#)"<x C o- 
Dem. 

h . #212-181 . 3 h . (CnvVP*) smor (s'P # ) (1) 

K (1) . #252-381 . D h : Hp . 3 . CnvVP* e O (2) 

h . (2) . #212-34 . #250-362 . D h . Prop 



#253. SECTIONAL RELATIONS OF WELL-ORDERED SERIES. 

Mammary of #253. 

In the present number we shall consider the properties of the relation 
P s (defined in #213) when Pefi. The relation P y has great importance in 
this case, owing to the fact (to be proved later) that Nr"D'P s is the class of 
all ordinals less than Xr'P, and that, if P, Q are any two well-ordered series, 
either P is similar to a member of C'Qs, or Q is similar to a member of 
C'Pi, whence it follows that of any two unequal ordinals one must be the 
greater. 

The present number consists merely of the more elementary properties of 
P s when PeD. The interesting properties connected with greater and less 
will be treated in the following number. 

The most useful propositions of the present number are the following : 
#253 13. h : P e 12 . D . D'P, = P t "P"d'P = P £ <<P"C"P 

#25318. r : P e Q . D . C'P, C P £ <<P"d'P v t'P . C"P t C a 

— » 
Instead of C"P S C P £ "P"d'P u t'P we shall have equality, unless 

P = A (*-2.)3-lo). 

#253-2. I- : P e 12 - 2,. . D . Nr'P, = Nr'(P £ il'P) 4- 1 

The case when Pe2,. has to be excluded, because then P£d ( P = A. 
#253 21. h : P e n . D . i 4- Nr'P, = Nr'P 4- i 

This proposition involves Nr'Pj = Nr'P when P is finite, but when P is 
infinite it involves Nr'P y = Nr'P 4- 1 (cf. *26L-38). 

#253 22. h : P e fl . D . P s £ D'P r smor P £ d'P 

#253 24. h : P e O . D . 7 J S e O 

#253 4. h : P e fl - i f A . 3 . 

c«p f = q (( 3 J2) . p = Q41.B . v . ( a *) . p = q+x} 

#253 421. r : P e Q . ^ e D'P, . D . ~ (Q smor P) 
#25344. r : o, j3 e NO - i'A . £ =f r . D . a + /3 4= a 
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This proposition marks a difference between ordinals and cardinals. An 
ordinal is always increased by the addition of anything at the t>nH, whereas 
this is (often if not always) not the case with a cardinal if it is reflexive 
and greater than the addendum. The above proposition ceases to be true 
if we add ft at the beginning instead of the end: f3 -f a = a will be true if a is 
infinite and &>X/3 is not greater than a. (For the definition of w, cf #263.) 

*25345. h : a e NO - t'A - i'0 r . D . a + i + a 

Similar remarks apply to this proposition as to #25344. 
*253 46. h : P e O . Q, R e G"P S . Q smor R.3.Q = R 

I.e. no two different sections of a well-ordered series are similar. 

It follows from #253-46 that the series of the ordinals of proper sections 
of a welt-ordered series P is similar to the series of proper sections, nd 
therefore, by #253-22, to the s. les P with its first term omitted (#253-463). 

We have next a set of propositions (#253o — "o74) on the circumstances 
under which Nr'P r = Nr'P and those under which NVP, = Nr'P + 1. As 
a matter of fact, the former holds when P is finite, the latter when P is 
infinite. But the distinction of fi rate and infinite will not be introduced till 
the next section. In the present number, we prove that (assuming Pf fl) 

Nr'P s = Nr'P if (PP, = d'P . E ! B'P, and if not, .then Nr'P, = Nr'P 4- 1 
(#25356). This is proved by using Pj as a correlator. (Pj as a correlator 
moves every term one place down, except the first, which disappears.) For, 
ifPefl, we have Px'P=PCD'P(*253-5); hence we prove P^CT'P^morP^D'P 
(#253-502), and hence, if d'P, = d'P, we obtain P£ d'PsmorPt D'P (*253-503). 
Hence by #253'2 (with special consideration of the case when P e2,.) we have 
the two propositions 

#25351. h : P e n . d'P, = d'P . E ! B'P . D . Nr'P, = Nr'P 

#253511. r : P e f2 . d'P, = d'P . ~ E ! B ( P . D . 

Nr'P s *= Nr'P 4- i. Nr'P £ d'P = Nr'P 

Bat if there is a term, say x, belonging to d'P — d'P,, use P, as a correlator 
for the predecessors of x\ we thus find that, in this case, P smor P £ CT'P. 
Hence, by #253-2, Nr'P s = Nr'P 4- 1- 

The hypothesis d'P, = d'P . E ! B'P means that there is a last term, and 
every other term has an immediate successor. This, as we shall prove later, 
and as is indeed obvious, is equivalent to the assumption that P is finite but 
not nidi. 

From the above propositions it results immediately that 

#253 573. h :. P e fl . D : d'P, = d'P . E ! B'P . = . 1 + Nr'P 4= Nr'P 

Hence it will follow that finite ordinals other than r are those which are 
increased by the addition of 1 at the beginning. We have also 
r. & w. nr 
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*253'574. h:.Pen-t'A.D:(I'P 1 = (I < P.E! J B ( P. = .14-Nr'P = Nr'P + i 
Whence it will follow that finite ordinals' are those for which the addition 
of i is commutative. 

*2531. h:.P<-n.O:QPsR. = . 

(>&oL % p).a,$e~P"<l t Pvi t C i P.<&\$~OL.Q = PloL.R = Pl& 
Dent. 
V . *2131 . #252-17 .DH.Hp.glP.D: QP*R . = . 

fa*,0)**,Pe~P"<l'Pvt'C'P.Rl0-a.Q = Pta.R = Pt/3 (1) 

h . *33241 . D h :. P = A . D : ~P"a<P v l'C'P = t'A : 

[*24-53] D : ~ (got, £) . a, £ e ~P"<I<P u i<CP . g ! /3 - a : 

[*2133]D:QP t jR. = . 

(ga.yS). a,/SeP"(FPut'C'P. g !£- a. Q = P£a.i2 = Pt£ (2) 
h . (1) . (2) . D h . Prop 

*25311. h :: P e f2 . D :. QP^ . = : 

(Rx,y) . x e a*P .xPy.y = P^P'x .R = P £ ~P l y . v . 

(Rx),.xf(l'P.Q = Pt'p<x.R = P 
Dem. 

h.*33'152. 3\-:a = C'P./3i:"P"(I<p'KJi<C<P.3.~%lj3-a (1) 

h . *200 52 . (1) . Dh:Hp.aeP"(FP.£=C<P.D.a!£-a (2) 

h . (1) . (2) . #2531 . D \- : : Hp . D : . QP t R . = : 

(aa 1 /9).a, / 86P"a*P. a ! y 3-a.Q = P^a.P = Pty9.v. 

(aa J /S).a e P"a < P./9=0'P.Q = Pr«.P = Pt/3: 
[*37-6.*3633] 

= : (a*>y) • *,y ed'P • 3 ! P'y- P'« . Q = P t i*« ■ -R- P £ P'y • v . 
(ao:). a : e (I'P.Q = PtP^.i2=P: 
[*211-61.*210-1] 

= i(^x t y).x,y € a t P.P t xCP ( y.'p t x^P t y.Q^PlP t x.R = Pt'P t y.^. 
(a*).*6g.'P.Q«Pt?af.i2 = P: 
[*20433-34]=:( ai c,y). a; ,ye(I'P.a;Py.Q=P^P ;t a; . J B = PtP^.v. 

(ga:). i c€a'P.Q=-PpP^. J B = P (3) 

H . (3) . *33 14 . 3 h . Prop 

*25312. h:Pen.P~ € 2 r .D.P J = (P^PJPta'P)-^P 

Dem. 
h.*204-272.Dh:Hp.D.a 4 P~el. 

[*202*55.*213151] D . P t"P"<J<P = C<P\,ip'>P £ d'P (1) 
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r . (1) . *25311 . D (- :: Hp . D :. QP,R . = : 

Q(Pf>P'>Pta<P)It.v.QeC<(PtlP'>Pt(I<P).R = I>: 
0161111 = : Q {(PtiPiPt <3'P)-r>P} R :: D h. Prop 

*253121. (- : P e il . 3 . P ~ e C'P £ >PJ P £ <PP 
Dem. 

h . *200-52 . 3 h : Hp . D . C'P ~ e P"d'P . 

[*36'25] 3 . P~ € C'P f>~P>P t d'P Oh. Prop 

*253 13. h : P € fi . D . D'P S = P t"P"(I'P = P £"P"C"P 
Dem. 

(- . *213141 . *252171 . D r : Hp . D . D'P* = P ^"P"a f P (1) 

h . *3722 . *25013 . D 

(- : Hp . a ! P . D . P t)"P"C"P - P £"P"d'P w t'P fc P'5'P 
[*33*41.Transp] = P £' r P"d'P w t'A (2) 

I- . *25042 .DhzHp.glP.D.AeP £ "P"d'P (3) 

h . (2) . (3) . D r : Hp . g ! P . . P t"~P"C'P = P £" P"<J'P (4) 

V . *33241 . D (- : P = A . D . P t"P"C'P = A . P £"P"d'P = A (5) 

h . (4) . (5) . D H- : Hp . 3 . P 1<<P"C'P = P t"P"d'P (6) 

h.(l).(6). 3 K Prop 

*2t>314. (-zPeO.D. 

<PP S = (P ^"P"a f P u i'P) - t'A = (P t"l>"C<P u t'P) - t'A 

Dem. 

(- . *213 162 . D h : Hp . D . d'P, = P £"sect'P-t'A 

[*252-12.*36'33] = (P £"P"C"P u t'P) - t'A (1) 

[*25313] - (P C"P"d'P w t'P) - t'A (2) 

I- . (1) . (2; . D (- . Prop 

*25315, h : P e fl - t'A . D . OP* = P £"P"d'P v t'P = P 1<<P"C<P w t'P 
[*2531314] 

*25316. (- : P e ft - t'A . D . 5'P, = A . 5'P* = P [*213155158 . *25013] 

*253 17. h : Peft . D . P, £ D'P, = P t(p'>P £ d'P 

Bern. 
K*25311.D 

\-::KV.Di.QP,R. = iQ(Pt>lP>Ptd<P)R.v.QePt<<P"d ( P.R = P:. 

[*253121] ID :. Q(P S £ D'P,) i2 . = . Q(Pt^P>P £ d'P) ii:Oh. Prop 
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#25318. h : P e H . X C'Ps C P t"P"d'P w ''^ • ^^ C n 
Vera. 

h. #253-11.3 

f- : : Hp . D :. Q e C'P S . D : (^) . a- e d'P . Q = P £ ~P'.r . v . Q = P : 
[#37 6] DrQeP^'P^a'Put'i 1 (1) 

h . (1) . #250-141 . D h : Hp . D . C'P, C il (2) 

h . (1) . (2) . D h . Prop 

#253181. h : P e ft . D . C"P S C D'P, u i'P [#253-18-13] 

#2532. h : P e ft - 2 r . D . Nr'P, = Nr'(P £ d'P) 4- 1 
Dem. 
h . #253'12'12L . D I- : Hp . D . Nr'P, = Nr'P ^iP»P fc (I'P + i 
[#213'151.#252'171] =Xr'P;Ppa f P-i-i 

[#204-34] = N i'(P £ Q'P) + 1:DK Prop 

#253-21. h:Pen.D.i + Nr'P»=Nr'P + i 
Pem. 
h . #253-2 . D h : Hp . P ~ e 2 r . D . i 4- Nr'P, = i 4- Nr'(P p (I'P) + 1 
[#204-46-272] =Nr'P + i (1) 

h . #213-32 . D h : P e 2 r . D . i 4- Nr'P, = i 4- 2 r 
[#161-211] =2 r 4-i 

[Hp] = Nr'P 4-1 (2) 

h.(l).(2).Dh.Prop 

It would be an error to infer from the above proposition that 
Nr'Pj = Nr'P, since addition of ordinals is not in general commutative. 
When Peft, Nr'P* = Nr'P holds when C'P is finite, but not otherwise. 
When C'P is not finite, i 4- Nr'P, = Nr'P,, so that Nr'P, = Nr'P 4- i ; but 
Nr'P=j=Nr'P4-i. 

#253-22. h : P e ft . D . P, £ D'P, smor P £ (I'P 
[#253-17 . #213-151 . #252-171 . #204-34] 

#253-23. V : . P € ft . D : Nr'P = Nr'Q . = . Nr'P, = Nr'Q, : 

P smor Q . = . P, smor Q s 
Dem. 

h . #181-33 . D h : Nr'P = Nr'Q . = . Nr'P 4- i - Nr'Q4- 1 (1) 

(-.(1). #253-21. D 

(- :. Hp . D : Nr'P = Nr'Q . = . i 4- Nr'P, = i 4- Nr'Q, . 

[#181-33] = . Nr'P, = Nr'Q, :. D h . Prop 
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#253 24. h : P e H . D . P, e fl 
Dem. 
r . #253'2 . *25(H41 . *251'132 . D r : Hp . P ~ e 2, . D . Nr'P ? e NO (1) 
r . #21332 . #25116 . D h : P e 2, . D . Nr'P s e NO (2) 

h . (1) . (2) . D r : Hp . D . Nr'P s e NO . 

[*25M22] D.P s eH Oh. Prop 

#25325. I- :. P, Q € n - e'A . D : P* C D '^ s ™or & £ D'Q* . = . P smor Q 
[#253"22. #25017] 

#253 3. h : P e H . D . P S 'P = P £"?"<I'P = P £"JP"C'P = D'P S 

[#213-243. #25313] 

#253-31. h :. P e fi . D : QP 5 P . = . R e Pi"~P"C'P vi'P.QeR t«~R"C'R 

Dem.. 
h. #213245. #253-1 3. D 

h :. Hp . D : QP,R .= .R € C'P, .QeR t"lt"C<R . 

[*33-24.#213 3] =.R € C C P, . g ! P . Q e R t"~R"C<R . 

[#253-15] = .PeP£''iWPut'P.g!P.()ePp"P"C'<P (1) 

r . #37-29 . #3324 . D h : Q e R t'<R"C'R . D . g ! R : v 2) 

[#1312] 3\-:QeR l"R«C l R . P = P . D . g ! P (3) 

r . (2) ^ ' ^ . D h : P e P P"P"C'P • 3 • g ! P (4) 

I- . (3) . (4) . DtiReP i'<P"C l P ui'P.QeR t"~R"C'R . D . g !P (5) 

I- . (I) . (5) .Dr. Prop 

#25332. r : P e fl . P <■ C7 f P s . D . P/P = R t"R<'C'R = D'P S 
[#213-246 . #253-13] 

#253-33. \-:.Pea.O:Q(Psl D'P,) R . == . Pe P £" P"(7 ( ^ . Q e Rt"~R"C'R 
[#213-247. #253-13] 

If a is any ordinal number, and Pea, the ordinal numbers of the 
sectional relations of P are all those ordinals which can be made equal 
to a by being added to, i.e. all ordinals {3 such that, for a suitable y, 
a = /3-i-y. (Here y must be an ordinal or i.) Further, in virtue of #25067, 
no member of D'P S is similar to P; hence, if a is an ordinal, and a = /3-f y, 
where y=f O r , it follows that a=j=/3. (Observe that a^y does not follow from 
/3 4= O r . <x= /3-f y.) These and kindred propositions, which are important in 
the theory of ordinals, are now to be proved. 

#2534. r : P e fl - t'A . O.O'P, = Q {(gP) . P = Q$R . v . (g#). P = Q-\*oc) 
[#213-41. #250-13] 
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#253*401. hiPeft.D. 

Bern. 
V . *253'415 Oh:Hp.a!P.D. 

pp«p«C"Pu t 'P = 0{(ai2).P=Q^i2.v.(a fl? ).P = Q-^*} (1) 

h . #37-29 . D (- : P = A . D . P t'<P"C'P u t'P = t'A (2) 

h.*16014.*33-241.Dh:.P = A.D:"P = Q4i J B. = .Q = A. J B = A: 
[*10"281] D:( aJ R).P=^4i J B. = .Q = A (3) 

h . #16113 . #33-241 .Dh:.P = A.D:P= Q-frx . = . Q = A : 
[#10-24*23] 3 : (ga>) .P=Q-r>#. = .Q = A (4) 

h.(3).(4)OI-::P = A.D:.(3 J B).P=Q^^-v-(3«)-^ = ^-t> a;: = -Q= A - 
[(2)] =.QePt"P"C"Put f P (5) 

h.(l). (5).Dh. Prop 

#253402. h:P<?n-t<A.D. 

(- . #25316-4 . D 

h::Hp.O:.QeI><P s .= :Q*P:(>&R).P = Q$R.v.{<&x).P = Q-frx (1) 

(-.#161-14. #200-41. Dh:Hp.P = Q+> x. 1 .veC'P .x~eC'Q . 

[#13-14] D.Q + P (2) 

I- . #160-21 .Dh:Q$P.P = Q$R.3.%lR (3) 

h . #16014 . #200-4 . D 

(- : Hp . P = Q 41 # . a ! # . D . a ! C'P n C" £ . - a ! C< Q n C'R . 

[#13-14] 3-P + Q (4) 

K (3) . (4) . D 

f-::Hp.D:.Q4=P:( aJ B).P=Q4L J B: = .(a J B). J B + A.P=Q^ J R (5) 

I- . (1) . (2) . (5) . D h :: Hp . D :. Q <• D*P S . = : 

(ai2) . J B4A.P=Q^i2.v.(a^).P = ^4>^::3l-. Prop 

*253'41. \-:.Pen,.Q € C'P s .D: 

(a«) . aeNO . Nr'P = Nr'Q + a . v . Nr'P = Nr'Q -i- i 
Dein. 
h.*213-3.Dh:.Hp.D:P=|=A: 

[#253-4] ^:(^R).P = Q^R.v.(< 3i x).P = Q-^x: 

[*211-283.*200'41] 

3 : (giJ) . P^ Q £ £ . C'Q * C'R = A - v . ( a a?) .P=Q-frx .x~ e C'Q: 
[*180-32.#181-32] D : faR) . Nr'P = Nr'Q + Nr'iZ . v . Nr'P = Nr'Q + 1 : 
[#251-26] D : (ga) . a e NO . Nr'P = Nr'Q + a . v . Nr'P = Nr'Q + i :. D f- . Prop 
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#253-42. h:Pef}.D.Nr'PnD<P s = A [#250*651 . #213141] 

#253-421. (- : P € £1 . Q e D'P, . D . ~ (Q smor P) [#25342] 

#25343. h :. Petl . x^e&P . D : P£ P^smor P £ ?'y • = • x=s V 
Bern. 

H.*25311.Dh:Hp.a?Py.D.(PpP'a;)P,(Pt?'y)- 

[#213-245] D . p £ ~P'x e D'(P £ P'y), . 

[#253-421] ^ . ~ {(P £ P'tf) smor (P £ P'y)} (1) 

Similarly r : Hp . yPa; . 3 . ~ {(P £ P'a) smor (P £ P'y)} (2) 

h . (1) . (2) . D I- :. Hp . D : (P £ P<#) smor (P £ P'y) . D . ~ (xPy) . ~ (yPx) . 
[#202-103] 1.x = y (3) 

H. (3). #15113. Dh. Prop 

#253-431. h:P4LQ e n.a!Q.D. Nr'P 4= N r'(P $ Q) 
Dem. 

h . #253402 . D h : Hp . D . P e D^P^Q), (1) 

h.(l). #253-421. Dh. Prop 

#253-432. I- : P-frxeQ . g ! P . 3 . Nr'P=j= Nr'(P-f»#) [*253402-421] 

#253-44. r:a,£eNO-t'A.£ + O r .D.a + /9=f-a 

Dem. 
h . #2511 . #155-34 . D 

h:Hp.D.( a P ) Q).P,Q 6 li.a=N r f P. / 3=N r'Q.3!Q. 
[#1803] 

D.( a P,Q).P,Qefi. a = N r'P.)3 = N o r'Q.a!Q.a-i-/S = Nr'(P + Q) (1) 
I- . #180-12 . #253-431 . (#180-01) . D 
r:P,Q 6 n.alQ.D. Nr'(P + Q) * Nr'P . 

[#155-16] D . Nr'(P + Q) + N„r'P (2) 

r.(l).(2).D 

(-:Hp.3.( a P J Q).P,Q e n.a = N r f P. y S = N r^.a + i Q + N r'P. 
[#13-195] 3.a + /3 + a:Dh. Prop 

#253-45. h:aeNO-t'A-^0 r .D.a + i + a 

[Proof as in #25344, using #253-432' instead of #253-431] 

#25346. \-:Pe[l.Q,ReC'Ps. QsmorR. D. Q *= R 
Dem. 

r. #253-42116. D(-:Hp.Q = P.D.i2=Q (1) 

h.#25316.Dr-:Hp.Q=j=P.iHP.D.Q,i2eD<P r . 

[#25313] 3.(nx,y).x,ye<I<P.Q = Pr~P'a;.R = PtP'y. 

[#253-43. Hp] O.Q = R (2) 

(- . (1) . (2) . D r . Prop 
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♦253-461. h : Pe H . D . Nr |* C'P, e 1— >1 

Dem. 

h . #253-46 . D I- : Hp . Q, R e C'P y . Nr'Q = Xr'K . D . Q= fl : 3 h . Prop 

#253 462. h:P e n.D. 

Xr (PP "p| k a*P€l->l.Nr;p^?;p^a t PsmorPC a ' /> 
[#253-43] 

#253 463. FrPeO.D. 

XrJ (P s £ D'P S ) smor P, £ D'P S . Xr^P, £ D'P ) smor P £ d'P 
[*2o3-402-17-22] 

#253-47. h : P e H - t'A . D . 

Nr"C'P s = a {(g£) . a + /3= Nr'P . v . a + i = Xr'Pj [#253-4] 

#253471. h:PeH.D. 

Xr"(D'P s u t'P) = a {(g/3) . a 4- £ = Nr'P . v . a 4- 1 = Nr'Pj 

[*253-40ri3] 

The following propositions are concerned in proving that Nr'P s is either 
Nr'P or Nr'P+l- This is proved by using P x as a correlator. The 
methods employed anticipate the discussion of finite and infinite series ; 
in fact, when P is finite, Xr'Pj = Xr'P, and when P is infinite, 
Xr'Ps = Nr'P +■ 1 But it is important at this stage to know that Nr'P, is 
either equal to or greater than Nr'P, and the propositions are therefore 
inserted here. 

#253-5. h : P 6 n . D . P x >P = P £ D'P 
Dem. 

h . #201-63 . *25-411 . D I- :: Hp . D :. P = P, u P 2 :. 
[#150-11] D :. x (PJP) w. = : {fty, s) : xP,y : yP,z . v . yPH : ?^P^ : 
[#204-7] = : faz) . xP x w . wP x z . v . fay, 2) ■ xP^y . yP*2 . wP x z : 

[#250-21-24] = : xP { w . weD'P . v . fay) . xP x y .y,we D'P . yPw : 

[#33-U.#34-l] ~:x(P 1 vP 1 \P)iv.tV€ D'P : 
[#33'14.#250-242] snwe D'P . xPw :: D h . Prop 

#253501. r:Pen.D.P ] ;P = Pt<l'P 1 

h. #250-242. D I- : Hp. D.P, P = P, A u A P, P 
[*71'191.*204-7] =/ra'P l ci(a'P,)1 p. 

[#150-l.#o0-6o] 3.P, ; P=(d'Pi)1P l c»(a ( P l )1P P, 

[*250-243] = P £ CI'P 1 Oh. Prop 
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*253'502. h : P * Q . D . P £ a'P, smor P £ D'P 
Dem. 

h . *253'5 . *1 50-36 . 3 h : Hp . D . P I T>'P = P,'> (P £ a'P,) (1) 

r . #151*21 . #204-7 . D I- : Hp . 3 . P,» (P £ a'P,) smor P fc a«P, (2) 
f-.(l).(2).Dh.Prop 

#253-503. r : P e H . ^P, = CL'P . D . P fc d'P smor P £ D'P [#253-502] 

This proposition shows that if P is a well-ordered series in which every 
term except the first has an immediate predecessor, the scries obtained by 
omitting the last term (if any) is similar to that obtained by omitting 1 the 
first term. The converse also holds, as will be shown later. The hypothesis 
Pefl.G'P^G'P is equivalent to the hypothesis that P is finite or a pro- 
gression. (Here a progression is not what was defined as " Prog " in #121, but 
what Cantor calls w; i.e. if R e Prog, P po is a progression in our present sense.) 

*25351. r : P e H . (I'P, = d'P . E ! B'P . D . Nr'P s = Nr'P 
Dem. 

r . #2532 . D r : Hp . P~e 2 r . D . Nr'P* = Nr'(P t a'P) + 1 
[#253-503] = Nr'(P I B'P) + i 

[*204r461-272] = Nr'P (I) 

h . #21 3-32 . D h : P e 2, . D . Nr'P s = Nr'P (2) 

h.(l).(2).DI-.Prop 

#253-511. h : p e n . a'P, = a*p . ~ e i B'P . d . 

Nr'P, = Nr'P + i . Nr'P £ a'P = Nr'P 
Dem. 

V . #93103 . #202-52 . D h : Hp . D . P £ D'P = P . 

[#253-503] D. Nr'P £ Q'P = Nr'P. (1) 

[#253'2] D . Nr'P s = Nr'P 4- 1 (2) 

h.(l).(2).Dh.Prop 

#253-52. (- : P e ft . x = min^a'P - a'P,) . D . 

Q'P *~P'x C d'A . P/'P'* = ~P'x . PS'lP'x = P'x - i'#P 



Dem. 



h. #20514. Db-.Hp.O.a'PriP'xCa'P, (1) 
r . #250242 . D h : Hp . D . IP'x ^P,'x u P,"P'x 

[#3341.Hp] = P,"~P'x. (2) 

[#72.501. #204-7] J . P,"P'x = P'a r> d'P, (3) 

h . (i) . d h : Hp . d . a'P « P'tf = a'P n~p'x * a'P, 

[#121-305] =0'i>A (4) 

h . (3) . (4) . D h : Hp . D . P,"~P'x = P'* « d'P 
[#33-15.*202-52] = P'x-i'B'P (5) 

h . (1) . (2) . (5) . D h . Prop 
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*253-521. h : P e ft . x e d'P - d'P, . D . P'a, d'P - e. 1 
Z>em. 

h. #201-66, DhiPeft.P'ael.D.tfed'P, (1) 

I- . (1) . Transp . D h : Hp . D . P'a ~ e 1 (2) 

r.*201662. Dh-.Hp.D.d'P^el (3) 

h . (2) . (3) . 3 h . Prop 

*253 522. h : P £ ft . x = min /(d'P - d'P,) . £ = P, f P'# vy 7 f P*'<r . D . 

#>-(PCd'P)=p 

J- . *34-25-26 . *50-5'51 . D 

h : Hp . . S J(P D d'P) = (P x r P'a^P £ d'P a (7 f P*'a;)SP u 

r*60-6'61.*150-36.#35'452] = (P, ^x)^ u P £ P*<# vy P, f P'a j P |* P # 'a o 

p^iprAip,^ ^ ^ 

[*74-141.*253-52.*200'381]= (P, p P'<f);P w P £ P*'a c; ?'« 1 P, | P pP*'^ 
[*250'242.Hp] =(P, fP'a^Pvy P tJP*'*aP'*1 P |\P*'# 

[*150-36] = CP, JP) t P^'x u P £ P*'# e» P'a? 1 P f P # '<r 

[*253'5-52] =?t?'^Pt P # ^ u P'# 1 P f P^ 

[*35413.*200-381] = P £ (P'x \j*P* s x) 

[*202101] =P:Dh. Prop 

*253 53. V : P e ft . x = min^d'P - d'P,) . D . 

P, fP'x o 7 f P*'<r € {P smor (P t d'P)} 
Dew. 

h . *204-7 . *200-381 . D h : Hp . D . P, fP'a: o 7 f P*'a e 1-»1 (1) 
f-.*25352.*50 5-52.D 

h : Hp . D . d'(P, f ~P'x w 7 J* P*'a) = (P's - i'B'P) u P # f a; 

[*202101] = C'P-i'J3'P 

[*93103] = d'P 

[*202'55.*253521] = C"(P t & tp ) ( 2 ) 

h . *253522 . 3 h : Hp . Z> . (P, [ ~P'x c/ 7 p P ¥ 'fl?)»(P £ d'P) = P (3) 

r . (1) . (2) . (3) . *15111 . h . Prop 

*253'54, h : Peft . a ! d'P-d'P, . D . PsmorP £ d'P 
Dem. 

\- . *250121 . D I- : Hp . D . E ! minp^d'P - d'P x ) (1) 

F-.a>.*253-53.Dh.Prop 
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*253 55. h : P e n . a ! d'P - d' P, . D . Nr'P s = Nr'P + 1 

Dem. 

h . *253 521 . *204-272 . D h : Hp . D . P ~ e 2 r (1) 

h . (1) . *253-54-2 . D r . Prop 

*253 56. r r.PeH . D : d'P, = d'P. E ! 5'P. D . Nr'P s = Nr'P: 
~ (d'P, = d'P . E ! 5'P) . D . Nr'P s = Nr'P + i 
[*253-51-5H55] 

*25357. h : P e II . CI'P, = d'P . E ! B'P . D . 

i 4- Nr'P = Nr'P 4- 1 - i 4- Nr'P + Nr'P 
Dem. 

h . *25351 . D h : Hp . D . Nr'P, = Nr'P . 

[*253-21] D.i + Nr'P = Nr'P+i. (1) 

[*253'45] D . i + Nr'P =f= Nr'P (2) 

h . (1) . (2) . D (- . Prop 

*253571. h : P e fl . ~ (d'Pj = d'P . E ! B'P) . D . i + Nr'P = Nr'P 
Dem. 

h. *253-56 . D h : Hp . D . Nr'P, = Nr'P + 1 . 
[*253"21] D . i + Nr'P 4- 1 = Nr'P + i . 

[*1 81 33] 3 . i + Nr'P - Nr'P : D V . Prop 

*253*572. h : P e n - t'A . ~ (d'P, = a'P . E ! B'P) . D . i 4- Nr'P 4= Nr'P 4- i 
[*253-57l-45] 

*253573. hr.Pen.Dja'P^a'P.El.B'P.-.iH-Nr'P+Nr'P 

[*253*57-57l] 

*253'574. h :. P e ft - t'A . D : a t P 1 = a'P . E ! B'P . = . i 4- Nr'P = Nr'P 4- i 
[*253-57-572] 



*254. GREATER AND LESS AMONG WELL-ORDERED SERIES. 

fcunnmtry of #254, 

In the present number we have to prove that of any two well-ordered 
series one must be similar to a sectional relation of the other. From this it 
will follow that of any two unequal ordinals one must be the greater. The 
propositions of the present number are due to Cantor*. 

Our procedure is as follows. We define a relation " RP sm Q," meaning 
"R is a proper section of P, and is similar to Q" i.e. 
Rl\ m Q.-.ReD'Ps.RsmorQ. 

In virtue of #253-46, if P, Q e £1, P srn e 1 -► Cls (*254'22) and 
PsmtD'Qsel-tl (*254'222). Thus if S is any proper section of Q which 
is .similar to some proper section of P 5 , the proper section of P to which 
it is similar is P sm 'S. It is easy to prove that P sm 'Qy^D'Qs is a section of 
P ; and if D'P S C d'Q sm , i.e. if every proper section of P is similar to some 
proper section of Q, we shall have (#254261) 

P,tD'Ps = P m '>Q,tD'Q t . 
Hence it follows (#254-27) that if, further, D'Q S C (I'P am , we shall have 

Ptth'PssmorQttD'Q,, 
i.e. by #25325, P smor Q (#254-31). 

Thus (A) if every proper section of P is similar to some proper section of Q, 
and vice versa, then P is similar to Q. 

Consider next the case in which every proper section of P is similar 
to a proper section of Q (i.e. D'P S C (I'Q sm ), but not viee versa, so that 
ft ! D'Qs - (I'P sm . It is easy to prove that, under this hypothesis, if 
.SeD'Q, - (I ( P sm , then D'P S C <J'£ sin (#25432). But if S is the minimum 
(in the order Q,) of the class D'Q, - d'P sm} then DSS f C CI'P 3ra . Hence, 
by (A), 

8 smor P (#254-321). 

Thus (B) if every proper .section of P is similar to a proper section of Q, but 
not vieu versa, then P is similar to a proper section oi' Q (#254-33). 

* Math. Annalen, Vol. 49. 
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From (B), by transposition, we find that if every proper section of P \$ 
similar to a proper suction of Q, but P itself is not similar to anv proper 
section of Q, then every proper section oi Q is similar to a proper section 
of P, whence, by (A), P is similar to Q (#254'31-). Hence, if there are 
proper sections of P which are not similar to any proper section of Q, the 
smallest of such sections (say P') must be similar to Q, since it is not itself 
similar to any proper section of Q, but all its proper sections are similar to 
proper sections of Q. Hence (C) if there are proper sections of P which are 
not similar to any proper section of Q, then there is a proper section of P 
which is similar to v Q, i.e. 

r : P, Q e 12 . 3 ! D'P, - a*Q w .D.Qe (I<P S111 (*254'35). 

Thus either (1) g ! D'P S - <J<Q sm , in which case Qe(PP sm , or 
(2) ftWyQs-a'P^, in which case Pe(I'Q sw , or (3) D<7\ C <T& m and 
D'Q s CQ<P sm , in which case, by (A), Psmor Q. Thus (D) if P and Q are 
any two well-ordered series, either they are similar or one is similar to a 
proper section of the other (#254 - 37). 

We now proceed to define one well-ordered series P as less titan another 
well-ordered series Q if P is similar to a part of Q, but not to Q, i.e. we put 

less = pQ{P,Qen.%l Rl'Q n Nr'P . ~ (P sraor Q)\ Df. 
(Observe that we have Rl'Q in this definition, not I)*Q S .) 

It follows from (D) that, P and Q being uvlhorderod series, if Pand Q arc 
not similar, one must be less than the other (#254'4). It follows also from 
#2508o that if P is similar to a proper section of Q Q cannot be less than 
P (#254181). Hence P is less than Q when, and only when, P is similar to 
a proper section of Q, i.e. 

P less Q. = .P,Qea.Pe U'^ SU1 (*2o4'41 ). 

Hence if each of two well-ordered series is similar to a part of the other, the 
two series are similar (#254 45) ; and in any other case, one of them is similar 
to a proper section of the other. 

From the above results we easily obtain the following propositions, which 
are useful in the ordinal theory of finite and infinite. 

#25451. h : P less y . ~ . P, Q e H . Rl'/ J n Ny'Q - A 

I.e. one well-ordered series is less than another when, and only when, no 
part of it is similar to the other. 

#25452. h : P e H . a C C'P . ft ! C'P n p*P"z . D . P £ <x less P 

I.e. any part of a well-ordered series which stops short of the end is less 
than the whole seiie-; 
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#25455. hz.Qless P. = :P,Q €&:(<&£). RsmorQ.RCi P. RlO<Pnp<P"C'R 
/.e. one well-ordered series is less than another when, and only when, it is 
similar to a part of the other which stops short of the end. 



#254-01. less = PQ (P, Q eft. a I Rl'QnNr'P.~(P smor Q)} Df 

#25402. P 8m = (D<P s )1smor Df 

#2541. HP lessQ.s.P, Q e ft . 3! Rl'QnNr'P . ~(Psmor Q) [(#25401)] 

#254101. r:P,Q € ft.PGQ.~(P smor Q).D.P less Q [#2541] 

#25411. h : RP Bm Q .s.Ee D'P S . R smor Q [(#25402)] 

#254111. r.P 8m <Q = D<P ! r»Nr<Q [#25411] 

#25412. h : Q € <I'P aai . s . 3 ! D'P, a Nr' Q [#2541 1 1] 

#254121. h . D'P S C a c P Bm [#254*12. #1523] 

#25413. h :. P smor P\ Q smor Q'. D : PlessQ . = . P' lessQ' 
[#15115 . #152321 . #2541] 

#25414. h : S e D<& . 2VP srnor Q.D.T'Se D'P* r> Nr<£ 
.Dem. 

h. #213-141. 3h:Hp.D. (g£). Pesect'Q-L'A-i'C'Q.S^Qt £ (1) 
r . #150-37 . D r : Hp . S = Q £ £ . D . ^S = (Z*;Q) £ T 7 '^ 
[#151-11] = P£7 7 "yS (2) 

h . #21 2-7 . D h : Hp . e sect'Q . 3 . T"$ e sect'P (3) 

h . #3743 . D h : Hp . e sect'Q - t'A . D . g ! T"£ (4) 

h . #150-22 . D r : Hp . T"/S = C'P.l. T t( = T (< C'Q : 
[#72-481] D h : Hp . T"£ =C'P.{3e sect'Q . D . = C'Q : 
[Transp] D h : Hp . j3 e sect'Q - t'C'Q . D . T"£ 4= C'P (5) 

h.(3).(4).(5).D 

h : Hp . £ e sect'Q - t'A - i'C'Q . D . r"£ e sect'P - t'A - i'G'P (6) 

h . (1) . (2) . (6) . D h : Hp . D . (g«) . ae sect'P - t'A - i'C'P .T'>S = Pt<x. 
[#213-141] D.TSfifeD'P, (7) 

h. #151-21. Dr-:Hp.D.(r»^smorS (8) 

h.(7).(8).Dr-.Prop 

#254-141. h : P smor Q . D . D'Q S C a'P 8m . D'P S C d'Q sm 

Dem. 

h . #25412-14 . D 1- :. Hp . D : 8 e D'Q, .D.Se a<P sm (1) 

h. (1). #15114. Dh. Prop 

#254142. r : R e C'P S . D . R am G P 8m 

Dem. 

I- . #213-241 . D t- : Hp . D . D'K S C D'P, (1) 

K(l). #254-11. Dh.Prop 
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#254143. h : Q e d<P sm . D . C'Q< C d<P gm 
Bern. 

h . #2541 2 O h : Hp O . (glfc) . R e D'P* . R smor Q . 
[#254141] D . (rR) . R e D'P, . D'Q, C a<R Bm . 

[#254-142] D . D'Q* C d'P Bm . 

[#2131 b\Hp] D . Q£"(sect'Q - t'A) C <I<P Bm . 

[#213-1] D . O'Qj C <J'P em Oh. Prop 

*254144 h:P = AO.P Bm = A [#213-3 . #254-11] 

#25415. hi.Q„GJ.n\&P.P vo GJ.liQ6a t P m . = .C t Q t Ca'P m 

Dern. 
h . #254-143 . D h : Q e <I<P sni . D . C"& C a<P 8ra (1) 

h . #213142 . #21 1 26 . D h : . Hp . a ! Q . D : Q e C<& : 

[#22-441] D : C<& C d'P™ . D . Q e <2<P em (2) 

h. #211-18. DhiHpO.alsect'Pnl. 

[#200'35] D . A e P I "(sect'P - t'A) . 

[#21316] D.AeD'P,. 

[#254-121] Z>.A e d'P Bm (3) 

h. (2). (3) . D h:.Hp.D : C'Q, CCI<P Bm . D . Qed<P Bm (4) 

h.(l).(4)Oh.Prop 

#25416. h :. Q smor Q'. D : P Bm <Q = P sm 'Q' : Q « a<P sm . = . Q' e a<P 8m 
Dew. 

h . #254111 .#152 321 . D h :. Hp . D : P sm 'Q = P gm 'Q' : (1) 

[#1312] D : a ! P sm 'Q . = . a !~P am 'Q' : 

[*33U] D : Qed'P sm . = .Q'<rd'P 8m (2) 

h . (1) . (2) . D h . Prop 

#254161. h : P smor P' . D . d'P 8m = d'P' m 

Dem. 
h . #25414 . D h : Te Psmor P'. Se D'P'^Nr'Q . D . T'>Se D< P, n Nr'Q : 

[#254-12] D h : Te P smor P'. Q e d'P' Bm . D . Q e d<P am : 

[#15112] D h : P smor P' . D . d'P' Bm C d'P Bm (1) 

h . (1) . #15114 O h : P smor P' . D . d'P 8m C d'P' Bm (2) 

h.(l).(2)Oh.Prop 

#254162. I- :. Psmor P' . Q smor Q'. D : Q e d'P 8ra . = . Q'e d'P' an) 
[#254-16161] 

#254163. h : # e a'Q m . D . d'£ Bm C d'& m 
Dem. 

h. #254120 h: Hp. D .(gS) . Jismor S. SeWQs . 

[#254 161142] d . ( a 5) . d<# 8in = a*s m . d<&, m c a<Q 8ra . 

[#13195] D . a'^ Bm C (I<Q 8m Oh. Prop 
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#254164. h : D'P, C a'Q mi • 3 . D'P S - P wll "(D«Q t a a«P, m ) = P„„"D<Q f 
7)e>». 

I- . #254-1 1 . D r : Hp . R e D'P S . D . (gS) . S e D'Q, . R smor S . 

[*254"1 1 | D . (flS) . S e D'Q, . i2P sm S , 

[#37-1] D . P e P sm '«D<& (1) 

h . #2541 1 . D f- . P 8m "D'& C D'P S (2) 

K(l).(2).DhHp.D. D'P S - P, ni "D'Q, 

[#37-26] = P m "(D'Qt « a'PJ : D h . Prop 

#25417. r : P e fl . Q e D'P S .RGQ.3.~ (Psmor P) 
Pern, 
h . #20421 .DriPeil.PGP.P smor P . D . R <r Ser . 
[#20441] ?.R = PtC'R (1) 

I- . #25005 . Transp . D 

h:Pe<l.R smor P . ft = P £ C'P . D . ~ (go) . a <r sect'P - i'G"P . C'P C a . 
[#211133-44] D . ~CiQ) . QePl "(sect'P- t'C'P) . P G Q . 
[#213141] D.~(xQ).QeV'Ps.R<lQ (2) 

r- . (1) . (2) . D r : P e n . ft smor P . P G P . D . ~ ( a Q) . Q e D'P S . P G Q (3) 
f-. (3). Transp. Z> I- . Prop 

#25418. l-:QeD<P 9 .D.~(Piess<2) [*254-17-l] 

#254181. t- : Q e (l'P Hm . D . ~ (P less Q) 

7)em. 

K#25448i2. Dh: Hp . D .(gft) . P smor Q . ~(P less P) . 
[#254-13] D . ~ (P less Q) : D h . Prop 

#254182. r-iPe-Q.QeD'P, .D.QlessP [#254-101 . *253'421-18] 

#2542. b:Pen.Qea<P sm .1.Q]e*sP 

JJevi. 

(-.#25411 .Df- : Hp. D. (^ft). PeD'Py.P smor Q. 
[#2544 82] D . (gP) . P less P . R smor Q . 

[#254-1 3] D . Q less P : D I- . Prop 

#254 21. V-.Peil.q e U'P sin . PGQ-PeH.D.P less P 

h .#254- 12 . D I- : Up . 3.(gtf, 7 T ).NeD'P s . TeS&morQ . 
[#ir,l-21.#150-31] D.(gS, 7';.,S' e D'ft s> TeSs\mnQ.T>RHnHnR.T>RQ.S. 
[#254-1 7 ] D .(:.( 7' ) . T'*R smor ft . THl G P . ~ (TUi smor P). 

[#15117] D . (j| 7') . 7'^ smor P . TJft G 7 J . ~ (P smor P) . 

[#254' 1] D . R less P : D r- . Prop 
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#25422. h : P e CI . D . P Bm e 1 -» Cls 
Dem. 

I- .#254-11 . V :. RP sm Q . S1\ U Q .0 : R.SeD'Pt .R&morS: 
[*253'46] DrPeH.D.P^S (\ } 

K (1). Coram. Dh. Prop 

#254-221. h : P e H . D . (I'P sm C fl 

Pem. 

h. #25412. #25313.3 

h : Hp . Q e CI'P sm . D • (3#, a).R = Pta.R smor g . 

[#250141. #251-1 11] D . Q e 11 : D h . Prop 

#254222. I- : P, Q e n . D . P 9m f WQs e 1 -* 1 

r . #254-11 . D h :. R(P sm [ V'Qs)S . R (P 8lH f D'Q,) S' . D : 

S, S'e D'Q, . R smor S . R .smor A" : 
[#253-46] D : Q e fl . D . S = ,S" (1) 

h . (1) . Coram . D h : Hp . D . P 81n f D ( & e Cls -> 1 (2) 

K (2) . #25422 . D h . Prop 

#254-223. r . Cnv'(P sm f D'Q,) = Q stll f D'P, 
Pem. 

h . #254-1 1 . D h : R (P sm f D' Q s ) !S. = .Re D'P, . tf <r D'Q, . P smor £ . 
[#151-14] =.Se D'Qr . R e D'P f . 5 smor R . 

[#254-1 1] = . S (Q sm [ D'P,) P : D I- . Prop 

#254224. h : Q e a . E ! P gm '£ . S cD'Q, .3 . 8= Q^'P^'S 
Pern. 

I- . #254-223 . D h :. Hp . D : SQ m (P sn /,V) . = . (P sm <S) P am S (1) 
h . (1) . *3032 . *254-22 . D h - Prop 

*254-23. h:Pen.Qea'P Bm .D.P Bm 'Q = i'(D«P,r.Nr'Q) [*254"22-lll] 

*254-24. r : P, Q e 12 . Re D'P, n CPQ S1 „ - <S <= Rl'P n D'P f . D . S e d'Q sm 

Dem. 

f-.*213-24.DH:Hp.D.^eD < P t . 

[*254143.Hp] D . S <r <P& m : D t- . Prop 

R. & W. III. 



50 SERIES [PART V 

#254241. h :. P € D . Q, R e C'P S .3: Re d'Q gm . = .Re D'Q* 
Dem. 
I- . #254121 . D h : £ e D'& . D . J2 e d'Q sm (1) 

h . #2541 42 . D h : Hp . Q e Cfi» . 3 . Q gra G P sm (2) 

h. #25342. 3b'.Ren.D.R~ea<R sm (3) 

h.(2).(3). Dh:Hp.Q«(7'.R».D.i2~e(I'Q Mn (4) 

h . (4) . Transp . (3) . D h : Hp . £ * (I'Q, m . D . Q ~ e OP*. . Q + P . 
[#213-245] D . ~ (QPsR) • <H P ■ 

[*213153.Hp] O.RPsQ. 

[#213'245J D . R e D'Q, (5) 

h.(l).(5).Dh.Prop 

#254-242. I- : Q e ft . Te P smor Q . fife D'& . D . T'>S=P sm ( S 

Dem. 

Y . #25414 . D h : Hp . D . TSS e D'P, r» Nr'S . 

[*25411] ?.(T'*S)P m S. 

[*254-22.*251111] D . SPSS = P sm 'S : D r- . Prop 

#254-243. h : Qe£l . £eD'Q s . TePsmor S . jS'Q,S. D . T^' = P sm 'S' 
Dem. 

h . #213245 . #25318 . D I- : Hp . D . S e £1 . 8' e D'& . 

[#254-242] ' 3 . 2W - P m 'S' Oh. Prop 

#254 244. h : P, Q e ft . 8 e V<Q S n d'P sm . Te (P^'S) smor fir . S'Q t S . } . 

T'>S = P sm <S . T'>S' - P Bm 'S'. (TiS') P s (TiS) 
Dem. 

h . #254-243 . D h : Hp . R = P gn /£ . D . ZW = R^'8' [1) 

(-.#25411. Dh:Hp(l)O.PeD'P s . (2) 

[#254142] D.ie sm GP gm (3) 

h . (1) . (3) . #254-22 O h : Hp (1) O . T>S' = P am <£' (4) 

h. #15111. Dh:Hp(l).D.# = TO. (5) 

[(2)] D.TOeD'P, (6) 

h . (1) . (5) . #254-11 . D h : Hp (1) . D . TO' e D'(TO) (7) 

h . (6). (7). #213-244 . D h : Hp (1) . D . (T'>S') P r (TiS) (8) 

I- . (5) . D h : Hp O . TiS = P, m 'S (9) 

h. (9). (4). (8) Oh. Prop 

#254-245. \-:P,Qen.Se D'Q, « a'? n . S'Q,flf . D . (P„'5')P, (P iBl *S) 

Z>e?n. 

h . #254-22-11 . D h : Hp . D . (P am 'S) smor # (1) 

K (1). #254-244. D f- . Prop 
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#25425. h:. P,Qeil . .Sf.S'eD'Q, n d'P gm . D: SU<S.-(iV<S') A (P 8m 'S) 
Dem. 

r . #254-245 . D I- :. Hp . D : S'Q t S . D . (P sm 'S') P, (? m 'S) (1) 

P '8 P '8' P 
^ } ~S, "" &', Q,P 
F- :. Hp . D : (P sm 'S') P, (P am <#) . D . (Q, m 'P SBl 'S') Q, (Q am 'P sm <#) . 
[#254-224] D . S'Q,S (2) 

r.(l).(2).DKProp 

#254 26. r : P, Q * ft . D . & £ (D'Q, n d'P sm ) = Q Bm i(P, £ D'P,) 
Pew. 

I- . #254'25 . D h :: Hp . D :. 5" {Q t £ (D'Q, n <3'P Bin )} 8 . = : 
S, £' e D'Q, « a'P. m . (P sm 'S'\P, (P sm 'S) : 



[*254-22] ~ 
[#254-223] = 

[#150113 = 



8, 8' e D'Q, : ( a J2, R 1 ) . £P 8m S . fl'P^S' . B'P.fl : 
(gJ2, R') . SQ 8m R.S'Q, m R'. R, IT e D'P, . R'P,R : 
S' lQ m '(P* t D'P^)} flf :: 3 r . Prop 



#254-261. r : P, Q e ft . D'Q, C d'P sm . 3 . Q, £ D'Q, = Q m i(P f £ D'P,) 
[#254-26] 

#254-27. I- : P, Q e O . D'P, C d'Q sm . D'Q, C d'P 8tn . D . 

Qsm T C r (^ D D'P,) 6 (Q, £ D'Q,) smoi (P s £ D'P,) 
Pern. 

h . #254-222 . D r : Hp . D . Q sm f C"(P, £ D'P,) 6 1 -* 1 (1) 

h . #37-41 . D h : Hp . D . C\P, £ D'P,) C d'Q 8m (2) 

h . (1) . (2) . #254-261 . #151-22 . D h . Prop 

In virtue of the above proposition, we have, when its hypothesis is 
realized, 

(Q.£D'Q,)8mor(P,tD'P f ), 

whence, by #25325, Qsmor P. 

This proposition is the converse of #254141. 

In the above proposition we take Q Bm [ C\P t t D'P,) as the correlator, 
rather than Q sm [ D'P,, so as not to have to make an exception for the case 
when P e %. For if P e %., D'P, e 1, bat P, £ D'P, = A. Thus Q sm [ D'P* is 
not a correlator in this case. 

The following propositions, down to the end of the present number, are 
important, and give the foundations of the theory of inequality between well- 
ordered series and between ordinals. 
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#25431. h:P,Qei}. D'P t C (I< Q sm . D< Q, C (PP S1]1 . D . P smor Q 
P/m. 

r . *254'27 . D h :. Hp . D : (P, £ D'P S ) smor (Q s £ D 'Q0 : 

[#253-25] DzglP.glQ.D.PsmorQ (1) 

r . #254144 . D 1- : Hp . P = A . D . 1)'Q S = A . 

[#213-302] D.Q = A. 

[#153-101] D.Psmor^ (2) 

Similarly h : Hp . Q = A . D . P smor Q (3) 

r . (1) . (2) . (3) . D H . Prop 

#254-311. I- :. P, Q e ft . D : D'P, C (I'& m . D'Q S C a'P 8IU . = . P smor Q 
[#254-3W41] 

#254-32. b:P,Q e n. D'P, C CPQ am . 8 e D'Q, - Q'P sm . D . D'P, C a'S mx 

Dem, 
h. #254-24. DK-Hp.P.^eD'Qf.S'GP.Pea'P^.D.S'eCI'P,,,, (1) 
h . (1) . Transp . D h : Hp . R e D'Q S n d'P sm . D . ~ (S G P) . 
[#21321] l.RQtS. 

[#254-22-1 1-*21 3-245] D . (P 8in '#) smor R.ReWSs. 

[#25412] Z>,(P sm 'P)e(I<# 8m (2) 

I- . (2) . #37-61 .DF:Hp.D. P sm "(i>'Qs " CI<P sm ) C a'£ im . 
[#254-164] D . D'P, C d'S Bm OK Prop 

#254-321. h:P ) Q e n.D r P s Ca < g 81u .>S'=min(g i ) f (D < Q s -a ( P sin ).D. ) S K morP 

P/6TO. 

h . #205-14 . D h : Hp . D .~Q,'S C (J<P sra . 
[#213-246] D.D%Ca ( P 8m (1) 

I- ..#254-32 . D h : Hp . D . D'P S C (I'tf Bm (2) 

h. (1). (2). #254-31. DK Prop 

#254-33. r : P, Q e ft . D'P, C a'Q. m . 3 ! D<Q S - CI'P Bm . D . P e <I'Q. m 
Pewi. 

1- . #253-24 . D h : Hp . D . E ! mm (&)'(D'Q* - d'P fim ) . 
[*254321] D . ( a S) . fif e D'Q S . S smor P . 

[#254-11] 3 . P e d'Q 3ra : I) h . Prop 

#254-34. h : P, Q e ft . P ~ e d'Q Blu . D'P, C d'Q sm . D . P smor Q 
Dem. 

h . #254-33 . Transp . D f- : Hp . D . D'Q, C d'P sm . D'P t C CI'Q sm . 
[*25431] D . P smor Q : 3 f- . Prop 
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#25435. i- : P, Q e Q . a ! D'Q, - CFP 8m . D . l i e U'Q, 
Dem. 

h . #253-24 . D h : Hp 

[#205 14] 
[*213-24(>] 
[#254-34] 
[#254-11] 



D.E!min(Q,)'(n'&-<l'/\ in ). 



D . ( a S) . 6' e D'& - <PP sm . D% C (VP 
D.fa^.Se IV&.SsmorP. 
D.Pea'Q s ,„:^H.Prop 



#254-36. h : P, Q e n . 3 I D'Q, - <PP SI11 . D . C"P S C d'Q Bin [*254-35143] 

#25437. I- :. P, Q e -Q . 3 : P siaor Q . v . P e (FQ 8111 . v . Q e d'P 9m 
Dem. 
h . #254-31 . D h : Hp . D'P S C d'Q gm • D'Qs C d'P sm . Z> . P sraor Q (1) 
h . #234-35 . 3 h : Hp . 3 ! D'Q, - d'P sm . D . P e a<Q Rm (2) 

!- . #254-33 . D h : Hp . a ! D'P S - d'Q sin . D . Q e d<P sm (3) 

h.(l).(2).(3).Dh.Prop 

This proposition is the most important on the relations of two well- 
ordered series to each other's segments. It shows that of every two 
well-ordered series which are not similar, one must be similar to a segment 
of the other. 

#2544. t- :. P,Q e H . D : P less Q . v . P smor Q.v.Q less P 
Dem. 

K #254-2. Dr-:Hp.Ped'Q 8m .D.Ple8sQ (1) 

h. #254-2. DhiHp.Qed'P^.D. <?lessP (2) 

h . #254-37 . D h : Hp . P ~ 6 d'Q sin . Q ~ e d'P 9ni . D . P smor Q (3) 
K(l).(2).(3). Dr. Prop 



#254-401. h :. P, Q e fl . D : less'P = less'Q . = . P smor Q 
Dem. 

h. #254-1 . Dh :Hp. less'P = less'Q. D.~(P less Q). 
[#254-4] D . P smor Q 

h . #254-13 . D !- : Hp . P smor Q . Z> . less'P = less'Q 
h . (1) . (2) . D f- . Prop 



(QlessP). 

(1) 
(2) 



*25441. h : P less Q . - .P,Qe H . P e d'Q ?m . = . Q e 12 . P e d'Q 8ra 
Pem. 

QeH.P.d'Q^.D.PlessQ (1) 

Qea'P am .D.~(PlessQ) (2) 
Q € 12 . K e T>'Q t . P smor P . D . ~ (P smor Q) : 

Qen.Pea'P sm .D.~(PsmorQ) (3) 

Qefi.P e d<P sm .D.PlessQ (4) 

piessQ. = .Q«n.Ped'Q 8m . 

= . P, Q € n . P e d'Q ara : D h. Prop 



h . #254-2 . 


Dh 


h.#254'181 . 


Dh 


K #253-421 . 


Dh 


[#254-11] 


Dh 


h. (2). (3). #254-4 


.Dh 


Ml) ■ W • 


Dh 


[#254-1] 
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#254*42. h . less G J . less 2 G less 
Dem. 

h . #254-1 . h : P less # . D . ~ (P smor Q) . 
[♦151-13] 3.P+Q (!) 

h . #254163 . D h : i2 e d'Q Bm . S e d'i2 sm . D . S e (!'&,» : 
[#254-41] D h : 72 less Q . S less i2 . D . S L-ss <? (2) 

h . (1) . (2) . D h . Prop 

The relation " less " fails to generate a series, because it is not connected, 
two similar well-ordered series being neither greater nor less than each other. 
On the other hand, the relation Nr'less is serial, since two similai well- 
ordered series both contribute the same term to the field of NrHess, and 
therefore connection does not fail. The relation Nr*»less will be dealt with in 
the next number. 

#25443. H : Q e fi - ('A . D . A less Q [#254"1 . *250"4 . #15211] 

#254431. h . d'less = £1 - t'A . C'less C £1 
Dem. 

h. #254-43. DI-rQefl-l'A.j.AlessG (1) 

V. #2541. *25'1 3. Dr-:Q = A.3.<2~e(I'le8S (2) 

h . #254-1 . D Y . C'less C H (3) 

h . (3) . (2) . Transp . D h . d'less C H - t'A (4) 

h . (1) . (4) . D h . d'less = 12 - t'A (5) 

h. (3). (5). Dr. Prop 

In order to obtain C'less = Q, we need, as appears from (1) in the above 
proof, g ! fl — t'A. In virtue of #251-7, this requires a ! 2. By #101 '42-43, 
this holds if " less " has its field defined as belonging to a class-type or a 
relation -type. If, however, "less" has its field defined as composed of 
individuals, the primitive propositions assumed in the present work do not 
enable us to prove a ! 2, nor therefore to prove a ! less. 

It should be observed that "less," like "sm" and "smor," is significant when 
it is not homogeneous ; but "C'less " is only significant for homogeneous typical 
determinations of " less," because only homogeneous relations have fields. 

#254-432. h : g ! 2 a . = . ± ! less a C« ? C« • = • 3 * ft - t'A « t m <a 
Dem. 

r . #251-7 . D h : a I 2„ . = . g I H - t'A « t^'a . (1) 

[#254-43] = . (aQ) . Q e il - t'A n t m 'a . A less Q . 

[#55'37] D . (<&Q) . \ less Q . A I Q G C« | **■« . 

[*55'3] D . 3 ! Less r» V t *<»'« (2) 
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h.*35-10d.Dh:zl\e^nt Qft 'a'tt w 'a.D.(RP,Q).P[essQ.P i Qet 00 <a. 
[#254-431] D.glfi-t'AnC«. 

[(1)] 3-3 ! 2. (3) 

h . (1) . (2) . (3) . D h . Prop 

#254-433. h . g ! less n CCls t k>' Gls ■ 3 ! less * CRel f ^'Rel 
[#254432 . #101-42-43] 

#254 434. h : g ! less . = . C'less = H . = . £'less = A 

Dem. 

h. #2504. #33 24. D h : C'less = fl . D . a ! less (l) 

h . #93102 . #33*24 . Z> h : B'less = A . D . a ! less (2) 

h . #254-43 . D h : Q 6 H - 1 'A . 3 . A less Q (3) 

h . (3) . D f- : g ! a - t'A . D . A * D'less . 

[#254-431] 3.A=£'less (4) 

h. (4). #254-431. Df-:a!n-i'A.D.C'less=n (5) 

h.(l).(2).(4).(5).Dh.Prop 

#254-44. h : P e 6 f -'Ie«s . D . C'less = less'P u Nr'P u less'P 
Dem. 
h . #254-13 . D h : Hp . 3 . Nr'P C C'less (i) 

h . (1) . #33-152 . D h : Hp . D . lelfs'P u Nr'P u itsVp C C'less (2) 

h . #254-1 . D h . C'less C n . 

[#254-4] 3 r :. P e C'less . D : Q e C'less . D . Q e lets'P uNr'Pu fis'P (3) 
h . (2) . (3) . D h . Prop 

#254-45. h : P, Q e n . a ! Rl'P n Nr'Q . 3 ! Rl'Q n Nr'P . D . Psmor Q 
Dem. 

h . #254-42 . D h : Pies, Q . D . ~ (Q less P) (1) 

h . #2541 . 3 h : P. C> 6 n . g ! Rl'Q r. Nr'P . ~ (P smor Q).D.P less Q . 
[(1)] 3>.~(QlessP). 

[*254-l.Transp] D . ~ a '■ Rl'-P « Nr 'Q ( 2 ) 

h . (2) . Transp . D h . Prop 

This proposition is the analogue, for ordinals, of the Schroder-Bernstein 
theorem. 
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#25446. h : P less Q . = . P, Q e H . a ! Rl'Q a NVP . ~ a ! Rl'P a Nr'Q 
Dem. 

K #152-11 .*(il"34. ^ 
I- : P, Q e ft . 3 ! RI'Q ^ Nr'P . ~ 3 ! Rl'P n Nr'^ . D . 

P, Q e O . a ! Rl'Q a Nr'P. ~ (P smor Q) . 
[*254'1] D.Plesstf (1) 

f- . #254 1 45 . Transp . D 

I- : P less Q . D . P, Q <r H . 3 ! Rl'Q a Nr'P . ~ a ! Rl'P a Nr'Q (2) 

h.(l).(2).Dh.Prop 

#254 47. I- : P 6 H . D . P s = less £ C'P* 
Dem. 
f- . #213-245 . D h :. Hp . D : PP S Q . =■ . R e D'Q S . Q e O'P, . 
[#254-121] D.JZed'Q™. 

[#254-41] D.PlessC (1) 

h . #254-181 . Transp . D h : Hp . Q, P e C"P y . P less Q.D.Q~e d'R tm . 
[#254121] D.Q~-D'Rs (2) 

h . (2) . #213-25 . #254-42 . D h : Hp . Q, R e C'P, . P less Q.D.Re D'Q f . 
[#213245] D . PP S Q (3) 

h.(l).(3).3h.Prop 

#254-5. h:.P,Qeil.D: 

Rl'P ^ Nr'# = A . = . 3 ! Rl'Q ^ Nr'P . ~ (P smor Q). = .P less Q 
Pew. 

h. #254-46. Dr-:Hp.Rl'PANr'Q = A.3.~(QlessP) (1) 

1- . #61-34 . #152-11 . D 1- -■ P smor Q . D . P e RHP a Nr'Q (2) 

h ■ (2) . Transp . D h : Rl'P a Nr'Q = A . 3 . ~(Psmor Q) (3) 

1- . (1) . (3) . *2544 . D h : Hp . Rl'P a Nr'Q = A . D . P less Q (4) 

1- . #254-46 . D h : P less Q . 3 . Rl'P a NVQ = A (5) 

1- . (4) . (5) . D I- :. Hp . D : Rl'P a Nr'Q = A . = . Pless Q . 

[#2541] = . 3 ! Rl'Q rt Nr'P . ~ (P smor Q) :. D h . Prop 

#25451. l-:PlessQ. = .P,Q<?n.Rl'PnNr c <2=A [*254"5-l] 

#25452. f- : P e O . a C OP . 3 ! G"P a p<P"a . D . P £ a less P 
Dem. 

u . #250141.3 I- :Hp.D.P£aen (1) 

V . #250-653 . D I- : Hp . D . ~ (P £ a smor P) (2) 

r- . (1).(2). *254-101 . D I- . Prop 
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*25-i-53. f- : P, Q e Q. . Q G P . g ! C'P a tfP"C l Q . D . Q less P 

Dent. 

f- . #250-652 . D f- : Hp . D . ~ (Q smor P) (1) 

h.(l).*254-101 . Df-.Prop 

*25454. h : P, Q e Q . R smor Q . R G P . 3 ! C'P Kp'*P"C'R .D.Q less P 
[#254-5313] 

#254-55. l-:.QlessP. = :P,Q6n:(aE). J RsmorQ.EGP.a!C f PA^p'"C' J R 
Dem. 
h . *254-41 . D h :. Q less P.D-.P^eSl: (gi?) . i? smor Q.Re D'R, : 

[#21318] D : P, Q e 12 : . a i2) . E smor Q . R GP . a ! C'P a p<P"C'R (1) 
I- . (1) . #25454 .31-. Prop 



*255. GREATER AND LESS AMONG ORDINAL NUMBERS. 

Summary of *255. 

If P and Q are well-ordered series, we say that Nr'P is less than Nt'Q if 
P,is less than Q, Thus if p and v are ordinal numbers, we say that jx is less 
than v if there are well-ordered series P, Q, such that /A = Nr'P and v = Nr'Q 
and P is less than Q. In order to exclude the case where, in the type 
concerned, we have Nr'P = A or Nr'Q = A, we assume /j, = N r'P and 
j/ = N r'Q. Thus we put 

/t<v. = .(aP,Q).^ = N r'P. v = N r'Q.PlessQ, 

i.e. we put <• = N rJless Df. 

In order to be able to speak of Nr'P (where the type of " Nr " is left 
ambiguous) as greater or less than Nr'Q, we put 

p < Nr'P . = . ft < N r'P Df, 

Nr'P < p . = . N r'P < /j, Df. 

The treatment of types proceeds, mutatis mutandis, as in *117,to which, 
together with the prefatory statement in Vol. II, the reader is referred for 
explanations. 

In virtue of *254'46 and *1171, there is a close analogy between cardinal 
and ordinal inequality. That is to say, most of the properties of cardinal 
inequality have exact analogues for ordinal inequality, and these analogues 
have analogous proofs. (In the present number, when a proposition is 
analogous to the proposition with the same decimal part in *117, and has 
an analogous proof, we shall omit the proof.) But ordinal inequality has a 
good many properties which have no analogues for cardinal inequality. The 
chief of these, upon which most of the rest depend, is 

*255112. f- :. fi, v e N„0 . D : p < v . v . p = smor"j/ . v . v < p 

where " N O" stands for " homogeneous ordinals," i.e. NOn N R. We have 
also, what is often important, 

*255 17. h : Nr'P> Nr'Q . = . Q less P . = . P, Q e CI . Q e <X'P m . 

= . P, Q e n . a ! D'P, r> Nr'Q 
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so that 
*255171. h :. P e 12 . D : /*< Nr'P . = .pe Nr"D'P s - l'A 

and more generally, 

*255172. h:.PeO.D; 

(j, < Nr'P. = . (get) . aC C"P . 3 ! C'P A^P"a. ^ = Nr'P|; a . 3 ! M 

As in cardinals, /j, is greater than v if (and unly if) /z is the sum of v and 
an ordinal other than zero, including \ except when i/ = r (*25533). But it 
is necessary to the truth of this proposition that the addendum should come 
after v, not before it ; i.e. v 4- w $> v unless ts = r (#255"32"321), but -bj -i- v is 
often equal to v. 

If a, ft, 7 are ordinals, and ff *> /3, we shall have 
7 -j- a •> 7 -}- /8 (*255-561), 
aX/9>£ if a=j=0 r .£=|=0 r (*255"571), 
aX7>^X 7 if74=0 r (*255'58), 
7 X £ > 7 if 7 is of the form 8 + 1 (*255573), 
7 X a. •> 7 X ft if 7 is of the form 8 + 1 (*255'582). 
From the above propositions it follows that if a, ft, 7 are ordinals, 
7 + a = 7 4- £ ■ D . a = £ 
C*255"565, where # may be substituted for smor"# whenever significance 
permits; cf. note to *120 - 51), which gives the uniqueness of subtraction 
from the end (subtraction from the beginning is not unique) ; 

axy = ftXy.0.a = ft unless 7 = r (nP^-M). 
which gives the uniqueness of division by an end-factor; 

7*a«7*£.3.a = £ if 7 = 8 + i (*255-591), 
which gives the uniqueness of division by a beginning-factor of the form 

s + i. 

We do not have generally 

a, ft, 7 e N O . a < ft . D . aexp r 7 < # exp r7 , 
because aexp r 7 and #exp r 7 are in general not ordinal numbers, since series 
having these numbers are in general not well-ordered. Thus the theory of 
ordinal inequality has only a restricted application to exponentiation. This 
subject cannot be adequately dealt with until we have considered finite and 
infinite series. 

If a is an ordinal, Co. is the corresponding cardinal, i.e. the cardinal 
number of terms in a series whose ordinal number is a. Thus the cardinal 
numbers of classes which can be well-ordered are C"'NO, i.e. 

*255-7. h". Nc"C"H = C'"NO 
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It is evident that, 
#255-71. r : P less Q . D . Nc< C'P ^ Nc"7'Q 

whence, by #2544, 
*25573. h:.P,Q e n.D: 

Nc'C"P< Nc'C'Q . v . Nc'C'P = Nc'C'Q . v . Ne'C'P > Nc'CQ 

whence also 
•25574. r :. a, £ e C"'NO -t'A.D:a<£.v.a>£ 

Thus if two classes can both be well-ordered, they either have the same 
cardinal, or the cardinal of one is less than that of the other 

We have 
#25575. hPQed. NVC'P < Nc< C Q . 3 . P less Q 

or, what comes to the same thing, 
#255-76. h : a, e NO . C"a < C"& . D . a < £ 

The converse of this proposition only holds for finite ordinals. If a is an 
infinite ordinal, a 4- 1 always exists and is greater than a, but C iC a— C"(a 4- 1). 
(The existence of a 4- i is deduced from that of a. by taking a member of a, 
and removing its first term to the end. The result is a series whose number 
is a 4- i, in virtue of #253-503-54.) 



#25501. < = N r;iess Df 

#25502. >=Cnv'< Df 

#255-03. N O = NOn N U R Df 

Thus "N O" means "homogeneous ordinals." In virtue of #155'34'22, 
this is the same as " ordinals other than A." It is not, however, strictly 
correct to put N O = NO - i'A, because if the " NO " on the right is derived 
from an ascending Nr, it will not contain all the ordinals in the type to which 
it takes us, but only those whhh are not too big to be derived from the lower 
type from which "Nr" starts. Thus in this case N O will be a larger class 
than NO - i'A. If, however, the "Nr" from which the "NO" on the right 
is derived is homogeneous or descending, we shall have 

N O = NO - i'A. 
#25504. ^ = <usmor e t N O Df 

This definition leads to the usual meaning of " less than or equal go." We 
want the relation "less than or equal to" to hold only between numbers of 
the sort in question (cardinal or ordinal), and we want "equal to" to hold 
between two numbers which are merely different typical determinations of a 
given number, provided neither of these typical determinations is A. That 
is, if /x is an ordinal which is not A, sinor"/i is to be reckoned equal to /x in 
every type in which it is not A. Thus if v = siuor"/i> i.e. if v — smor e ^, we 
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shall reckon v equal to ft, if both are ordinals and neither is A, i.e. in virtue of 
#155'34'22, if /z, i>eN O. This leads to the above definition. 

#25505. £* = Cnv'^ Df 

#255 06. fJL < Nr'P . = . ^ < N r'P Df 

On this definition, compare the remarks on #11 7 "02. 

#25507. Nr'P < ii . = . N r'P < p Df 

The following propositions (down to #255108) merely re-state the above 
definitions. 

#2551. h : it, < v . = . (aP, Q).p= N Q r'P . v = N r'Q . P less Q 

#255-101. r : M < Nr'Q . = . fi < N r'Q 

#255102. h : Nr'P < v . = . N r'P < v 

#255103. \-ip*>v. = .v<p 

#255104. h:.^^i;. = :/*<!/. v. /a, ve N O . /n = snior")/ 

#255*105. h :. fi;^ v . = : v ^l /j, : =^ : v <• /a . v . ft,, v e N O . /x, = smor"y 
[#255-104 . (#25505) . #155-44] 

#255-106. h : Nr'P < N r'Q . = . N r'P < N r'Q [#255101 102] 

#255 107. h : Nr'P =^ Nr'Q . = . N r'P =^ N r'Q 

#255108. h :. Nr'P =^ Nr'Q . = : N r'P < N r'Q . v . Nr'P = Nr'Q . P e O 
[#255-107-104 . #155-16 . #15253] 

#255-11. f- : ft, < v . = . ( a P, Q) . P, Q e n . /* = N r'P . v = N r<(^ . 

3 ! Rl'Q a Nr'P . ~ a ! Rl'P ^ Nr'Q [#255-1 . #25446] 

#255111. h:^>i/.-=.(aP,Q).P ) Qen. A 6 = N r'P.p = N r'Q. 

3 ! Rl'P a Nr'Q . ~ g ! Rl'Q n Nr'P [#255-1 1103] 

This proposition is exactly analogous to #1171, except for the addition 
P, QeCl. Hence except where this addition is relevant, the analogues of the 
propositions of #117 follow by analogous proofs. Such analogues will be 
given without proof in what follows, and will have the same decimal part 
as the corresponding propositions in #117. Where proofs are given, there 
are no analogues in #117, or else the method of proof is not analogous. 

#255112. h :. /ijeNjO. D : ft< v . v . fj, = smor"i> . v . v < /a 

Dem. 
V . #255-1 . *254-4 . D h :. Hp . D : 

fL<v.v.v<p.v. (gP, Q) . P, Q € H . fi = N-r*P . v = N„r'Q . P smor Q : 
[*155-4.#152-321] 

D:tt,<v.v.if<fi.v. (gP, Q).p = N r'P . Nr'P = Nr'Q . Nr'Q = smor"i> : 
[#15516] 

D: fJ .<v.v.v<iM.v. ( a P, Q).p = N r'P . N r'P = N r'Q . N r'Q = smor'V : 
[#13-17] 3:^<f.v.^<^.v./i = smor"v :. D r . Prop 
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#255113. h :. P, Q e H . 3 : Nr'P < Nr'Q . v . Nr'P = Nr'Q . v . Nr'Q < Nr'P 

Dew. 
h . #255112106 . D h :. Hp . D : 

Nr'P < Nr'Q . v . N r'P = smor"N r'Q . v . Nr' Q < Nr'P : 
|'*155-416] 3 : Nr'P < Nr'Q . v . Nr'P = Nr'Q . v . Nr'Q < Nr'P :. D h . Prop 

#255114. h :./m,v€ N O .D:/^^i/.v.i'<^:/x^^.v.i'>/a 
[#255112104105103] 

#255115. h :. P, Q e fl . 3 : Nr'P^ Nr'Q .v. Nr'Q < Nr'P: 

Nr'P^Nr'Q.v.Nr'Q>Nr'P [#255113 108] 

#25512. r-:./A>i/. = :^,i/eN O: 

P t> . Q e v . Dp, Q . a ! RI'P a Nr'Q . ~ a ! m 'Q a Nr'P 

#255121. h :./*>!/. = :/*,!/« N O : 

P e/i . D P . ( 3 Q). Qc*. a ! RI'P ^ Nr'Q. ~ 3 ! Rl 'Q rt Nr'P 

#25513. h : Nr'P > Nr'Q . = .P, Q eil . a ! RI'P a Nr'Q . -a ! RI'Q * Nr'P 

#255131. h : Nr'P > Nr'Q . ~ . Nr'P ^ Nr'Q . Nr'P 4= Nr'Q 

[#25513 . #25415] 
#25514. h : /m > ^. = .(3?, Q). P, Qe H. ^= N r'P. * = N r'Q . Nr'P> Nr'Q 
#255141. hi^j^.Es.^i/.^ smor"i/ [#25513114] 
#25515. h :/*> y.s . ^, i/eN O. a!s'RH'^Asmor"i/. "wg!*'Rl"i/Asiiior"/& 

#25516. hr.^ireNoO.D: 

/x > v . = . smor"/* •> j/ . = . fi •> smor"j/ . = . smor"//, •> smor"v 

#25517. r : Nr'P > Nr'Q . == . Q less P . = . P, Q e fl . Q ed'P 8m . 

= . P, Q e n . a ! D'P, a Nr'Q 

I- . #25513 . #254-46 . 3 h : Nr'P > Nr'Q . = . Q less P . (1) 

[#254-41] =.P,Qen.Qed<P am . (2) 

[#254-12] =.P,Qeft.a!D c P,rtNr'Q (3) 

r.(l).(2).(3).DKProp 

#255171. h.P f fi,D:/i< Nr'P . = ./*£ Nr"D'P s - t'A 
Dera. 
h . #255-14 . D h :. Hp . D : p < Nr'P . = . ( a Q) . /* = N r'Q . Nr'Q < Nr'P . 
[#255-17] = . (gQ) . y, = N r'Q . Q e H . a ! D'P S a Nr'Q . 

[#1521] = . (aQ, iS2) . /* = N r'Q . Q e n . Q smor R.Re D'P S . 

[*152-35.*155- 16] = . (rR) . /* = Nr'U .Rett. Re D'P S . a ! /* • 
[#25318.#37 6] =./ie Nr"D'P, - t'A :. D h . Prop 
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#255172. hr.PeH.D: 

Dem. 

f- . #211703 . #213141 . D 

h:QeD'P $ .D.(>- d CL).aCC<P.R\C<Pnp<*P"a.Q = Pta (1) 

h . (1) . #255171 . D h : Hp . ^ < Nr'P . D . 

(ga) . a C C'P . g ! C f P a j9<P"a . ^ = Nr'P £ a . g ! ^ (2) 

h . *250'653 . #254-47 . 3 

h : Hp . a C C'P . g ! C'P n #'P"a . D . P £ a less P . 

[#255-17] D.Nr'P£a<Nr'P (3) 

h . (2) . (3) . D h . Prop 

#255173. h:.Pefi.D: 

Nr'Q < Nr'P . = . (ga) . a C C'P . g ! C'P r% j»'P"a . Q smor (P£ a) 
P/era. 

h. #255172102. #155-22. 3 

h:.Hp.D:Nr'Q< Nr' P.= .(ga). a C C'P. g ! C'P r^'jP"a . N r'Q = Nr'P fc a . 

[#152-35.#155-22] = .(ga). a C C'P. g ! C'Pnp'P"<x.Q smor (P£ a) : D h. Prop 

*255174. h : Nr'Q < Nr'P . = . P e ft . Nr'Q e Nr"D'P s 
Pem. 

h. #25517110213.3 



h:.Ni*Q<Nr'P.s 

[#37 -6. #15 5 -22] 

[#155-16] 

[#37-6] 



:Pea. N r'Q e Nr"D'P s - t'A : 

: P e II : (gP) . P e D'P S . N r'Q = Nr'P : 

:PeO.'(gP).PeD'P s .Nr'Q = Nr'P: 
: P e Q . Nr'Q e Nr"D'P s :. D h . Prop 

#255-175. r-:Nr'Q^Nr'P. = .P<rO.Nr'QeNr"(D'P s u t'P) [#255 174108] 
#255176. h : . g ! P . D : Nr'Q < Nr'P . = . P e 12 . Nr'Q e Nr'C"P s 
[#213-158. #255*175] 

#255-21. h:Nr'P<Nr'Q. = .P,Qeil.Rl'PANr'Q=A [#25451 . #255-17] 
This proposition has no analogue in cardinals, because it depends upon 
#254-4. In cardinals, if Cl'ar.Nc'#=A, it does not follow that g! CI'/3nNc'a, 
so that Nc'a may be neither less than, nor equal to, nor greater th^n Nc'/3. 

#255-211. 1- :. P, Qe ft. D : g! RI'Pa Nr'Q . g ! Rl'Q rt Nr'P. = . Nr'P= Nr'Q 
[#25445] 

This proposition is the ordinal analogue of the Schroder-Bernstein theorem. 
If P and Q are series which may be not well-ordered, the proposition fails. 
Thus e.g. the series of rationals is like the series of proper fractions, which is 
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a part of the series of rationals > and ^ 1, and this latter series is part of 
the series of rationals, but is not similar to the series of rationals, since it has 
a last term, which the series of rationals has not. 

#255 22. f- : P, Q e ft . a ! Rl'P a Nr'Q . = . Nr'P ^ Nr'Q 

#255-221. h :. Nr'P ^ Nr'Q . = : P, Q e ft : ( a P) . R G P . R smor Q 

*255'222. h : QGP.P, Q eft. 3. Nr'P£s Nr'Q 

*25523. h : Nr'P ^ Nr'Q . Nr'Q ^ Nr'P . = . P, Q e ft . Nr'P = Nr'Q 

#255-24. h : ^ ^ I. . s . (gP, Q) . p = N r'P . v = N r'Q . Nr'P ^ Nr'Q 

•255241. h.>^ v . = .( a P ) Q). / . = N r'P.^ = N r'Q.P J Q6ft. a !Rl'PoNr'Q 

#255342. (■i.fi.^NO.D^^y.s. (gP, Q) . P e ^ . Q e * . a ! Rl'P a Nr'Q 

#255-243. h :.^^i/. = : 

( a P, Q) : P, Q e ft . fi= N r'P . v = N r'Q : (%R) .RdP.R smor Q 

#255244. Hi.^i/eNoOO: 

/i, ^ j/ . = . smor"/z ^ v . = . fi ^ smor"i/ . = . smor"/i ^ smor"j> 

*255"25. \-:/M^v.v^fM.= . m, fe N O . smor"/z = smor"i. 
#255 27. h 'Nr'P < Nr'Q .■= . Nr'P < Nr'Q . Nr'P 4= Nr'Q 

#25528. r : Nr'P > Nr'Q . = . Nr'P ^ Nr'Q . ~ (Nr'Q ^ Nr'P) . 

= . P, Q € ft . ~ (Nr'Q> Nr'P) [*255-13*22-21] 

#255281. h/i>i'.E,/i^j.'v(!/^^.= ./i,i/eN O.~(i;^) [#255-114] 

#255 29. r : Nr'P < N r'Q . = . Nr'P ^ Nr'Q . ~ (Nr'Q ^ Nr'P) . 

= . P, Q e ft . ~ (Nr'Q ^ Nr'P) [#255-115] 

#255-291. h/i<j'.5./i^j'.~(^/t).s. / i, I rfN O.~(^ / i) [*255'114] 

In the following proposition, we employ an abbreviation which is justified 
by its convenience, namely we put 

(gw) .oeNOut'l. Nr'P = Nr'Q + v 
instead of 

(a«r) . «■ e NO . Nr'P = Nr'Q + v . v . Nr'P = Nr'Q -i- 1. 

In virtue of #51239, these two expressions would be equivalent if 1 had any 
independent meaning; but as i is only significant as an addendum, #51-239 
cannot be applied. We will, however, adopt the following definitions: 

#255-298. (fti!r).i!reKVl l i.f(iJ. + ia). = :(R'B).'Br€K.f(fi + vr).V.f(fi+i) Df 

#255-299. we*we'i.D ir ./(/A + isr). = :isr€*.D w -./(Ai + «r):/(/» + i) Df 
These definitions enable us to state many propositions, in which i occurs, 
as though 1 were an ordinal number. 



SECTION 1>J GREATER AND LESS AMONG ORDINAL NUMBERS 65 

#255 3. f-:.Nr f P>Nr f Q. = :P > Q€n:( a ^). CT eNOw t q.Nr'P=Nr'Q+ OT 

Dem. 
K #255175. #253'471.D 

h :. Nr'P^s Nr'Q . = ■ P € ft : (gw) . Nr'Q-i- w= Nr'P . v . Nr'Q + i = Nr'P : 
0251-132-26] = : P e 12 : (gw) . Nr'Q, w € NO . Nr'Q + w = Nr'P . v . 

Nr' Q € NO . Nr'Q + i = Nr'P : 
[*251'1'111] ~:P,Q e n: (gw) .weNO. Nr'Q 4- w = Nr'P . v . 

Nr'Q 4-1 = Nr'P: 
[(#255-298)] = : P, Q efi : ($m) .weNOwd. Nr'P = Nr'Q4- ^ :.D h . Prop 

#255-31 h :.fi^v. = :/A,i>eN O : (gw). tire NO v t'l ,/A = y + w 

[#255-3-14] 

#355 32. h.i/,fff N O .D:^4-«r>^. = .CT4=O r 

K #25344. Dh:Hp.isr + O r .D.* + i=|=i/ (1) 

F. #255-31. DhiHp.D.v + w^i' (2) 

K(l) .(2).*255-141.Dh:Hp.w4=O r .D.i»4-w>i' (3) 
t- . #255'141 . Dh:Hp.y4-w>y.D.y + «i=f : smor"v . 

[#180*6] D. CT =j=0 r (4) 

K (3) . (4) . 3 h . Prop 

#255-321. h :.yeN O.D:v=|=0 r .= .v + \>v 
Dem. 

h. #253-45. ^h: Hp.y^O^.D.y+i + y (1) 

h. #255-31. Dh:Hp.D.v+i^i/ (2) 

h . (1) . (2) . #255-141 . 2 h : Hp . i> + r . D . i» 4- i > v (3) 

I- .#255-141 . Dh:Hp.y + i >*. D. i/ + i+smor"i/. 

[#161-2] O.v$0 f (4) 

h . (3) . (4) . r . Prop 

#25533. h :./*>?.-: 

At, i/ e N O : (gw) . w e NO - i'0 r . y u, = v + OT.v.i'=t=0, . /* = i» + i 
Dem. 
K #25531. D 

h./i>v, = :/i l i' e N O : (g-or) . tsr eNO./x= v + w . /a •> v . v . /j, = p 4- 1 . /!•> v : 

[#25532-321] 

£ : /a, y eN O : (-jw) . w e NO - i'0 v . \i = v 4- fa . v . v =j= r . ^ = " + 1 =«^ H.Prop 

R. & W. III. 
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#255 4. I- : fi^f v . v^ts .D . /x.^w 

#255*41. V'. im^v.v^ih.D.^^^ 

#255 42. I- . ~ (fi > fi) . ~ (fi < /a) 

#25543. h:/A^v.~(yLt^=w). D.~(^ OT ) 

#255 431. h : /a ^ v . vr e N O . ~ (/* ^ w) . D . w > v [#255-43-114] 

#25544. h : v ^ vr . ~ (/* ^ w) . D . ~ (/* ^ v) 

#255 441. I- : v ^ w . /a e N O . ~ O ^ *r) . D . y > p [*255'44-114] 

#255 45. \- : fi^> v . v •> m . D . /a }> m 

#25546. \-:/i>v.v^^.D.fit>iff 

#25547. h:/i>j^.y>cr.D.yLt>CT 

#255-471. I-:/a<i;,i-<w.D./a<w 

#255-482. h : /x ^= v . = . /*, i» e N O . ~ (v > p) 

#255-483. h:,i^j-. = .^ V e N O . ~ (v < p) 

#255-5. F:/ieN O. = . /i ^0 r 

I- . *255'31 .Dh:./A^O r . = :/A€ N O : (gw) . w e NO u i'l . /* = r + *r : 
[#180-61] =:/ieN O:.D!-.Prop 

#255-51. h: A ieN O^t f r . = .M>0 r [*255-1415 .#153'15] 

#25552. f-:PeO-t'A. = .Nr'P^2 r 
Dem. 

h . #25013 . D I- : P e H - t'A . D . E ! £<P . 

[#93-101] D.fe).(5<P)Py.5<P^. 

[#56"11.*55'3] D . (gy) . (B'P) I y e 2 r a Rl'P . 

[#13-195] D . a ! 2 r a Rl'P . 

[#255-22] D.Nr'P^2 r (1) 

f- . #25522 . D h : Nr'P ^ 2 r . D . P e H . a ! 2 r n Rl'P . 

[#61-361] D.Pefi-t'A (2) 

K(l).(2).DKProp 

#255-53. h:fieN O-i'0,.= ./i^2 r [*255'52] 

#255-54. h:.2 r >/i. = : / Li = r .v.^ = 2 r 
Dem. 

h . #255-53 . Transp . #255 281 . D b : 2 r > ^ . = . fi = (1) 

h . (1) . #255-105 . D h . Prop 
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#25555. I- : p > 2 r . = . /* e N O - i k r - i l % 
Dem. 

h . #255'54 . Transp . #255-281 . D 

h : fM > 2 r . = . fi e N O . p =f= r . fi + 2 r : D I- . Prop 

#25556. r- : P e fi . Nr'P > Nr'Q . D . Nr'P + Nr'P > Nr'P + Nr'Q 

Dew, 
h . *2553 . D h :. Hp . D : P, Q, R e n : (gtsr) .weNOut'i. Nr'P = Nr'Q + w : 
[#180-56] 

D : P, Q, P e ft : (gw) . or e NO u t'l . Nr'P + Nr'P = (Nr'P + Nr'Q) + *r : 
[*255-31.*251-26] D : Nr'P + Nr'P > Nr'P + Nr' Q :. 3 h . Prop 

#255561. h:7eN O.«>/S.D.7 + a>7 + /3 [#255*56] 

#255562. r : P e fl . Nr'P ^ Nr'Q . D . Nr'P + Nr'P ^ Nr'P + Nr'Q 

Pem. 
h . *180'3 . D h : Nr'P = Nr'Q . D . Nr'P -i- Nr'P = Nr'P + Nr'Q (1) 

h.(l). #255-108-56.3 

h :. Hp . D : Nr'P 4- Nr'P > Nr'P 4- Nr'Q . v . Nr'P + Nr'P = Nr'P + Nr'Q : 
[#255-108] 3> : Nr'P + Nr'P ^ Nr'P + Nr'Q :. D h . Prop 

#255-563. h:7eN O.«^/3.D.7 + a^=7 + /3 [*255'562] 

#255-564. h : P, Q, K e Q . Nr'P + Nr'P = Nr'P + Nr'Q . D . Nr'P - Nr'Q 
Dem. 

I- . #25542 . 3 h : Hp . D . ~ (Nr'P + Nr'P > Nr'P + Nr'Q) . 
[#25 5-56. Transp] D . ~ (Nr'P > Nr'Q) (1) 

Similarly I- : Hp . D . ~ (Nr'Q > Nr'P) (2) 

h. (1). (2). #255-113. Dh. Prop 

This proposition establishes the uniqueness of subtraction from the end. 
Owing to the fact that ordinal addition is not commutative, we have to 
distinguish "subtraction from the end" from "subtraction from the 
beginning." They may be called terminal and initial subtraction re- 
spectively. Thus by the above proposition, terminal subtraction among 
ordinals is unique. This does not hold in general for initial subtraction 
among ordinals. 

#255-565, h : a, ft, y e N O .7 4- a = 7 + /3 . D . a = smor"/3 [#255-56.4] 

The above proposition is still true if we put a = ft instead of a=smor"/3 
in the conclusion, but in that case it is only significant when a and ft are of 
the same type, whereas in the above form it is free from this limitation. 
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#25557. H : P, Q e fl - t'A . D . Q less (PxQ). Nr' Q < Nr'P X Nr'Q 

Dem. 

I-. #250-13. Df-:Hp.D,E!£'P. (1) 

[#165-251] D.QsmoTQ^(B'P) (2) 

h (1). *1661. D I- : Hp. D. Q J, (5<P)GPxQ (3) 

h . (1). *93101 . D I- : Hp . D . (3a) . (B'P) Pa; (4) 

h . #166-113 . D I- :(fi'P) Px.R€C'Ql(B'P).y e C'Q.3.R(PxQ)(y I x) (5) 
f- . (5) . (4) . *33'24 . #166-12 . #113-106 . D 

h:.Hv.l:(w > y):ReC<Q\ i (B<P).D R .R(PxQ)(ylx):ylxeC<(PxQ) (6) 

K(2).(3).(6).Df-:Hp.D. 
Q I (B'P) smor Q . Q j, (B'P) GPxQ.%] C'(P xQ)n p'*Px~Q"C'Q | (B ( P) . 
[#254-54] D.Q less (PxQ) (7) 

f- . (7) . #25517 . D h . Prop 

#255-571. H:a,/36.N O-t'0 r .:>./3<ax/3 [*255'57] 

#255572. h : P, g efl - i'A . E ! B'P. D.P less(P x . Nr'P<Nr< P x Nr'Q 

Dem. 
K #250-13. DH.-Hp.D.ElB'Q. (1) 

|*166111] -}.(B'Q)l'>P<iPxQ (2) 

h . #151 -64 . (1) . D f- : Hp . D . (B'Q) I >'P smor P (3) 

I- . #202511 . D h :. Hp . D : B'Pep'P"D'P i 

[#166-1 11] D : x e D'P . y e d'Q . D . {(£<Q) j #} (PxQ) {y j (B'P)] (4) 

I- . #202-511 . D I- :. Hp . D : B'Q ep'Q"Q.'Q : 

[#166-111] 0:x~B'P.ye(I'Q.O.{(B'Q)lw}(PxQ){yl(B'P)} (5) 

f- . (4) . (5) . D h :. Hp . D :xe G'P . y e a'Q.^.[(B'Q) J, x] (PxQ) \y | (B'P)) : 
[#150-22] Z> :MeC'(B'Q) J, '>P . y e d'Q . D . 4/ (P x Q) {y J, (B'P)} : 

[Hp.#3324.#166-lll] 

l:(<giN):N6C'(PxQy.MeC'(B'Q)l'>P.^ M .M(PxQ)N (6) 
K ( 2 ) • (3) . (6) . #254-54 . D I- : Hp . J . P less (P x Q) (7) 

K (7). #255-1 7. DK Prop 

*255573. h:.a )/ 8eN O-t < r :(a7).7eNO-t < r ut < i.a = 7 -i-i:D.a<ax/3 
Dem. 
r- . #204-483 . D F : Hp . D . (gP, Q) , a = N r'P . ,8 = N r'Q . g ! £<P (1) 
K(l).*255-572.DKProp 
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*255'58. I- : 7 e N O - i'Q r .a-> $ .3 .axy> fiXy 

Dern. 
h . #255-31 . D 

\- :. Hp . D : (g CT ) . w e NO - i'Q r .a = £-i-w.v./8=|=0 r .a = £+i (l) 

h. #184-35. D h :a = ^ + w.D.aX7 = (/3x 7 ) + (vrXy) (2) 

h. #184-16. Dh:Hp.OT + r .D.iirX7 + P (3) 

M2).(3).*255-32.3h:Hp.weNO-i'0 r .a = £ + i*.D.a*7>£x7 (4) 
H. #184-4.1. Dh:Hp.a = /3 + i.D.aX7 = (/3X7) + 7^ 

[#255-32] "}.ctXy>/3Xy (5) 

f-.(l).(4).(5).Dh.Prop 

#255-581. h:P€fl.E!5'P.Qless2S.D. 

P x Q less P x £ . Ni-'P x Nr'Q < Nr'P x Nr< R 

Dem. 

h . #25455 . D h : Hp . D . ( a S) . Ssraor Q . # G £ . a ! C'Rkp'R"C'S (1) 

I- . #16611 .3\-:SGR.^.PxSGPxR (2) 

1- . #106-2:3 . D I- : S smor Q.D.Px S smor P x Q (3) 

I- . #202-524 . #4053 . D h :. Hp . z e C'P . w e C'S . y e <?<£ a p<R«C<S . D : 

*P(£'P).v. * = £<£:«>%: 
[#16G-1 1 3] D : ( w J, *) (P x 5) [y I (B { P)} (4) 

K (4) . #166111 . D h :. Hp . y e C<Rnp<R"C<S . D : 

Jlf e C*(P x 5) . D^ . M(P x £) {y | (£<P)} (5) 
I- . (5) . #1028 . D F :. Hp . a ! C f i2 a p<R"C'S . D : 

(gi\0 : ^ <?<(P x &) •■ MeC\P x8).^ M . M(P x R) N (6) 
I- . (2) . (3) . (6) . 3 I- :. Hp . SsmorQ.SQR .%\C'R np< R«C'S. ^: 

(P x S)smov(P xQ).PxSGPxR.r1 C'(P x R) np<PxR«C'(P x S) : 
[#254-54] D . P x Q less PxR (7) 

h . (1) . (7) . D h : Hp . D . P x Q leas P x R (8) 

K (8) . #255-17 . D (■ . Prop 

#255-582, H :. a e N O : (gS) . S e NO - t'0 r u t'i . a = S+ i : £ < 7 = 3 ■ 

ax/3<aXy [#255-581 . #204-483] 

#25559. h :a,y9,7€N O .74=0,.. aX7 = ^X7- D.a = smor"^ 
-Dew. 

I- . #255-58 . Transp . D h : Hp . D . ~ (a > 0) . ~ (a < fi) • 
[#255112] D . a = smor"/3 : D I- . Prop 
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This proposition establishes the uniqueness of terminal division, i.e. 
division by an end-factor. Initial division (i.e. division by a beginning- 
factor) is only unique if the divisor is of the form S + L 

#255591. r :. a,/3 )7 eN O : ( 3 S). SeNO - i'0 r u t'i . a = 8 + l : 

aX/3 = aX7 0./3 = smor" 7 [*255582-U2] 

#2556. r : Nr'P > Nr'Q . D . i + Nr'P > i + Nr'Q 
Dm. 
f- . #255-33 . D h :. Hp . Z> : (gw) . vr e NO - t'0 r . Nr'P = Nr' Q-f tr . v . 

Nr'P +0 r . Nr'P = Nr'Q + 1: 
[*181-55] D : (gw) . w € NO - t'O, « i + Nr'P = (i + Nr'Q) + w . v . 

Nr'P 4= r . 1 + Nr'P = (1 -i- Nr'Q) + 1 : 
[#25533] D : 1 + Nr'P > i + Nr'Q :. D h . Prop 

#255 601. I- : Nr'P > Nr'Q . = . i + Nr'P > 1 + Nr'Q 
Dem. 

r . *255'6 %^ . *255'103 . D 

r- : Nr'P < Nr'Q. D.i + Nr'P <i+ Nr'Q (1) 

I- . (1) . #255-108 . D I- : Nr'P < Nr'Q . D . i + Nr'P ^ 1 + Nr'Q (2) 

F.(2).Transp.*251142.D 

h : i + Nr'P, i 4- Nr'Q e NO . ~ (i + Nr'P ^ i + Nr'Q) . D . 

Nr'P, Nr'Q e NO . ~ (Nr'P ^ Nr'Q) (3) 
I- . (3) . #255-281 . D h : 1 + Nr'P 5> 1 + Nr'Q . D . Nr'P > Nr'Q (4) 

r- . (4) . #255-6 . D h . Prop 

#255 61. I- : Q, R e £1 . Nr'P = Nr'Q + Nr'P . CPB, = CI'P . E ! B'R . D . 

Nr'P + i> Nr'Q -M 
Dem. 

r . *253'57 . D r : Hp . D . Nr'P + i = Nr'Q + i + Nr'P . 
[#255-32] 3 . Nr'P 4- i > Nr'Q-f 1 : D h . Prop 

#255-62. r:Q )J Ren.Nr'P = Nr'Q- r Nr' J K.Nr'P4:0,. 

~(d'P 1 = a'P.E! J B'P).D. 

Nr'P > Nr'Q + 1 . Nr'P + i > Nr'Q + i 

1- . #253-571 . D r : Hp . D . Nr'P = Nr'Q-j- 1 + Nr'P . 
[#255-32] D. Nr'P > Nr'Q -j- 1 . (1) 

[#255-321] D. Nr'P + 1> Nr'Q + 1 (2) 

r-.(l).(2).DH.Prop 
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#25563. h : Nr'P > Nr< Q . D . Nr'P + i > Nr'# -i- i 
Dem. 
r . *255'33 . D h :. Hp . D : (%R) . Nr'E * r . Nr'P = Nr'Q + Nr<£ . v . 

Nr<Q4=0,..Nr<P = Nr<Q4-i: 
[#255-62-321] D : Nr'P + i > Nr'Q+1 :. D h . Prop 

#255 64. h : Nr'P > Nr'Q . = . Nr'P + i > Nr'Q + i 

Dem, 
I- . #255 63103 . D I- : Nr'P< Nr'Q . . Nr'P + i < Nr'Q + 1 (1) 

K #181-31. DH : Nr'P = Nr'Q.D. Nr'P + i = Nr'Q+i (2) 

I- . (1) . (2) . #255-113 . D h : P, Q e fl . ~ (Nr'P > Nr'Q) . D . 

Nr'P + i ^Nr'Q+i. 
[#255-483] D.~(Nr'P + i>Nr'Q + i) (3) 

r . #251-132 . D r : ~ (P, Q e fi) . D . ~ (Nr'P + 1, Nr'Q + 1 e NR) . 

[#255-12] D.~(Nr'P-j-i>Nr'#-i-i) (4) 

I- . (3) . (4) . D h : ~ (Nr'P > Nr'Q) . D . ~ (Nr'P + 1 > Nr'Q + i) (5) 

h . (5) . #255-63 . D h . Prop 

#255-65. h :. p e N O - t'0 r .5 ;v-> p. = .v^p p + 1 

Dem. 
r . #255-33 . 3 h :. i> > p . D : (gisr) . w e NO - i'Q r .v = ii + vr .v .v = fi + 1 (1) 
f- . #255 53-31 . D 

h:. Hp.T3-eNO-e'0 r .y = /i-i-CT. D:(ap).peNOut ( i . v = ^-j-2 + ,3 : 
[#181-56] D : (a/>) .peNOui'l.i^yit-i-i-i-i-i-p: 

[(#255-298)] D:i/ = /i + i-i-i.v.v = ^ + l + i+i-v. 

(gp) . /o e NO- l'0 r . v = /* + 1 + 1 + ? '■ 
[#255-33] D: v > /A + i (2) 

r.(l).(2). Db:v>>p.D.v^fM + i (3) 

h . #255-45-321 .Dh:Hp.i»^/i + i.D.v>^ (4) 

I- . (3) . (4) . D h . Prop 

The following propositions are concerned with the relations of ordinals to 
the corresponding cardinals, i.e. to the cardinals of the fields of well-ordered 
series having the given ordinals. If P is a well-ordered series whose ordinal 
is or, C"a =Nc'C"P, so that C"a is a cardinal whose members can be well- 
ordered. Such cardinals have the property that of any two which are not 
equal, one must be the greater. 

If the cardinal number of one series is greater than that of another, so 
is the ordinal number ; but the converse does not hold except for finite 
numbers. 
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#255 7. f- . Nc"C"£l = C"'NO [#1527 . (#251-01)] 

#255 701. f- . Nc"C"n-t f A=C" f (NO-t f A)=C f " < NO-( f A [#2557 .#37-45] 

#25571. F : P less Q . D . Nc< C'P < Nc'C'Q 

Dem. 

b . #2541 . D h : Hp . D . a ! Rl'Q n Nr'P . 

[*1541] D . g ! CVG'Q « Nc'C'P . 

[*1 17-22] D . Nc'C" P < Nc'C'Q : D K Prop 

#255-711. h : Nr'P < Nr'Q . D . Nc'C'P < Nc' C'Q 
[Proof as in #25571, using #255-22] 

#255-72. h : a ^ £ . D . C"a < C"£ 

I- . #255-24 . D h : Hp . D . foP, Q) . a = N r'P . £ = N,r'Q . Nr'P ^ Nr'Q . 
[#255-711] D . (aP, Q) . a = N i-'P . /9 = N„r'Q . Nc'C'P ^ Nc'C'Q . 

[#1527] D . C"a < C"/3 : D h . Prop 

#25573. f :.P,Qefl.D: 

Nc' C'P < Nc'C'Q . v . Nc'C"P = Nc'C'Q . v . Nc'(7'P> Nc'C'Q 
Dem. 
I- . #255-711 . D r : Hp . Nr'P <Nr«Q . D . Nc'C'P < Nc'C'Q (1) 

K #255-71. D H : Hp . Nr'Q < Nr'P . D . Nc'C'Q < Nc'C'P (2) 

K (1). (2). #255-115. 3 h. Prop 

#255-74 h :. «, /3 e C'"NO ~^A.D:a<^.v.a>/3 

Dem. 
h . #255-701 . D I- : Hp . D . a, e C""(NO - t' A) . 

[#155-34] D . (aP, Q) . P, Q e H . a = O'N r'P . £ = G Y "N r'Q . 

[#152-7] D . ( a P, Q).P,Q s n.a- N c'C'P . £ = N c'C"Q (1) 

h . #25573 . *117-106'107'108 . D 

h :. P, Q e fl . D : N c'C"P < N c'C'Q . v . N c'C"P > N c'C'Q (2) 

h.(l).(2).Dr-.Prop 

#255-75. h : P, Q e fl . Nc'C'P < Nc'C'Q . D . P less Q 

Dem. 

h . #1 1 7-291 . D F : Hp . D . ~ (Nc'C'Q < Nc'C'P) . 
[#255-71 l.Transp] D . ~ (Nr'Q ^ Nr'P) . 

[#255-29] D.Nr'P<Nr'Q. 

[#255-17] D . P less Q : D r . Prop 

#25576. h : *, /3 e NO . C"a < C"£ . D . a < £ [#255-75 . #1527] 



*256. THE SERIES OF ORDINALS. 

Summary of *256. 

In the present number, we have to consider the series of ordinals in order 
of magnitude. Propositions on this subject deserve close attention, because 
it is in this connection that Burali-Forti's paradox* arises. This paradox, as 
we shall show in the present number, is avoided by the doctrine of types. 
But before discussing the paradox, it will be well to explain various propo- 
sitions which raise no difficulty. 

For convenience of notation, we shall, in the present number, employ the 
letter M for the relation " <■" (This letter is chosen as the initial of 
"minor.") Thus "aMft" means that a and /3 are ordinals of which a is less 

than /?. M'ft will be the class of ordinals less than y9, M^fi will be /3 + 1, 
and if//S, when it exists, will be such that either M^ + l =fi, or 
/3=2 r . ./l///3 = 0,.. Thus Q. t M l is the class of ordinals having immediate 

predecessors, and B'M 1 is the class of ordinals not having immediate pre- 
decessors. 

We have (*256'12) 

r- :. aM/3 - = : «,/3eN O : (g 7 ) . 7 eNO - i'0 r w t'l . /3 = cl + j, 

that is, one ordinal is less than another when something not zero can be 
added to the first to make it equal to the second ; 

*25611. H:PeflO.If<Nr<P = Nr"I><P s 

I.e. the numbers less than that of P are the numbers of the proper 
segments of P. Also, if Pe£2, 

M I M'Ny<P = N r^(P s I T>'P S ) . N r [ D'P y e 1 -» 1 (*256'2'201), 

so that (*256-202) the series of ordinals less than that of P is similar to the 
series of the proper segments of P, i.e. to P £ d c P (in virtue of *25322). 
It follows (#256-22) that every section of M is well-ordered, and therefore 
that M is well-ordered (*256 - 3), i.e. that the ordinals in order of magnitude 
form a well-ordered series. 

* "Una queatione aui numeri iranafiniti," Rendiconti del circolo tnatematico di Palermo, 
Vol. xi. {1897). 
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For the purposes of the present number, it is convenient to include 1^ 
(cf. *153) in the series of ordinals ; we therefore get 

N=MvQ r ll,u(i%)ta ( M Bft [*256j. 

The effect of this definition is merely to insert I A . in the series M between 
r and 2 r . We then have (*256"42) 

Nr'JV=i+Nr'Jlf. 

Now if Pen, P £ G'P (as we have just seen) is similar to a proper 
segment of M, so that if we omit to mention types we obtain 

h : Pe Q . D . Nr'P £ d'P < Nr'Jlf. 

Hence Nr'P, which is iiNr ( P£<PP, is less than i + Nr'M (by *255'63), 
i.e. is less than N. Hence 

h:PeO.D.Nr f P<Nr f iV r . 

Nevertheless jVeO, so that it might seem as if Nr'iV must be less than 
itself, which is impossible by *25542. Hence we are led to Burali-Forti's 
paradox concerning the ordinal number of all ordinals. 

Burali-Forti's own statement of his paradox, which is somewhat different 
from the above, may be summarized as follows. Assuming 

a,/3eN O.D:a</3.v.a = /3.v.a>/3 (A), 

we shall have a e N O . D . a < a ■+■ i. 

But we also have a e N O . D . a <• Nr'JV. 

Hence Nr'iV < Nr'JV-f 1 . Nr< N + 1 ^ Nr'iV, 

which is impossible. The conclusion drawn by BuraK-Forti is that the 
above proposition (A) is false. This, however, cannot be maintained in view 
of Cantor's proof, reproduced above (#255'112, depending on #254 - 4), The 
solution of the paradox must therefore be sought elsewhere. 

With regard to Burali-Forti's statement of the paradox, it is to be 
observed that "a<a + i" only holds if g ! a+ i, i.e. if (gP) . Pea . C'P^ V. 
This will always hold if a exists and is infinite, because then, if Pea, 
PtG.'P-frB'Pca+i. But if a is finite, this method fails, since' 

P I d'P -r* B'P e a. 
Thus if the total number of entities in the universe (of any one type) is 
finite, "a<«-j-i" fails when C"a — i'V, which is just the crucial case for 
Burali-Forti's proof. Hence as it stands, his proof is only applicable if we 
assume the axiom of infinity ; it might, therefore, be regarded as a reductio 
ad absurdum of the axiom of infinity, i.e. as showing that the total number 
of entities of any one type is finite. 

In order to make it plain that the paradox does not depend upon the 
axiom of infinity, we have above stated it in a form independent of this 
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axiom. The paradox, stated simply, is as follows : The ordinal number of 
the series of ordinals from r (including l s ) to any ordinal a is a 4-1 ; hence 
a-f 1 exists, and is therefore ■> a. But the ordinal a is similar to the 
segment of the series of ordinals consisting of the predecessors of a, and is 
therefore less than the ordinal number of all ordinals. Hence the ordinal 
number of all ordinals is greater than every ordinal, and therefore than itself, 
which is absurd ; moreover, though the greatest of all ordinals, it can be 
increased by the addition of 1, which is again absurd. 

In order to dispel the above paradox, it is only necessary to make the 
types explicit. In the proposition 

Peft.D.PlessJ\r (B), 

upon which the paradox depends, the relation " less " is not homogeneous. 
N is of the same type as M> which is defined as Nr'less, where 0'less = O. 
Thus Nr'P e C'N. Thus N v as it occurs in (B), should really be N t t'N r'P, 
i.e. Ntt't'P, i.e. N(P,P), according to the definition #65*12. We have 
therefore 

#25653. H : P e ft . D . P less N £ i'N r'P 
but this does not allow the inference 

#t<'Nor'Pless#te'N r'P, 
which is what would be required in order to elicit a paradox. The correct 
inference is, substituting for JV£i'N r'P the equivalent form N(P,P)> 
N(P,P)\essN{N(P,P),N(P,P)\. or, more generally, 

#256 56. 1- . (N I \) less {N £ (tH^X)} 

Thus in higher types there are greater ordinals than any to be found in 
lower types. This fact is what gave rise to the paradoxus the corresponding 
fact in cardinals gave rise to the paradox of the greatest cardinal. 

#25601. M=< Dft [*256] 

#256-02. N = Mv0 r ll s v(i'l t )1(I t M Dft [#256] 
#2561. KifeSer.<7-J/CN O 



Be 



m. 



K #255-4.2 . 1Y.MG.J (1) 

V . #255-471 . D h . M e trans (2) 

K #255-12. Dl-.C<JVfCN O (3) 

I- . (3) . #255-112 . #155-43 .Dh. M e connex (4) 

K(l).(2).(3).(4).Dh.Prop 
The above proposition assumes that M is homogeneous, since otherwise 
" C'M " is not significant. But M is significant even when it is not homo- 
geneous. Thus the conditions of significance in the above proposition impose 
a limitation upon M which is not always imposed upon M. 
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#256101. I- : a ! M . D . CM = N O . r = B'M : N O - i'0 r = (I'M 
Bern. 

K*20012. #2561. DKC'Jf~el (1) 

H . (1) . #51-4 . D t- : g ! M. D . g ! C'if - t'0 r . 

[#2561] D.g!N O-t r r (2) 

h . *255'51 . D h : ^ 6 N O - t'0 r . = . Q r Mfi (3) 

■I- . (3) . D I- . N O - t'0 r C (FM . 0, ~ e (I'M (4) 

K(2).(3). DH:g!if.D.O r €D'JI/ (5) 

H. (4). #2561. Dh.a'¥CN„O-('0 r (6) 
H . (4) . (5) . (6) . D t- . Prop 

The hypothesis a ! if/ will fail in the lowest type for which M is 
significant, if the universe contains only one individual. Under any other 
circumstances, a ! M must hold. 

#256102. 1- : a ! N O - 1<0, . D . a ! M 

Dem. 

\- . #256101 . D t- : Hp . D . a ! (I'M (1) 

K (1). #33-24. DH. Prop 
#25611. l-:Pefl.D. 3PNr<P = Nr"D'P y [#225174] 

#25612. h : . «3f £ . = : a, /3 e N O : 

(a7).7eNO-i ( r . / 8 = a + 7.v.a4=0 r ./3 = a-j-i [#255*33] 

#256-2. >:PeH.D. 

JfC (J?*'Nr<P) = N r JP S . M £ (itf'Nr'P) = N r5(P s fc D*P.) 
Dew. 

r- . #256101 .*D r : Hp . P e 0, . D . M £ ^Nr'P = A . M t (M'Nr'P) = A (1) 

h . #2133 . D 1- : Hp . P € r . D . N„r JP S = A . N rJ(P s D D'P,) = A ( 2 ) 

r . #25611 . #213-158 . D I- : Hp . P ~ e 0, . D . i?*'Nr'P = Nr"C"P s (3) 

r- . (3) . #255-17 . D h :. Hp . P ~ e r . D : a (Jf £ (?#'Nr'P)| /3 . = . 

(gO, 12) . a = N r'Q . /3 = N r'i2 . Q, R e C'P* . Q less 12 . 

[#254-47] = . (aQ, 12) . « = N r'Q . = N r<12 . QPsR . 

[#150-4] =.«(N rJP s )/3 (4) 

Similarly h:.Hp.Pcv, € r .D:a{JlfC(^Nr'P)}/9.= . a {N„r5(P,tI ) 'P.)}y3 (5) 
K(l).(2).(4).(5).Dh.Prop 

#256-201. h : P e O . D . N r p D'P S e \M £ (M'Nr'P)} sln^r (P s fc D<P S ) . 

N„r f 0'P S e {M £ (Jtf^'Nr'P)} slHor P* [#253-461 . #256"2] 
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#256-202. t- : P e fi . D . Nri{M £ (J?'Nr'P)} = I>V(P S £ D'P S ) = Nr'(P £ d'P) 
[*256'201 . *253'22] 

*256'203. I- : P e fi . D . Nr'{Jtf fc (5^'Nr'P)} = Nr'P, [*256"201] 

#256 204. I- : a e N O - t% . D . i + Nr'(M £ APa) = « 

Z)ew. 
I- . #255-101 . *256'202 . D 

f- :. P e H . a = N„r'P . D : Nr'{if fc ilPa} = Nr'(P £ d'P) : 
[#204-46'272] D : P ~ e 2 r . D . 1 + Nr'(Jf £ JPa) = Nr'P : . D h . Prop 

#256 21. h:/ieNO.P6/A.D.MV = Nr"D'Ps [*256 11] 

#256-211. h: / i 6 NO-t'0 r .Pe/A.D.ir^/i = Nr"C"P I [#213-158 .*256'21] 

*256'22. h : ^eNO . D . #£#*'/*€& 
Dem. 

h . #256203 .DHHp.Pe/i.D. jNr*( tf [ 3*V) = Nr'P* . 
[#253-24] D . if I M^fi e H (1) 

f-.(l). Dhifi^A.O.MtM^fieQ (2) 

r- . (2) . #250-4 . D h . Prop 

#256-221. h:/*eNO.D.Jf^/* efl [*256'202] 
#256-3. K4/efl [*256-221 . #2507] 

#256-31. I- : a ! Jf . D . 2 r = 2 M = M 1 '0 r 
Dem. 

h .#255-51-53 . D K : Hp . D . iP0 r = t'2 r w iP2, . 
[*205-196.*2561] D . 2 r = min M 'JIP0 r 

[#206-42.*201-03] = i/0 r 

[#250-42.#256-101 ] = 2 M : D H . Prop 

We shall have, for every finite v, v r = v M) where v r will be defined as the 
ordinal corresponding to v t i.e. as 

(This is a single ordinal when v is finite ; otherwise, it is the sum of a class 
of ordinals.) This subject will be considered in the next section. 
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#256 32. I- : . aMrf . = : a, /S e N : a + O r . £ = a 4- i . v . a = O r . £ = 2 r 

t- .#255-65 . D h : a e N O- l% . D . M'u= t'(a-i-i) w F'.(a + i) ■ 
[#205196] D . a+ 1 = miiV^'a . 

[*206"42.*201-63] D.a+l = if/a (1) 

l-.(l). #256-31. DH.Ptop 

*256'4. h.l g ~eNO 

Dem 

h. #153-36. Dh:Rel s .D.C<Rel. 

[*20012.*25012] D.i£~eO (1) 

I- . (1) . #251-122 . D h : a e NO . D . a n l g = A (2) 

h. (2). #153-34. Dh. Prop 

#256-41. \-.N = MvQ r ll g v (i%) f <1<M [(#25602)] 

#256-411. r :. aN0 . = : a = r . /g e t'l, w CPJf . v . 

a = l s . £ e <J'4f . v . a, $ e (FJf . aJI/# [#25641] 

#256-412. I- : M = A . D . !>" = r 4, 1« . iV^ e 2 r [#256*41] 

#256413. h : JbT = r 4, 2 r . D . N = Q r I l s vy r I 2 r iy l r I 2 r . iVe i + 2 r 

[#256-41. #161 -211] 

#256414. h :(I<4f ~el . 3 - JV = r J, 1, $ M £ <1<M 
Dem. 

V . #204-46 . #256-101 . D 

h : Hp. g ! M. 3.N=0 r *\-Mta<Mv r J, 1, vy (t'l g ) f C'(if £ d'itf) 
[#161101] = r 4 1, vy (1% u t%) t C'(4f I (I'M) iy if £ a ' M 

[#i60-i] = o r |i,$.Jfta'if (l) 

h. (1). #256-41 2. DK Prop 

#25642. I- : g ! M . D . Nr'# = 1 + Nr ' if 

Z>era. 
h . #256-414 . D h : Hp . <3<4f ~ e 1 . D . Nr'iV = 2 r + Nr'(if £ Q.'M) 
[#181-57] =l + l+Nr'(^/^a'ilf) 

[#204-46] = i + Nr'Jf (1) 

h . (1) . #256-413 . D f- . Prop 

#256-43. hIe.O-t'A [*256'412-42] 
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#256-44. r :. Pe fi . D : P £ a ' p less if , = . P less JV. g I # 

Dem. 
h. #25517-601.3 

h :. Hp . D : P p <PP lessif . = . i +Nr'P £ (PP < i +Nr'if (!) 

h . *256*412-42 . D h : P = A . D . P less JV (2) 

h. #255-51. Dr-:.P = A.D:Pt;a'Plessif. = .g!i/ (3) 

h.(2).(3). D h :. P = A, D-.P^a^P less M.-.P less JV . g \M (4) 
H . #20035 . *255'51 . D h :. d'Pe 1 . D : P £ d'P less M. = . g ! if (5) 

K #256-42. Dh:.Hp.a<Pel.g!i/.D.PlessJV (6) 

K(5).(6). D h :. Hp. a'P e 1. D : P£(I<P less JJ/. = . g ! M. P less JV (7) 
h . #204'46 . D 1- :. Hp . g ! P . (PP ~ e 1 . D : 1 -fNr'P £ (PP = Nr'P : 
[(1)] D : P £ GL'P less M. = . Nr'P < 1 + Nr'JIf . 

[*256'101-42] = . Nr'P < Nr'JV . g ! M (8) 

h . (4) . (7) . (8) . D h . Prop 

We now make use of the above propositions to show that every well- 
ordered relation P of the type we start from is less than JV, where JV is to 
hold between ordinals of the type to which N r'P belongs. This proposition 
embodies what Burali-Forti's paradox becomes when account is taken of 
types. 

*2565. h : a ! if . Pe n . D . N r5(P s I D'P S ) e D'(if £ *'N r'P) s 
Dem. 

V . #256-2 . #25313 . D V : Hp . D . N r >"(P S £ D'P S ) e D'Af, (1) 

h . (1) . #15022 . D f- : Hp . D . N r"D'P s C tfC'M, . 
[#213-141] D . N r'P e t 'C'M t . 

[#63-53] D . tt'C'M, = i'N„r'P (2) 

h , (1) . (2) . D r- . Prop 

#256-51. h : P e O . D . N r>"(P s £ D'P S ) smor P £ CPP [#253463] 

#25652. hzftlM.Ptil.D.Pt a'P less if £ £<N r'P [*256"5-51 . #254-182] 

#256-53. Ir : P € H . D . P less JV £ *<N r'P 

Dem. 

b . #256-44-52 . D 1- : Hp . g ! M . D . P less JV £ i'N r'P (1) 

h. #256-102. D 1- : Hp . if = A . Z> . P = A . 

[#256-43] D.PlessJV (2) 

h . (1) . (2) . D V . Prop 

#256-54. r : P e ft . D . Nr (Py(N £ i! f N r<P) = A 
Dem. 

f- . #256-53 . D r- ; . Hp . D : Q e *'P . Z> g . ~ [Q smor JV £ *'N r'P} : 
[#152-11] Dii'Pft Nr'(JVt; £<N r'P) = A : 

[(#65-04)] Z> : Nr {P)\N £ i'N r'P) = A :. D h . Prop 
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#25655. h:P 6 n.D. 

Nr (P)<(F t t'Kov'P) = Nr (P)'{N p t't'P) - Nr (P)'{ JV (P, P)) = A 
Dew. 

h.*155'12.DI-.PeN r'P. 

[*63-105] Dh.PeCNof'P. 

[#63-53] DK^P = t'N r<P (1) 

I- . (1) . D I- . Nr <T)'(iR i'N r'P) = Nr (P)'(iV p i'f'P) (2) 

[(#65-12)] = Nr(P)'(tf(P,P)} (3) 

h . (2) . (3) . #256-54 . D f- . Prop 

#256-56. h . (i\T p X) less {iV p (* V*)} 
Dera. 

I- . *256'43-53 . D h . (iV P X) less (if £ (i<N r'.tf £ X)} (1) 

h. #15512. 0\-.Nl\eN a T<Nt\. 

[#63-105] 3 I- . N t X e to'Nor'tf p X . 

[#63-53] D t- . * W p X « *<N r <# p X (2) 

I- . #64-16 . D h . iV p X e t'(t '\ f CX) . 

[(#64-01)] Dh.iVpXeCX (3) 

I- . (2) . (3) . D H . i'^'X = *<N r'iV p X (4) 

h.(l).(4).Dr.Prop 

When types are neglected, the above proposition appears as 

N less JV, 

which is impossible, and embodies Burali-Forti's paradox. In the form 
proved above, however, the paradox has disappeared, and we have instead 
the proposition that in higher types longer series are possible than in lower 
ones. 



*257. THE TRANSFINITE ANCESTRAL RELATION. 

Summary of #257. 

In this number, we are concerned with an extension of the notions of 
R% and R^. This extension requires two relations, R and Q. It in n 
easily explained by first dermic the " transfinite posterity " of a term . .»tth 

respect to R and Q ; this class is an extension of R%x. This class is 
generated as follows. Let us suppose, to aid the imagination, that Q is more 
or less serial in character, and that R is a many-one relation contained in Q. 
Then the transfinite posterity of x with respect to R and Q is generated as 
follows : Starting from x, we travel down the posterity of x with respect to R 

{i.e. Rjffx) as long as we can ; if the whole class R% f x has a limit with respect 
to Q, we begin again with this limit, which is to be included in the trans- 
finite posterity of x with respect to R and Q ; if the limit is y, we travel 

down R%.'y, and include the limit of this class with respect to Q, and so on, as 
long as we still have either terms belonging to D'R or classes belonging to 
Q'ltg. The whole of the terms so obtainable constitute the transfinite 
posterity of a; with respect to R and Q. which we will denote* by (R*Q)'x. 

In order to obtain a symbolic definition of this class, let us call a class er 

" transfinitely hereditary " when not only R"<r Co-, as in the ordinary 
hereditary class, but also if we take any existent sub-class p of a n C'Q, if /^ 
has a limit with respect to Q, that limit is to be a member of a. Thus a is 
to be such that the 22-successor of any member of a belongs to a and the 
(Mimit of any existent sub-class of a n C'Q belongs to er (so long as these 

exist). That is, R"<r Co- and p C a- . g ! p n C'Q . D M . lt c '/* C o-. Using the 
notion of the derivative of a class with respect to Q, introduced in #216, the 

condition fiCa- . g ! fin C'Q . D„. \tq'jx C er reduces to Sq'ct C <t, in virtue of 
*216'1. Hence a is transfinitely hereditary with respect to R and Q if 

R"<rv8 Q '<rCo: 

* This meaning for R*Q has no connection with the meaning temporarily assigned to this 
symbol in *95. 

K. & W. III. 
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We may now define the transfinite posterity of x with respect to R and Q 
as all members of Q'Q which belong to every transfinitely hereditary class to 
which x belongs, i.e. we put 

(R*Qyx = C t Qr\§{xe<r.R"<rvh Q i <rC<r.'}..yeo-) Df. 

Then the analogue of R% is xy [y e {R^Qy x) . This relation, however, is 
less important than the analogue of R^ limited to the posterity of x. This 
analogue, assuming Q to be transitive, wall be Q £ (R*Q)'x. For this we 
introduce the two notations Q^ and Q(R,x), the latter being more con- 
venient when either R or x is replaced by a more complicated expression. 

Thus we put 

Q Bx = Q(R,x) = Qt(R*Q)<x Df. 

If Q is a well-ordered series and R=Q lt Q Bx is merely the series Q 

beginning with x, and (R*Qyx = Q%'x = Q'x u i'x if xeC'Q. Thus in this 
case, if x = B l Q, Q^ = Q. But the importance of Q Rx is in cases where Q is 
not completely serial, but becomes so when limited to (R*Qyx. In these 
cases, Q will, in applications, almost always be logical inclusion combined with 
diversity, or the converse of this ; i.e. it will be either 

or M&(MGN.M$N) t 

or the converse of one of these. In the case of a/3 (a C /S . a ^ ft), we have 

*W = s T (" (I'max^) . t\ Q =p [ (- Q'min Q ), 

as will be proved in #258. 

In the present number, we are concerned in proving that, under certain 
circumstances, Q^ e £1. The proof proceeds on the lines of Zermelo's second 
proof* of his theorem that if a selection exists from all the existent sub- 
classes of a given class, then the given class can be well-ordered. 

Before proceeding to treat of this subject, however, it is necessary to 
prove some elementary properties of (R*Q) ( x, These are given in the 
propositions preceding #257'2. 

We have 
*25711. h'.xea. R"<r u 8 Q '<r Ccr.D. (R*Q)'x C a 

Thus in order to prove that {R%Q) l x is contained in a class a, we have 
to prove (1) that x belongs to a, (2) that the iJ-successors of members of fl- 
are members of a; i.e. that o- is hereditary with respect to R, (3) that the 
derivative of a with respect to Q is contained in o% i.e. that if p is any 
existent sub-class of a- r\ O l Q which has a Q-limit, this limit is a member of a. 

* " Neuer Beweis fiir die Moglictakeit einer Wohlordnung," Math. Annalen, lxv. p. 107 (1907). 
His first proof, which was somewhat more complicated, was published in Math. Annalen, lix. 
p. 514 (1904). 
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#257111. K(22*Q)'a?CCQ 
*25712. t- : x e C'Q . = . x e (R*Q)'x 

#257123. h : R G Q . D . R''(R*Q)'xC(R*Q)'x 

I.e. if RGQ,(R*Q)'x is hereditary with respect to 22. The hypothesis 
R G Q is required for most of the properties of (R*Q)'x. 

#257125. h : R G Q . x e C'Q . D .2?*^ C (i2*Q)'a; 

Thus if xe C'Q, the 22-posterity of x is contained in (R*Q)'$. 

#25713. h : /* C (R*Q)'x . g ! ^ . D . V/t C (i2*Q)'a; 

#25714. I- : 22 G Q . D . (R*QyxCQ#'x 

Thus (R*Q)'x is wholly contained in the Q-posterity of a;. 

The following propositions (#257"2 — "36) are concerned in proving 
QteeCl, with a suitable hypothesis. This hypothesis is 

QeIU*Jntrans.22eRl'QnCls->l.lt fl |'Clex'(22*Q)'ajel->Cls. 

We assume, to begin with, only, part of this hypothesis, namely, 

Q e WJ n trans . R e Rl'Q r\ Cls -> 1. 
Thus to prove Q^ e Ser, we only have to prove Q^ e connex, i.e. 

y e (R*Q)'x . D . (R#Q)'x C Q'y, 
or, what, comes to the same thing, 

(R*Q)'xCp?Q"(R*Qyx. 
Let us put o-! = (R*Q)'x n p'Q"(R*Q)'x. 

Then any member of o^ may be called a "connected term," because it is con- 

nected by Q or Q with every other term of (R^Q)'x. (A connected relation 
is then a relation whose field consists entirely of connected terms.) We wish 
to prove that o-j is a transfinitely hereditary class, and therefore equal to 
(R*Q)'x. We do this, not directly, but by combining <r Y with another class 
<r a defined as follows. Consider those members z of (R^Q)'x which are such 

that their successors in Q^ consist of R l z and its successors in Q^, i.e. put 

r = (R*Q)'x n 2 [Q^'z = (Q^'R'm). 

It will be observed that, even when Q is transitive, Q% and (&&)* are still 

useful In this case, (Qj^)^ = Qsx w IX&Qsxi so that {Qr^x'R'z consists of 

2£'£ and its successors in Q Bx , We then consider the class o- 2 consisting of 
those terms y whose predecessors are all members of t, i.e. we put 

<r, - (ie*Q)*« n${zQy.z6 (R*Q)'x . D, . J*'* = (US/^'*}- 

Finally we put o-= erj a o- 2) ie. 
o" = (JB*Q)'# a p?Q"(R*Qyx a £ (^ . * e (fl*Q)'a; . D, .£ 5 '* = (Q^)*'^}. 
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The reason for this process is that it is easier to prove that <r is a transfinitely 
hereditary class than it is to prove this directly for o^ ; and the result follows 
immediately for <r x when it has been proved for <r. 

We have then to prove R"a C a - Zq'o C o\ 

The first step is to prove 

ye*.DJJ K Jy=*Q R]i 'R'yvi'R'y. 
This is proved by trausfinite induction, by showing that 

is a transfinitely hereditary class, whence the result, because, by hypothesis, 

The proof that Q%y w Q^'R'y is a transfinitely hereditary class is as follows. 
If z eQ*'R'y, R'z e^'R'y. ltz = y,R'z~ R'y. 

— > <— 4 w 

If z e Qjix'y> ^hen since by the hypothesis Qn x i z=-{Q R ^^ e 'R'z, we h ave 
3/ * (Qnxh'R'z, t.e. R'z e Q*'y. 

Hence * e (R*Q)'x n (Q # 'y y^'E'y) . D . R'z e Q*'y w Q*'R'y. 
We have next to prove 

If a ! /i n Q^'R'y, then 1 tg'/* C Q*'R'y. 

If fi C Q# r y . 3/ e /*, then y 6 max<//i,, and lt<//A = A. 

~* <~~ 

If ^ C QS/, we have # ep'Q"ft,, whence w lt<j/* . D .<*->(yQw), whence, since 

i/, by hypothesis, is a connected term, iuQ%y. 

— > — ► <— "^ — ► <— ^ 

Hence in any case lt</^t C Q^'y v Q%'R*y. Hence Q%y v Q^'R'y is 

Hereditary, and therefore contains (R*Q)'x ; and hence 

*QnJy = (Q^R'y • (Q~J*'y -Qiu'&y- 

This shows that R'y is a member of o- 2 . For by hypothesis this holds 
of all predecessors of y, and we have now shown (1) that it also holds 

of y, (2) that y is the only predecessor of R'y which does not precede y. 
This is the first step towards proving that a is transfinitely hereditary. 

It follows immediately, from what has now been proved, that if y e a-, R'y 
(if it exists) is a connected term. For by hypothesis 

{RxQYxCQt'yjQ'y, 
whence, by what we have just proved, 

W*QYxZ$R<yyi%<R'y t 



SECTION D] THE TRANSFINITE ANCESTRAL RELATION 85 

whence R'y is a connected term. Hence R'yea. Hence R"a- C o\ 
It remains to prove $q'<t C <t. 

Just as R"<rC<r was proved by proving Q l y=Q^ i R i y, so SgVCo- is 
proved by proving 

provided /a C o- . g ! /x . ~ g ! maxg'/x, ; 

w — > 
and this is proved by showing that Q"p u Q^"It</p. is a transfinitely heredi- 
tary class. 

To show that Q"/i u Q#"lt</p. is a transfinitely hereditary class if 

fi C o- . a I p, . ~ a ! maxu'/A, 
we observe that by hypothesis 

Hence R l z € (Q/jz)#"p ; and hence, since by hypothesis p C Q"p> 

Hence R"[(Q#Rya; n Q"p} C (Q*R)'w n Q"p. 

Also obviously .K"Q#"lt</p C Q#"lt Q 'p- 

Hence putting p = (Q*R)'x r\(Q"fi\j Q#"ltg'p,)» 

we have i2"p C p. 

We have now to prove Sq'p C p, 

— > — > 

i.e. a C p . [J I a . ~ a ! maxg'a , D . ltg'a C p. 

If aC Q"fA, it is obvious (since p is composed entirely of connected terms) 
— > — > 

that seq^'a C Q"fi u ltg'p- 

On the other hand, if g ! o a Q#"lt Q >, then a n Q"^> if ^ exists, does not 

v — * 
affect the value of the limit of a, which is the limit of a r\ ##"lt Q V, which is 

obviously contained in Q#"lt Q 'p- Hence Sg'fiCfi. Hence p is transfinitely 

hereditary, and we have 

— > v — > 

p C o- . a ! p . ~ a '• max</p ■ 3 ■ (K*Q)'« C Q"p o Q*"1Vm- 

At this point it is necessary to assume 

h Q [C\ex<(R*Q)<xel-*Ch. 
This being assumed, we have, by what has just been proved, 

p C a . a ! p . a llt^V . D . (ft* Q)'ff C Q"p w Q*'it Q v • 

d . (e*q>^ c^itgv u g*'it Q y 
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Hence lt e V is a connected term. Hence 

S Q '(TCp'Q"(R*Q)<x. 
We only require farther 
fjL C a- . g ! fi . g Ihg'fi . D : *Q lt g V ■ * e (R*Q)'x ■ ^ . Q m 'z = {Q Rx )*'R<z. 

Now by what we have just proved, zQ Mq'ji . = . z e Q"/a ; and by the 
definition of a-, since jiCo-, we have 

Hence we arrive at 8q'<t C o\ Since we have already proved R'-'a C «r, it 
follows that o- is hereditary, and (i£#Q)'#C<7, i.e. 

3/ e (R*Q)< X :D y :y ep?Q"(R*Qyz : zQ^y . e . Q^'* =*&&)*'£% 

ie. Qua € connex : 2 e D'Q Ra . . D z . Q^'z = (Q^)^R l z. 

Hence Qj^eSer. Hence also the immediate successor of every term z in 

D'Qrx is R'z> so that 

To show that Q^efl, we observe that every class contained in D'Qj^ has 
a sequent, namely 

seq (Qite)'A = 0, 

a C D'Q^ . g ! maxg'a . D . seq {Qn^'a = -S'maxg'a, 

— > 
C D'Qfix • 3 J « ■ ~ 3 •' max ( « . D . seq (Q^)'a = 1 t Q 'a, 

whence a C D'Q^ . D a . E ! seq (Q Rx )'<*, 

which shows that Q^eO. 

The first derivative of Q Rx is 8q'(Q*jR)'#, and its last term, if any, is 

^'{(QtRYx-D'R}, i.e. \t Q <{(Q*R)<x n V'R}. 
The hypothesis required for Q^efl is the same as for Q^eSer, namely, 

Q € Ul'J n trans . R e Rl'Q n Cls -> 1 . lt Q T 01 ex'(£*Q)'a: e 1 -> Cls. 
In order that Qj^ may not be null, we require further xeT) l R. 

The next set of propositions (*257 - 5 — •56) are designed to prove that, 
subject to the above hypothesis together with x e D'R, Q Rj; is the only value 
of P fulfilling the following conditions : ' 

(1) P is transitive. 

(2) C'P is contained in (R*Q)'x. 

(3) If z is any member of D'P, R'z is its immediate successor. 

(4) If a is any existent class contained in C'P and having no maximum, 
lt(/a is its P-limit. 
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This proposition is essential for what may be called "transfinite inductive 
definitions," i.e. definitions of a series by defining the successor of every term, 
and the successor of every class having no maximum. 

The following illustration may make this clear. Suppose R is a many- 
one relation of classes to individuals; suppose we start with some class a, and 

proceed to a u t'R'a, a w t'R'a w t'R'(ct u t'R'a), and so on. At the end of 
this series we put its sum, i.e. its limit with respect to the relation (C n J) ; 

let the sum be #. We then proceed with fiS u t'_B'y8, and so on, as long as 
possible. The series ends with a sum which is not a member of Q'R, if there 
is such a sum. It is evident that the series is uniquely determined by the 
above method of generation ; the above-mentioned propositions .give symbolic 
expression to the process expressed in words by "and so on, as long as 
possible." 



#25701. (R*Qyx = C'Q*§{we(T. R"<r\jB Q '<rC<r.D„.yeo} Df 

#25702. Q Rx =Q(R,x)~Qt (R*Q)'x Df 

#2671. I- :. y e (R*Q)'a: . = : y e C'Q : x e a- . R"<r u & q '<t C <t . X . y e <r 
[(#257-01)] 

*257101. V :: y e{R*Q)'x .= :.yeC'Q :. 

w — > 

x e a- . R"cr Cff:/iCff.g!^n C'Q . D M . ltg V Co-: D„ . y e a 
[#2571. #2161] 

#257102. V ::ye(R*Q)'x . = :.yeC'Q ;. 

^ — » — > 

x eo- . R"a C er : /z C <r . g ! ^ n (7'Q . ~ g ! m&x Q 'fi . D^ . se^'fi C a : D* . y e a 

[#257101 . #2071] 
#25711. \-:xecT.R"c7v8 Q t cTCcT.3.(R*Q) t xCo- [#2571] 

Almost all proofs of propositions concerning (R*Q)'x use this proposition. 
*257111. \-.(R*Q)<xCC'Q [*2571] 

#25712. \-:xeC'Q. = .xe(R*Q)'W [#2571] 

#257121. \- : R G Q . y e {R*Q)'x .D.&yC (R*Q)'x 

Dem. 
y . #2571 . D h :. Hp . yRz . D : xe a- . R"<r u 8 Q '<r Ca.X.yecr: yRz.ze C'Q: 
[*37l] D : z e C'Q : xe a . R"a C <r . & Q 'a C <r .D a . z e <r : 

t*257l) D:« € (i2*Q)'a;:.Dr-.Prop 
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*257122. b:RGQ.fi C(R*Q)'x . D . R' V C (R*Q)'x [#257121] 

#257 123. h-.RQQ.D. R"(R*Q)'x C (#*Q)'a; [#257122] 

#257124. h-.RQQ.D. \"(R*Q)'x C {R*Q)'x [#257123] 

#257 125. h : R Q Q . # e C'Q . D . £#<# C (£*$)'# [#25712124] 

#257126. h : R G Q . x e T>'R . ~ {xRx) . D . (##Q)<#~ e u 1 [#257125] 

#257 13. \-.fiC (R*Q)'x . a ! p . D . lt Q V C (R*Q) ( x 
Dern t 

f- . #257101 . #101 . #22*1 . D H :: /* C(#*Q)'a . D :. 

^ — > 

x e o- . #"0- CasvCff.glvn C'Q . !>„ . lt G 'v CffiD./iCj (1) 

f-.(l).Fact.DI-::Hp.D:. 

xe<r. R"<r C o- : v C <7 . g ! v n C'Q . X , lt '*> CffO./iCff.g!/* (2) 
K #101. #257111.3 

h.pCff.glvft C'Q . D^, . lt e 'p Co-:D:Hp./iCo-.^r lt^/A .0 .yea- (3) 

h.(2).(3).DH:Hp.ylt^-.D:. 

aseir. .R u o- Co-:jjCo-.atvr\ C'Q . D* . It^'v C <7 .O . y ea (4) 
V . (4) . *10-1 1-21 . #257-101 . 3 h : Hp . y \t Qf i .D.ye {R*Q)'fi : 3 K Prop 

#257131. I- . 8 Q <(R*Q)<x C (£*Q)'tf [#257-13 . #2161] 

#257132. h:KCClex'(i2*Q)^.3.1tg u *C(i2*Q)'a; [#257-13] 

#25714. \-:RGQ.3.(R*Q)'xCQ*<x 

Dem. 
h . #90-163 . 3 h : Hp . 3 . R'^x CQ* l x (1) 

I- . #206-15 . 3 Y : /a C Q*<# . s lt^/x . 3 ! /* . 3.. 2 e;><Q'V . H !/*■/* C Q*'x . 
[#40-61 .#00-163] 3 . z e Q"p . Q"/* CQ*'x . 

[#22-46] D.zeQx'x (2) 

h . (1) . (2) . *25711 . 3 I- : Hp . xe C'Q . 3 . (R*Q)'x C Q* f .r (3) 

h . #37-261-29 . #60-33 . (#216-01) . 3 

H Hp . 3 . X"(~ C'Q) = A . V(~ C'Q) = A ( 4 ) 

I- . (4) . #257-11 . 3 I- : Hp - or ~ <? C'Q . 3 . (R*Q)'x C-C'Q. 
[#257-111] D.(i2*Q)'a;=A (5) 

I- . (3) . (5) .31-. Prop 

#257141. h : i? G Q . 3 . R"C'Q u V c '<2 C C'Q [#216111 . #3720116] 
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#257 142. r : R C Q . x e C'Q . D . (R*Q)<x= § [x e o- . 5"o- u Sg'o- C^.^.y^] 
Dent. 

h , #257141 . D h : Hp . D . £ {# e a- . #"<7 u S/tr C a . D ff . y e <r\ C C'Q (1) 
K (1). #2571. 3 r. Prop 

#25715. h :ye{R*Q)'x . z e (R*Q)'y . 3 ■ s e (£*$)'.* 
Dew?. 

h . #25 7*1 . D \- :. i£"<r u Z Q l a r tr . ^'.xea-.D.yea-zyea.D.zea: 
[Syll] D: xea-.D.zea (1) 

h . (1) . #2571 . D I- . Prop 

#25716. h : * t C'Q - T>'R . D . (R*QYx = t'x 
Dem. 

K #25712. DH:Hp.D.ae(#*Q)'tf (1) 

h. #37*261-29. D(-:Hp.D. J R"f'^=A (2) 

h . #20518 . D h : Hp . oo a ! max a V# . D . wQx . 

[#206'42] D . seqg't'a? = A (3) 

h . (3) . #216101 . Z> r : Hp . D . Zq'i'x = A (4) 

V . (2) . (4) . D h : Hp . D . #"''z u S Q <t'x C t'a: . 

[#25711] 0.(R*Q)'wCi'x (5) 

r.(l).(5).Dh.Prop 
We now begin the proof (completed in #257-34) that under certain cir- 
cumstances Q Rx e f2. We first prove that the class v introduced in #257'2 is 
transfinitely hereditary, and this requires as a preliminary the proof that 

if yea, the class (Qn x )%'y vlQ^x'R'y is transfinitely hereditary. This 
preliminary is provided by #257"2'2l. The hypothesis of #257-2 is not all 
used in #257'2, but is introduced because it is required in the set of pro- 
positions of which this is the first. 
#257-2. h :. Q eRK/n trans . R eRl'Q n Cls-> 1 . 

Dew.. 

r . #90163 . *3V-62 . #257-123 . D 

I- :. R G Q . E ! R'z . D : ze(Qhu)*'R'y - => . B'*e (^V#'y (1) 

I- . #30-37 . D r : E ! #<* . z = 3/ . D . £'* = fl'.y (2) 

h . #20118 . #91-52 . #32-182 . D 

I- : Hp . y e <r . * e Q to 'y . D . G^'s = (Q&V#'s . y e Q^'z 

[#1313] 3.yeffl te y.R'*- 

[#32182] 3.R'ze(Q^j*'y ( s ) 

I- . (1) . (2) . (3) . #71-161 . D h . Prop 
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*257'21. H : Hp *257-2 .yeo.pC (Q^'y u (Q^'R'y . g ! p . D . 

XtQ'pCQ^'y^R'y 
Dem. 

K*20ri415.*206134.D 

H : Hp. a !p V^'y .3 .5*7* cV*'«'y (1) 

— > — > 

t- . #205'38 . D r- : Hp . /i C Q^'y .yefi.D.ye maxg'/x . 

[*207-ll] D.lt Q V = A (2) 

K*40-55.*206143.D 

Y-.fiQQ'y.w \t Qf i . D . yep'Q"ji . w ~ e Q"p'Q"p . 

[*371] D.~(yQw) (3) 

I- . *25713 . D h :. Hp (3) . Hp . D : yQw . v - wQ#y : 

[(3)] 1iv>Q*y (4) 

K(l).(2).(4).DKProp 



#257-211. I- : Hp *257*2 . y e <r . D . (R*Q)'x C (Q te Vy u (Qnxh'R'y 

Dem. ^ 

I- . #257-14 . D I- : Hp . D . xe(Q Rx )%'y (1) 

K(l).*257-2'21\U.:>l-.Prop 

#25722. I- : Hp #257-2 . y € a- . D . Q^'y = (Q^'R'y . (Q^'y = Qj$'y 
Dem. 

r .#257-211 . D r : Hp . D . (£j*'^ = (R* Q)'x - (QnS*'y 

[Hp] ^ -Sto'y (1) 

Similarly h : Hp . D . (Q^Vy = (L'if'y (2) 

t- . (1) . (2) . D I- . Prop 

It is to be understood that (Q Bx )% R'y = A if ~ E ! R'y. 

*25723. I- : Hp *257'2 . 3 . J2"<7 C a 
Dem. 



r- .#257-22 . D t- :. Hp.yeor, D'U.D :*Q£'y . D*. Q^^iQ^'R'z (1) 

r.*257-22-211.Dt-:Hp.yeo-rtD' J R.D.( J R*Q) r a: = Q it ,^v J (Q ii;B y^t/ (2) 

h . (1) . (2) . D I- : Hp . y e a r. D'i2 . D . £'y e cr : D h . Prop 

The above proposition gives the first stage in the proof that a- is trans- 
finitely hereditary. The second stage, similarly, requires as a preliminary 
the proof that if fi is an existent sub-class of a- having no maximum, then 

is a transfinitely hereditary class. This proof is provided by #25724-241'242. 
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#257 24. h : Hp *257'2 . pCa .^\ p.^^i tmxq'/j. . D . 5"^",* C Qj, x > 
Dem. 

h. #91-52. #201180 h:Hp.2reQ & >O.V&^ = (Q«5*'^. 
[*37-40.*13-12] D . g ! (Q^)*'R'z n M . 

[#37-46] D.KeCQ^W (I) 

h . #205-123 . D t- : Hp . D . /* C Q fl /> (2) 

K(l).(2). Dh:Hp.^^V.D.K,Q^>Oh.Prop 

#257-241. h : Hp #257-24. D . R lt \Q F J^ u (<L)#" V/*} c &/ V C (&,)*'% V 
Dem. 

I- . #90-164 . 3 I- : R G Q . Z> . ^"(Q^)*" V/* C (<L)*'%V (1) 

K (1) . #257-24 . D I- . Prop 

#257-242. h : Hp #257-24 . p = Q fe " M u ($ te )*"lt y . 

— > — > 

aCp.g S-a.^g ! riaax^'a-,-5 . k. (a.Cp 
Bern. 

<— -» 

K #20615. Dh:Hp.a!^np'Q' f a.wlt Q a.D.a!^-Q'w (1) 

h . #201-521 . D I- ; Hp , p C o- . D . p - Q'w C Q#'w (2) 

h.(l).(2). DMHp^.D.al^Q - *^ (3) 

h . #205-123 . D h : Hp . D . p C Q< V (4) 

h . (3) . (4) . D)-:Hp(l).D.«/eQ^<y ( 5 ) 

K #206-24. Dh:Hp./*CQ"o.aCQ*>-^- V a = l, "'«V ( 6 ) 

h . *20615 . D h : Hp . g ! a a (fL)*' %//* ■ ^ -K'« <= (Q^)#'^V (?) 

K(5).(6).(7).Z>KProp 

#257 243. V : Hp *257"24 . Z>.(# #Q)<# = Q^"/t u P'Qite'> [#40'53.*205 123] 

#257-25. I- : Hp #257-24 . D . {R*Q)'x = Q /? / V u (Q** )*"lt«> 

Dew. 
V .#257242 . D h:HpO. VlQ&'V u (5j I J*'%>}CQA./Vw(^)#"lt v V (1) 
h.(l). #257-241 . DKProp 

#257-251. h : Hp #257-24 . D . {Q Rx )^ Q V = 2>'tL' V 
Dem. 
h . #257-25-243 . D h : Hp . D . Q^'V u (<L)#'%V = <?*«"/* u P'&k' V ■ 
[*200-53.*24-481] D . (Q^)*' %/ M - p'OL"/* :=>•"■ Pl0 P 
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*257 252. H : Hp *257'24 . g Ip'tL'V . D . Qg/'fi -p^'l^V ■ 3 ! "£'/* 
Dew. 

I- . *257-251 . *37-29 . D I- : Hp . D . g ! lt g > (1) 

[*200'53.*40-62] D . i)*Q te "V/* C (i2*Q)'« - (Qa* )*"V** 

[*257'251] C (£*Q)'a -v'QbJ'p 

[Hp.*10o7.*257-243] CQ^'V (2) 

h . #201 '51 . *4067 . D r : Hp . D . Q^'p C p'(L" V/* (3) 

K(l).(2).(3).I>r.Prop 

In order to complete the proof thai cr is a hereditary class, we have to 
introduce the additional hypothesis 

lt Q tClex'(R*Qyw€l-+Ch. 
With the help of this hypothesis, the last stage of the proof is provided by 
the following proposition. 

*257 26. r- : Hp *257"2 . \t Q [ CI ex'(R*Q)'x e 1 -> Cls . D . 8 Q 'a C <r 

Devi. 
t- . *257-251-252 . D h :.Hp . M C o- . g ! ^.g Ut^ • D : 

[Hp] D : lt«V 6p'V"(i2*Q)^ : yQi*V/* ■ D, -OLV = (QteVB'y : 
[Hp] D : Itqtfi e o- :. D r . p r0 p 

*257261. h:Hp*257-26.D.(i2*^ya:=ff [*257-ll'23-26] 

*257 27. f : ^ e Rl< J n trans . 7? <r Kl'Q n Cls -> 1 . 

It,, [ CI ex'(J2*Q)'# e 1 -> Cls . D . 

Qi^Ser. (^ = (22 |Q*) £(«*<?)'* 
J3ew. 

r-.*257-2Gl .3 

I- : Hp . D . (ff *<2)'a Cp?Q"{R*Qyx « £ {^y . D, . V*/* = (&J*'^} (I) 

r .(1). Dh :: Hp.Di.Q^econnext.^eD'Q^.D^^Q^w.^w.^B^Q^w:. 

[*5-32.*+-71.*257-121] 

D :. Q 1U e connex :. zQ nx w t = ZtW .ze -D f Q Rl . zR | Q % w . w e C'Q R ^. :. 
[*.%i 3.*2'57-121] 3 :. Q Rr € connex . y lu = (# j Q # ) £ (R*Q)<x :: D h . Prop 

We have thus proved that Q^ is a series. No additional hypothesis is 
required to prove that it is well-ordered, as we shall now show. 

*257"28. I- : Hp *257"27 . p C <7Z*Q)^ . g ! /* . maV/z = A . 3 !p'<?L> . D . 
p'fo/V - (0L)*"Kv • <2«..'V = P'Qh.^'h [*257-251 -27 J 
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*257'281. h : Hp #257-28 . E ! lt Q V ■ 3 . 

<— 4 — > 

V'QnS'p = (Qnxh'^Q V ■ &i* c V = Qjte'ltgV [#25728] 

*257'29. I- : Hp #257-27 . # e T>'R . D . C'Q m = (R*Q)'x . 5'Q^ = x 
Dem. 

V . #257-27126 . #202-55 . D h : Hp . D . C'Q^ = (R*Q)'x (i) 

h. #25714. Dh:Hp.D.(i2*Q)'a--t'a;CQ te 'a? (2) 

H . (1) . (2) . D h . Prop 

#257-291. h : Hp #25727 . x ~ e D'£ . D . Q^ = A [#25716 . #20035] 

*2573. V : Hp *257*27 . D . D'Q^ = D'iJ ^ (R*Q)'x 
Dem. 

V . #257-27 . D h :. Hp . y e (R*Q)'x . D : g ! Q*y . = . a ! Q#'R'y . 
[#257-141] = .Elij'y:. D h . Prop 

#257-31. t- : Hp #257-27 . fi C(K#Q)'ar. g ! M . ~ a ! max e > . g ! p'Q^'^D. 

seq (QjbO V = ^e V [#257-28] 

#257-32. h : Hp #257-27 . /* C (£*£)'# . g ! max e > . g I^'OL"^ - 3 ■ 

Z)ew. 

I- . #257-3 . D I- : Hp . D . p C D'£ . 

[*257-27.Transp] D . Q*'max (Q^)'/* = ~Q'R'ma,x (Q^)'/* :DK Prop 

#257-33. H : Hp #257-27 . fi C 0R#Q)'ff . g !/* . g ! p'QL"/* . 3 . E ! seq (Q te )V 
[*257-31-32] 

The above proposition together with #257'27 shows that Q Bx is well- 
ordered, in virtue of #2 50* 123. 

*25734. r : Hp #25727 . 3 . Q^ € Q 
Dm. 
h. #257-291. Df-:Hp.#~eD' J R.D.Q iix en (1) 

I- . #257-29 . #20614 . D h : Hp . a? e D'# . D . seq/A = a (2) 

h. (2). #257-33.3 
h :. Hp.^eD' J R.D: > iC(i2*Q)^.g!^Q' &c " At .D At .E!seq(Q &c )V: 

[*257-29.*206-131] D : g !*'&*"(/* * C"Q fe ) . D„ . E ! seq (Q^)'/* : 
[*250-l23.*257-27] Z> : Q^ e 12 (3) 

r.(l).(3).Dr.Prop 
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*257 35. h : Hp*257-27 . D . R t (R*Q)'x = (&*), . R t {R*Qya;el -> 1 

Dem. 

V . *257"32 . Z> h :. Hp . D : y e D'Q Rx . 3 . seq (Q Rx )<ry = R'y (1 ) 
h . (1) . *206"43 . *204'7 . D h . Prop 

*25736. l-:Hp*257-27,aeD'i<!.D. 

C'Q Rx = (P*Q)<a- . (I'Q to = (P*Q)'a - i'« . 

fi'Q te = a . lKL = (fi*Q)'*- J)'B [*257'293] 
The following propositions are concerned in showing that a relation P 
which satisfies the hypothesis of #257'5 is identical with Q^, thus showing 
that this hypothesis is sufficient to determine P. 

*2575. I- : H p *257'27 . P e trans . C'P C (R# Q)'x . P - P*= Rt(R*Q)'z 
lt P [ Ci ex*(R*Q)'w = lt Q f CI ex'(fl* Q)<# . D PGJ.C'P = (R*Q)'z 
The above hypothesis is not all necessary for ttie present proposition, 
but it is necessary for the series of propositions of which this is the first. 
Dem. 
h . *374d . D r :. Hp . D : D'(P - P 3 ) = R"(R*Q)<a; r> (R*Q)'a; 
[*257"36] =(R*Q)'xniyR (1) 

r- . *32-14 . D h : Hp . D ."l? P '{(i2*Q)'a; n D'Pj ="i? Q '{( J B*Q)'a?n D'P; 
[*25736] =(U*g)'a-D'i2 (2) 

r . (1) . (2) . D h : Hp . D . (P*Q)<* C C'P . 

[Hp] D.(P*Q)'z = C'P (3) 

I- . (3) . D I- : Hp . D : a e D'P .D.xP-^P* (R'w) . 
L*34-5.TranspJ D . ~ (>Pa:) (4) 

h . (3) . (4) . D I- . Prop 

*257"51. r : Hp *257'5 . D . C'P = P*'^ 
Dew. 

h . *257 123 . *90*16 . D r- : Hp . 3 . ^'P^*CP^ (1) 

h . *90\L3 . D h : Hp . D . lt e "Cl ex<P*'# = lt P "Cl ex'P*'a- . 

[*9O163.*40'611 D.lt "Clex'P # 'tfCP # 'a? (2) 

K(l).(2). Dh:Hp.D.(£*Q)'#CP#'a: (3) 

K (3). #257-5. DK Prop 

In order to prove P = Q^ we first prove P e ft. The proof proceeds as 
f° r Qsx> but in some points it is easier. It is merely outlined below, as it 
closely resembles the proof for Q^, 

*257-52. r- : Hp *257"5 . 

(T = C<Pn p<P"C'P A p {zPy . D, . P<£ = P*< R'z) . 3 . R"v C a 
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Dem. 

h . *34-5 . Transp . #201 18 . D I- :. P r = R £ (R*Q)'x . y e p'P"G'P . D : 

zP (R'y) . I) . ~ (yPz) : zP*y . 3 . *P (R'y) : 

[Hp] ->:zP{R<y).= .zP*y (1) 

As in *257-2-21, using lt P f CI ex f (R*Q) f as = lt Q f CI ex '(R*Q)'x, we prove 

W : Hp . y € a n T><R . p = lP% f y u P# f E'y . D . R"p C p . $ Q 'p C p . 

3.(B«^ = ?#'j|uP # «% (2) 

I- (l).(2).Db:H V .year>D'R.D.1p<y=%<R<y (3) 

1- . (1 ) . (3) . D r : Hp . y e a n D'R .D . R'y e <r : D r- . Prop 

—* 
*257521. 1- : Hp #257-52 . jxCa .3! fi . ~ a ! max//* • 3 • 

(R*Q)'x = P"tJL v P # "lt P V 
[Proof as in #25 7 '25, by similar stages] 

*257o3. h :. Hp #257-5 . D : P e Ser : z c D'P . 3, . P<* ^P^hz 
[Proof as in #257-27] 

#25754. I- : Hp #257-5 . D . P e H [Proof as in *257'34] 

*25755. V : Hp *257'5 . <r = § (P ( y = Qjy) . 3 . R"a C a 
Dem. 

b . #25 ^53 . D I- : Hp . y e C'P . D . l^'R'y = C'P - P*'-R'y 
[#257-53] =C l P~*P l y 

[#257-53] ^IP'yyJi'y (1) 

K(l). DhHp.^,J.?^4>^ 

[#257-22] =~Q R /fi'y 1 ? »- ■ Prop 

#257-551. I- : Hp #25755 . D . 8/<r C r 
Dem. 

r- . #257*53 . D 

r-:Hp. /i Ccr. a !/ i .^ = lt Q > . 3 . P'z « ((J2*Q)'ar n ^} u P> 

[Hp] -l(JB*Q)'*«/i}«Q«.> 

L *257'27] - QJz : 3 I- . Prop 

#257-56. r : Hp *257'5 .D.P^Q^ 
Dem. 

h . #257-51-54 . D h : Hp . D . P f ^ = A . 

[#257-36] 3.P'*«"Qa/« (1) 

h . (1) . #257-55-551 . D I- :. Hp . D : y e C'P . D„ . P'y = ^'y :. D K Prop 

This proves that the conditions in the hypothesis of #2575 are sufficient 
to determine P. 



*258. ZERMELO'S THEOREM. 

Summary of *258. 

In tins number, we shall first show the applicability of the propositions 
of *257 to the case where the Q of that number is replaced by logical 
inclusion combined with diversity, i.e. by any one of the four relations : 

^(oC^.a^), a0(#Ca.a=t/3), 

Sin (m g n . m 4= n\ mn(ngm.m$ n). 

If we put Q = a/9 (a C p . a =|= fi), 

and if k is any class of classes, then s'k is the maximum of k with respect to 
Q if s'xeic, and the sequent of te with respect to Q if s'x^ex (*258'1'11); 
similarly p'te is the minimum of k if p f K e k and the precedent of k if j9'«~e * 
(#258'101*111), Hence every class of classes has a unique maximum 01 
a unique sequent with respect to Q, and every class of classes has a unique 
minimum or a unique precedent (#258T2); we have, moreover, 

lt g = s r (- (TmaxQ) . tl Q = p [ (- (I'min Q ) (#25813131). 

Hence ltg, tig e 1 — ♦ Cls (*258"14), and Q and Q therefore satisfy the most 

exacting part of the hypotnesis of #257'27. Also Q and Q are Dedekindian 
relations (#258'14). (They are not series, because they are not connected.) 

An exactly similar argument applies to MN (MQ.N . M^ AT). Hence if 
Q is any one of the above four relations, and if R is a many-one contained in 
Q, it follows from #257'34 that Q with its field limited to the transfinite 
posterity of any term is a well-ordered series. If we take Q = OL/3(aC/3.a^=l3), 
and take any initial term a, our series proceeds to continually larger classes, 
proceeding to the limit by taking the logical sum, i.e. if te is any existent 
sub-class of the posterity of a, s r *= limax Q "/c = limax(Q jBo ) f « (#258*21 22), 
where Q Sa has the meaning defined in #257. This process stops with 
s'[D'E n (R*Q)'x} if D'RniR^Qyx has no maximum; otherwise, it stops 
with the .R-successor of this maximum, which is max</{(XR n (R*Q) ( cc}. 
If, on the other hand, we take Q to be the converse of the above, we proceed 
to continually smaller classes, and the limit of any set of classes k having no 
last term is p ( ic. In this case, if, starting from a, every existent sub-class of 
a belongs to D'R, the process of diminution cannot stop short of A. This is 
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the process applied in Zermelu's theorem. We have the e a class ^ assumed 
to be not a unit class, and a selective relation S for existent sub-classes of 
H, i.e. a relation 8 for which S e e^'Cl ex'/i. Then our relation R is the 
relation of a to a- l'S'cc, i.e. the relation of an existent sub-class of fi to the 
class resulting from taking away its S- representative. Thus Q# M is a 
well-ordered series, which starts from u and ends with A. Omitting the 
final A, S selects a representative from every member of the field of Q B/it) 
and the series of these representatives, i.e. S'Qrh, is similar to Q^ with the 
final A omitted. Moreover every member of fi occurs among these repre- 
sentatives, for, if x be any member of yu., let k be the class of those members 
of C'Qrh of which x is a member. (There are such classes, because fi e G'Q Rx 
•and xefi.) Then xep'tc, and by what was said earlier, p'tc is a member of 
C'Qrh- Hence, by the definition of tc, p ( «e« ; and therefore p'tc = max/*. 
Eut no class smaller than p'tc can belong to k, and therefore p'n — l'S'p'k is 
not a member of «, and therefore x is not a member of p'tc — l'S'p'k. Hence 
x = S'p'k, and therefore x occurs among the representatives of members of 
CQifa, which was to be proved. (The above is an abbreviated rendering of 
the symbolic proof given below in #258'301.) Hence the field of S'Q^ is /*, 
and therefore there is a well-ordered series having /* for its field, provided 
e A f Cl ex'fi is not null (#258"32). This is Zermelo's theorem. 

The converse of Zermelo's theorem has been already proved (#250-51). 
Hence the assumption that a selection can be made from all the existent 
sab-classes of /* is equivalent to the assumption that fi can be well-ordered 
or is a unit class, i.e. 

#25836. h : /* e C"fl w 1 . = . 3 ! e^'Cl ex'/* 

Hence also, by #88'33, the multiplicative axiom is equivalent to the 
assumption that all classes except unit classes can be well-ordered, i.e. 

#258 37. h : Mult ax . = . C"Q, v 1 = CIs 

Hence also, in virtue of #255 73, the multiplicative axiom implies that of 
any two unequal existent cardinals one must be the greater, i.e. 

#258 39. h :: Mult ax . D :. /*, v e N C .2: p^v.v .ft>v 



*258'1. I- :. Q = a/3 (a C £ ■ « + £) • : s'k e k . D . s'k = max,/* 

Dem. 
I- .#205101 . D h :: Hp . D i.'yma.XQK . = : j e k : a e k . D a . ~ (j C a . y ^ a) '. 
[Transp] = m .'y €tci aeK.a^:'y.'D a .~{yCa) (1) 

h . (1) . #10-1 . D h :: Hp . s'k e k . D :. 

7 max^K .= : 7 € k : « e k . a 4= 7 . D a . <~ (7 C 0) : s'k 4= 7 . D . ~ (7 C s'k) 
[#40*13] ~ :<y€K:ae tc .a^=<y .D a .~(yCct): s'k = j: 

[Tranap.#40'13] = : 7 e k . s'k = 7 : 
[Hp] =:s'k = 7 ::Dh. Prop 

E <feW III. 
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*258101. b : Hp #2581 .p'fceic.D. p'ic - min<//c [Proof as in #2581] 

#25811. h : Hp #2581 . s'k ~ e « . 3 . seq a Sc = s'k 
Dem. 

h.*4-0-53.Dh:Hp.D.^Q tf « = 9(a€K.D a .aC7.a+7) 
[Rp.*40151.*10-29] = $(s f /cC 7 ) (1) 

h . #401 . #22-42-46 . D I- . s'k = p'y (s'k C 7 ; (2) 

h . (2) . #258101 . D h : Hp . D . s'k = mi V? (s r * C 7) 
[(1)] =seq '«:DKProp 

#258111. h : Hp #2581 . p' K ~ e « . 3 . prec^' « = j/« [Proof as in #2581 1] 

#25812. b :. Hp #258-1 . D : E ! max/* . v . E ! seq</* : 

E ! min</« . v . E ! prec Q <* [#258110111111] 

#25813. I- : Hp #2581 . D . \t Q = 5 [ (- <P max„) 

h . #2581 . Transp . D b : Hp . ~ g ! maX(/« . D .s'k^ e « . 

[#25811] 3 . It/* = s'k : D h . Prop 

#258131. b : Hp #2581 . D . tl c =p f (- <Tmin e ) [Proof as in #25813] 

#25814. b : Hp #2581 . 3 . Q, Q e Ded . lt e , tl e 1 -» Cls [#2581213131] 

#2582. b : Hp #2581 . R e Rl f Q n Cls -► 1 . D . Qj^ e il 

Dem. 

h . #25814 . 3 h : Hp . 3 . Hp #257-27 (1) 

h. (1). #25734. DK Prop 

#258-201. i .Q = a/§(/SCa.«^/3).iJeRl ( QnC]s-*1.3.Q jZa €ft 

[Proof as in #258-2] 

#258-202. \-iQ = M(M<itf.M$N).Re'Rl t QnC\a->l. , 3.Q sz eCl 

#258-203. h :Q = MN(NGM . M^N) .ReRl'Q n Cls-> 1 . 3 . y M efi 

#258-21. I- : Hp #258-2 . * C (R*Q)*a ,1.s'k = limax a r K 
Dem. 

b . #258-13 , D b : Hp . ~ g ! maxg'/c . D . s'k = 1V« (1) 

— ► 
I- . #258-2 . D b :. Hp . g ! maxg's . D : (37) : 7 e * : o e k . D„ . a C 7 : 

[#40-151] 1:s<K€Ki 

[#258-1] D : 8 »* = max <« (2) 

h . (1) . (2) . D t- . Prop 
#258-211. b : Hp #258201 . k C CR*Q)'a . D . jt) ( « « limax^* 
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•258 22. h : Hp #258-2 . a e D' R . K C (E* Q)'« . g ! « . D . s'« = lirnax (Q Sa )<« 
Dem. 

h . #258-21 . D h : Hp . s'k ~ e « . D . s'tc - 1 V* . 

[•257-13] 3 . s'k € ;( J R*Q)'a . 

[•210-233] D . s<* = limax (Q^)'* : D h . Prop 

•258-221. h : Hp #258-201 . a e D'i2 . « C (R*Q)'a . D . p' K = limax (Q^)'* 

•25823. h : Hp #258-2 . a e D< fi . D . Q* a e Ded . *><(## Q)'a = 5'Q^ 
[•258-2-22 . *25023 . #205-121] 

*?58 231. h : Hp #258201 . a e D'E .^.Q Ba e Ded . p'{R*Q)'a = 5'Q^ 

#258-24. h:Hp*258-2.3. 

(E#Q)'a = /3(aeo- . ^"o- C a- . *"01ex'<r C<7.D ff ./3 £( r) 
Xtem. 
h. #2581-13. #25? -1.D 

h : Hp . D . (22* Q)'o C /3 (a e <r . R"a C <r . s"Cl exV C <r . D„ . ,<? e <r) (1) 

h . #257-1 23 . D h : Hp . D . R"(R*Q)'cc C (22*Q)'a (2) 

h. #258-22. D\-:Rv.fiC(R*Qya.Rlti.0.s'p€(R*Qya (3) 

K #25712. Dh:Hp.D.a€(ie*Q) f a (4) 

h . (2) . (3) . (4)^. D 

h :. Hp : a e o- . R"<r C <r . s"Cl ex'o- C<r.3,.£6o-:3./?€ (JR*Q)'s: (5) 

h . (1) . (5) . D h . Prop 

#258-241. h:Hp #258-201. D. 

(R*Q)'cc = $(aea. R«a C <r . p*'C\ ex'o- C <r . D„ . /? e <r) 
#258 242. b : Hp #258202 . D . 

K R*Q)'X = Y(Xea. R"a C a . s"Gl ex'<r C <r . 3„ . Ye a) 

#258-243. h : Hp #258-203 . D . 

(R#Q)'X *=Y(Xe<T. R«* C <r . p"Cl exV C <r . D ff . F e a) 

#258-3. I- : Q = a$(fl C a . a + 0) . tfee/Cl ex^ . 

Dem. 
I- . #8014 . D h : Hp . D . i2 G Q . E 6 Cls -> 1 . D'E = 01 ex V . C'i2 = CI'/* (1) 

I- . (1) . #258-201 . D h : Hp . D . Q BlJ . € il (2) 
h . #257-35 . D h : Hp . D . E f C'Q^ ei-»l. 

[(l).Hp] D.flfrC'Qj^€l-*l (3) 

K #25714. DHHp.D.C'Qj^CClV (*>) 

K #80-14. Dh:Hp.D.a^=ClexV (5) 

K(3).(4).(5). DHHp.D.S^smorQ^-t'A) (6) 
h . (2) . (6) . h . Prop 
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#258-301. h : H p *258'8 .*£/*•« = V'Qr* « « '« ■ 3 • * = >$V* 

h . *257-36 . 3 I- : Hp . D . /* e C'Qj^ . 

[Hp] D.a!« (1) 

I- . (1) . #258-241 . D h : Hp . D . p' K e (R*Q)'i* . 

[♦257-36] D.p'KeC'Qjfr (2) 

K#401. Dh:Hp.D.*ejo ( « (3) 

K(2).(3). 3h:Hp. l.p'Ke*. 

[#258-101] D . jo'/c = max g f /c (4) 

K(4). Jr-:Hp.D.(p'*-i'jSfy*)~e*. 

[*257l21.Hp] D.<s~e(p'*~i'Sy*) (5) 

h . (3) . (5) . . D h : Hp . D .xei'S'p'tc Oh. Prop 

#258 31. r- : Hp #258-3 . p. ~ e 1 . D . C'S'>Q RfL ~ p 
Dem. 

b : #80*14 . 3 I- : Hp . D . d'S = Cl ex^ . 

[*150-36.*257-14] D . S'>Q^ = SiQ^ t (- t'A) . CHU* £ (- i'A) C d'S . 
[♦150-22] D . OS !Q* = S"C"Q* £ (- i'A) . 

[#202'54.#257-125] D . C'S">Q^ = S'^CQ^ - i'A) (1) 

r- . #8321 . D h : Hp . D . jSWQ* C /* (2) 

h . #258-241-301 .Dr-:Hp.cre/*.D.a?e £"{(##Q)V - *'A} . 
[♦257-36] D.*eiS"(C'Q^-t'A) (3) 

h . (2) . (3) . b : Hp . D . S"(C'Q Rtl - i'A) = p (4) 

h . (1) . (4) . D h . Prop 

♦258-32. b:p~€l.R\ei t C\ex'fl.1.fi€C«Cl [*258'3-311 
This is Zermelo's theorem. 

♦258-321. h : Hp #258-3 . /3Q B »« . D.S'P^ta 
Dem. 

h . #250-242 . D h :. Hp . D : a - (Q^y/3 . v . (W'^*« : 
[#257-35.Hp] D : a C /8 - i'£'£ :. D h . Prop 

♦258-33. I- : Hp #2583 . y> ~ e 1 . P = jST JQ^ . D . S - mia P f Cl ex V 
Dem,. 

r.*80-14. DhrHp.aCyct.gla.D.S'aea (1) 

h.*258321. 3\-:Ilp(l).W€a.D.~(r i /3).j3Q Iitt a. x = S'l3. 

[*150-4.Hp] 0.~(wPS'a) (2) 

h . (1) . (2) . #2051 . D h : Hp (1) . D . S'a min P a . 
[#258-3] I> . S'a « min/a ; I> V . Prop 
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*258'34. h:. / i~ € l.D : 

S e e A 'Cl ex'/j. . s . (gP) . P e fl . C'P = a* . £ = min P f 01 ex^ 
[*250'5 . *25833] 

*26835. h:/ie(7"a. = ./i^ e l. a ! e ^ClexV [*200-12.*25051.*25»-32] 

*268-36. h : ^ e C"& wl. = .g[! e/Cl ex V L *258-35 . *6037 . *83-901] 

*268'37. I- : Mult ax . = . C"0 u 1 = Cls [*258-36 . *8833] 

*258'38. h :. Mult ax . D : Nc'a < Nc'£ . v . Nc'a = Nc r # . v . Nc'a > Nc'/3 
[*255-73 . *258-37 . *ll7-54'55] 

*258'39. h :: Mult ax . D :. ^ v e N C .D: A t<p.v./i>i/ [*258'38] 



*259. INDUCTIVELY DEFINED CORRELATIONS. 

Summary of #259. 

In the theory of well-ordered relations, we often have occasion to define 
a relation (which is generally of the nature of a correlation) by the following 
process: Given a relation 8, let W'8 be a relation (generally a couple) which 
is a function of S. Let us put 

A w 'S=Su W'S. 
Then, starting from A, we form the series 

A, A W 'A, A w 'A w 'k, etc., 

each of which contains all its predecessors. We proceed to the limit by 

* • 

taking the sum of all these relations, i.e. s'(A w)%k ; we then proceed to 

A^-'s^Ajfr^'A, and so on, as long as possible. The sum of all the relations 
so obtained is a function of W, and is often important. 

As an example, we may consider the correlation of two well-ordered 
series P, Q, which is dealt with in #259"2 — "25 below. In this case, we put 

W = XT{X = seqp'D'T I seq/d^}. 
Hence W'k = A w 'k = B'P ± B'Q^ l P J, l Q) 

■A-w -"-w A = lp 4r !<?*•' 2p 4. 2q, 
and so on. 

Proceeding in this fashion, we can continue until one at least of the 
two series P, Q is exhausted. We thus obtain a new proof that, of any two 
well-ordered series, one must be similar to a section of the other. 

For convenience of notation, let us put temporarily 

A = ST{SGT.S^T) Dft. 

We then have A e Rl'J"n trans . A w e RIM n Cls— i 1, which is part of the 
hypothesis of *257'27 and following propositions. The rest of this hypothesis 
follows by analogy from *258 , 14 We now put 

W A =s'(A w *Ayk Df. 

Then W A correlates the whole of P with part or the whole of Q, or vice 
versa. This is proved in *259 - 25, below. 
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For other values of W, we ge+". other results, often of a useful kind ; for 
example we shall have occasion to use the methods of this number in *273 
which deals with series similar to the series of rationals. 

The present number gives, first, some elementary properties of (A w *A) f A 
and W A for a general relation W, concerning which we only assume that 
W f S is never contained in 8, i.e. TTn(G) = A (except in *259 121-13, where 
we also assume Wei— * Cls). We then proceed to deal specially with the 
case where 

W = XT {X = seq P 'D< T J, seqg'd'T} 
as explained above. 

*25901. A = sf(SdT.S^T) Dft [*259] 
*25902. A w = S't(T=SvW t S) Dft [*259] 
*259 03. W A = s'(A w #Ayk Df 

In the following propositions, which result from those of *258, it is 
essential to have A W Q.A. For this we require that W £ S, when it exists. 
shall not be contained in 8. It will be observed that, according to the abovt. 
definition, 

A* = ST(S<ZT). 
Hence instead of using " G " as a relation, which is notationally awkward, we 
shall use A%. Thus the condition we wish to impose upon W is that we are 
never to have (W t S)A%S. This is insured by 

W*A* = A, 
which accordingly appears as hypothesis in the following propositions. 

*2591. h : A e Rl' J n trans . lt^ e 1 -» Cls : 

W A A* = A .D . A w eM'A nCls->l . A (A w , A) e fi 
Dem. 

Aain*258'14, h . lt^ e 1 -+ Cls (1) 

h . *201'18 . D h : . Hp . D : MWS .D.~(MGS) (2) 

h . (2) . (*259-02) . D r :. Hp . D : 8A W T . D . 8 G T. S$ T . 
[(*259-01)] D.SAT (3) 

h . (1) . (3) . *258"202 . D h . Prop 
In the following proposition, the notation A (A w> A) is that defined in 
*257 02, adopted because A w cannot conveniently be used as a suffix. 

*25911. h:E! WA. W*A*=A.>. 

W A = B'Cw<A (A w , A) . s"CV(A w *A)'k C {A W *A)'A 
Dem. 

V . *258-242 . *259-l . D h : Hp . X C (A W *A )' A . J . s'X e (A }V *A)'A (1) 
h.(l). D\-:Hp.5.W A <-(A w *A)'A (2) 

h.*4V13. D\-:H V .T€(A fV *A) t A-i t W A .^.TAW A (3) 

K (1) . (2) . (3) . D h . Prop 
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#259111. h:. W n A* = A . S,T e(A w *A)'A . 1 : SQT >v . TG S 
[#2591 . #257*36] 

#259 12. I- : 8 e V>'A w . = . E ! W'S [(*259'02)] 

#259121. \-:Wel-*Cte.D.D'A w =a<W [#25912] 

#259122. h: W*A* = A.xW A y.X = (A w *A)'A*T {^(xTy)) .1.x(W's'X)y 

h. #25911. 3(-:Hp.3.s'Xe(4 H ,*4)'A (1) 

[Hp] D.* f \e\ (2) 

h . (1) . (2) . #2573 . 3 r : Hp . 3 . s'X e DM ^ . 

[#25912] 3. E! W's'X (3) 

h.(3) k Ih-.ttv.D.is^AiAw's'X). 

[#257-121] D.A w 's'Xe(A w *A)'A-X. 

[Hp] 3.*(4„,'«'X)y (4) 

h . (2) . (4) . 3 h : Hp . 3 . ~ [x (s'X) y}.x(A w 's'X) y . 

[(#259-02)] D.x{ W's'X) yOK Prop 

#25913. hFU^A. T7 e l->Cls.:>.^ = s'lF"(4, F *4) f A 

r.*259122.3|-:Hp.3. W A G s'W"(A w *A)'A (1) 

r . #257-123 . 3 h : Hp . 3 . s'W"(4, r *4)'A G TT^ (2) 

h . (1) . (2) . 3 r . Prop 

#25914. I-:. W * A* = A : S eiAwXAYA nl -*Ch nd'W .D s . 

W l 8 e 1 -* Cls . a'S n d' W'S = A : 3 . W A e 1 -► Cls 

Dem. 

I- . #71-24 . (#259-02) . 3 h :. Hp . 3 : 

5 E (A }V *A)'A n 1 -+ Cls . 3 . iv# e (^ r * A)'A n 1 -* Cls (1) 
I- . #259-111 . 3 r :. Hp . 8, T e (A W *A)'A . 3 : 8 G T . v . r G £ (2) 

h.(2).Dh:Hp.XC( J 4 ir *^) f A.^(s'X)^.2/(s ( \)^.D.(aT).2 7 e\.a;T^.^ (3) 
h . (3) . 3 h : Hp . X C (A ir #^)'A n 1 -* Cls . #(s ( Xu . y (s'X)z. D.x = y (4) 
h . (4) . 3 h : Hp . X C (A W *A)'A n 1 -► Cls . 3 . s'X e 1 -* Cls (5) 

h . (1) . (5) . *258-242 . 3 r : Hp . 3 . (4^*4)' A C 1 -> Cls . 
[#259-11] 3. "W^ e 1 -> Cls : 3 h . Prop 

#259141. 1-:. Wf\A%=-.A : Se {A W *A)'A n Cls-* 1 r. d'F . 3 S . 

lf'£eCls-»l .D'SnD'WS = A:3. Tf^eCls^l 
[Proof as in #25914] 
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#25915. h :. W a A* = A : Se(A w *Ayk a 1 -» 1 a a* W . 3 S . 

fT'/S €l->l,D'fifAD < TT'iSf«A.a'iSfAa'Jr' J Sf = A: 3. TF,,el-*i 
[#25914141] 

The following proposition is a lemma for #273*23. 

*25916. h:.W nA% = A:Te(A w *AyAHa<W.Pt 1 D i T=T'>Q.D T . 

Pt(A w 'T) = (A w 'Ty>Qili 

PtB t W A ^W A >Q:Te(A fV ^Ayk.D T .PtD i T=T' f Q 
Dem. 

h . #259111 . D r- :. Hp . X C (4^* 4)'A . 3 : 

* ; (PtD<^)#.= .( a f).re\.a ; (PDOT')t, (1) 

h . (1) . D h :. Hp ■ X C (A w *A)'k : T e \ . D r . P £ D'T= T>Q : D : 

w(PfD'i'\)y. = .(>giT).Te\.x(T'>Q)y. 

[#259*1 H] = . (a# T) . #, T € \ . x (8 | Q I ?) y . 

[#1501] ~.*{(s<\)JQ}y (2) 

1- . (2) . #258-242 . D I- : Hp .Te(A w *A)'k .O.P[ T)*T= T'>Q (3) 

h . (3) . #259'11 .31-. Prop 

The two following propositions are lemmas for #273'22212. 

#25917. I-:. W*A* = A:Se(A w *A)'AKa<W.D s . 

a<s « a< ws = a : d . a r (a w *Ayk e 1 -> 1 

1- . #250-242 . *257'35 . #2591 . 3 

I-:. Hp.^re^^AVA.^+r.Dt^^t-r.v.I^rCSf: 
[(#259-02)] l-.a'W'SCa'T.v.a'W'rca'S: 

[Hp] 3 : <J'£ 4= d' T :. D h . Prop 

#259171. I-:. JrA>i* = A".Se(^*4)<AA<rPF.D 5 . 

D'S a D'TTO=* A : 3 . D t (A w *Ayk e 1 -> 1 

[Proof as in #259-17] 

#259-2. b : F= ££{X- seqp'DT^ Beq '<I'T} . D. W^ e 1 -» 1 . ?ni*= A 

Dem. 
K #72182. D H.Hp.D: Ted* TT.D. TT'T<?1-»1 (1) 

K #206-2. Oh:.Kp.D:T€a t W.0. 1 D l Tr,D t W t T=A.a t Tna t W t T=A (2) 
K (2) . #55134 . D h : Hp . T e <J< W . D . - ( W'T G T) (3) 

h . (1) . (2) . (3) . #25915 . D h . Prop 
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#25921. h : Hp*2592 .Q*GJ.D. W A >QGP . D'W A C C'P . (I'W A C C l Q 

Dem. 
r . #206133 . 3 I- : Hp . Te d'W . 3 .(W'T)'>Q = A (1) 

I- . *206-21 . 3 H : Hp (1) . 3 . seq Q 'UT~ e Q«a<T . 

[#37'461] 3.(W*T)\Q\T=A (2) 

h. #206-18. 3 h:Hp(l). 3. D'^C C'P (3) 

h . (3) . #4143 . *258'242 . 3 f- : Hp . 3 . D< W A C C'P (4) 

Similarly h : Hp . 3 . a* T^ C C'Q (5) 

H . (4) . *206'132 . 3 f- : Hp (1) . Te(A w *AyA . 3 . seq/DTe^'P^D'T . 
[#40-16] 3 . seq/D'2 7 e yP'T'^'seq^d'T . 

[#40-67] 3 . (T t *Q t seq Q t a t T) t I'seq^'DT G P (6) 

h.(l). (2). (6). Dh:H V (l).Te(A w *Ay A. r'QeP.l.iA^Ty'QCiP (7) 
h . #259-111 . 3 h :: X C (4, K *4)'A . a {(s'X)»Ql y . 3 :. 

( a l').l'eX. a r(i'JQ)y:. 
[#ll-62.#10-28] 3:. Te\.0 T . T>QG. P-.l.xPy (8) 

h. (8). Coram. 3 H :. X C {A w *A)<k : reX.3 r . T5Q (LP : 3.(s'\)JQG P (9) 
K (7) . (9) . #258-242 . 3 h :. Hp . 3 : T e (4^*4)^ .D.T'QdP: 
[#259-11] DzWJQGP (10) 

H . (10) . (4) . (5) . 3 h . Prop 

#259-211. H : Hp *259"2 . P 2 G J . 3 . WJP G Q [Proof as in #25921] 

#25922. h : Hp *259"2 . P e connex . 3 . D"(,4 ^#^)<A C sect'P 
Dem. 

h.*211-22.DI-:Hp.2 l ea t 1f f .D'2 , 'esect < P.D.DM W r'J'esect'P (1) 
I- . #211-63 .31-: D"X C sect'P . 3 . D'i'X * sect'P (2) 

h.(l). (2). #258-242.31-. Prop 

#259-221. h : Hp #259-2 . Q e connex . 3 . d"(A w *A)*k C sect'Q 

#259-222. V : Hp *259 2 . P e Ser . E ! B'P .Q*GJ.Te(A W *A)'A . 3 . 

T'yQ e C'P, [*259'21-22 . #213161] 

*259'223. I- : Hp *2592 . Q e Ser . E ! B'Q . P 2 G J . T e (A W #A )'A . 3 . 

f JP e C'Q, 

#259-23. H : Hp #259-2 . P, Q e Sern d'B . T e (A W *A)'A . 3 . 

(gif, N) .MeC'P, .NeC'Q, . T e M smor N [*259'2-21*222-923] 
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*259-24. H : . Hp *259'2 . P, Q e fl . D : D< W A = C'P . v . (T W A = C< Q 

l-.*206\L8.3h:Hp.P = A.D. W A = K (i) 

h , *206'18 . 3 f- : Hp . Q = A . D . W A = A (2) 

h.(l).(2).Dh:.Hp:P = A l v.Q = AO:D'Tf^ = C"P.v.a'^ 1 = ( Q (3) 

h . *25911 . *257-36 . 3 f- : Hp . g ! P . 3 ! Q . D . W A ~ e DM „, . 

[*259-12] D . ~ (E I seqp'D' F^ . E ! seq t /(I< W A ) (4) 

h.(4).*2521.*259-22-221.D 

h :, Hp . g I P • a '■ Q ■ 3 : D< T^ = C'P . v . CI< W A = C"Q (5) 

t- . (3) . (5) . D h . Prop 

*259 25. h :. Hp *259'24 . D : (a£) . /3 € sect'Q .W A eP Smor (Q £ /3) . v . 

(get) . a e sect'P . W A e (P £ a) sliTor Q [*259-23'24] 

The above affords a new proof of *254 , 37, which asserts that if P and Q 
are well-ordered series, one must be similar to a section of the other. In 
virtue of *259'25 (which has been proved without using the propositions of 
*254), W A is the correlator which correlates the whole of one series with 
part or the whole of the other. 

It will be observed that the relations (A w *Ayh are the class of corre- 
lators of sections of P with sections of Q, provided P,Qe£l — i'A ; i.e. 

h : Hp *259'2 . P, Q e O - i*A . D . 

(A w *A)<k = f{(%M,N) . Me C'P, . Ne C'Q % . TeMimoi N}. 



SECTION K 

FINITE AND INFINITE SERIES AND ORDINALS. 

Summary of Section E. 

In the present section we shall be concerned first with the distinction of 
finite and infinite as applied to series and ordinals. We shall then establish 
the distinguishing properties of finite ordinals, and shall deal with the 
smallest of infinite ordinals, namely &>, the ordinal number of a progression. 
Finally we shall briefly consider certain special ordinals, and the series of 
cardinals applicable to well-ordered infinite series, namely the series of 
" Alephs," as they are called after Cantor's usage. 

In dealing with the finite and the infinite as applied to series, we have 
constant need of the relation (P^, where P is the generating relation of 
the series. We have 

x (Pi) p0 y . = . P («? h- y) e Cls induct ~ i'A, 

i.e. " a; (Pi) p0 y " holds when, and only when, there is a finite number of 
intermediaries between x and y. When P is finite, we have 

but we may have this when P is not finite. The infinite series for which 
this holds are progressions and their converses (which we will call regres- 
sions), and series consisting of a regression followed by a progression, of which 
an instance is afforded by the negative and positive finite integers in order 
of magnitude. 



*JJ6U. ON FINITE INTERVALS IN A SERIES. 

Summary of #260. 

In the present number we are concerned with the relation which holds 
between x and y when the interval P{x\—y) is an inductive class other than 
A, or when the interval P(ca-iy) is an inductive class of at least two terms. 
This relation holds if a? and y have any relation of the class fin'P (defined in 
#121). We will call this relation P fn . Thus we put 

P fn = £'nVP Df. 

Then xP iu y holds when &P v y, where v is an inductive cardinal other 
than (#260'1). This relation will take us from x to any later term which 
can be reached without passing to the limit. But if in the interval P{x'—\y) 
there is any term which has no immediate predecessor, i.e. any member of 
C'P — G'P], then we shall not have xP fn y. Thus P fn confines us to terms 
which are at a finite distance from our starting-point. We shall find that if 
Pefl, a necessary condition for the finitude of P is P = P fn . This is not 
a sufficient condition, since it does not exclude progressions, but these are the 
only infinite series it admits, and these are excluded by the assumption 

E I B'P. 

Although P fn is not in general serial when P or P po is serial, it becomes 
serial when confined to the posterity or the ancestry or the family of any 
term with respect to itself (#260324). When a series P is well-ordered, the 
whole series can be divided into constituent series, each of which is the 
family of any one of its members with respect to P tn (except when P has 
a last term which has no immediate predecessor, in which case this last term 
must be omitted). (Cf. #264.) Each of these series (except the last, possibly) 
is a progression, and the last is either finite or a progression. Hence every 
infinite well-ordered series consists of a series of progressions followed by 
a finite tail (which may be null); hence the cardinal of the field of an infinite 
well-ordered series is a multiple of Xo- These results will be proved later; 
for the present we are concerned with the proof that the family of any term 
with respect to P fn is a series of which., the generating relation is P fn with 
its field confined to that family. 
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In the present number we are chiefly concerned with the relations of 
P fn to P x . We have 

#26027. r : P p0 eSer. 3. P^P^ 

This proposition will be used very frequently throughout this section. 
Without any hypothesis we have 

#26012. h.P fn (LP po 

We have also 
*2WV15. r.P fn = (P p0 ) fn 

Hence whatever properties of P fn result from the hypothesis that P is 
a series will result from the weaker hypothesis that P^ is a series. 

If P p0 is a series, P fn is contained in diversity and is transitive (#260'202), 
but not in general connected. 

In comparing P tn and (Pi) p0 , we constantly need the proposition 

#260 22. h-.P^e Ser . 3 . (P l ) 1 = P l . P, e 1 -» 1 . (P,)^ G / 

From #2603 to the end of the number, we are concerned with the result 
of limiting the field of P fn to the ancestry, posterity or family of some 
member of its field. We have 

#26033. r-:P po eSer.seD'P I .P 1 = .R.3. 

Ptn t V* W K'*) = (VO 1 ^PO = {(%'*) 1 ^}po = {R r CR P o^)}po 

*260'34. r : Hp #26033 . 3 . |P fn £ (('a; w 1> tn t x)} 1 = (P^a;) -J P = R [%^'x 



#26001. P fn = s'fin'P Df 

#2601. b : xP fn y . = . ( a „) . y e NC induct - i<0 . icP.y 

[#121121. (#26001)] 
#26011. V : #P fn t/ . = . P (« M y) e Cls induct - - 1 



Pe 



im. 



K #2601. #121-11. 3 

h:a?P fn y. =.(gp).»»eNC induct- t*0 . P (a? wy) ei>+ 1 . 
[#120-472] = . (ftp) . p € NC induct - t'Q - t'l . P (a; w y) e p . 
[#120-2] = . P (a; m y) e Cls induct - - 1 : 2> h . Prop 

#26012. \-.P in dP V0 
Dem. 

h . #121-391 . #117-511 . D K- * <■ NC induct- t<0 .D.P.GP^ (1) 
K (1). #2601. DK Prop 
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*26013. I- : xP fn y.2.P{x\-y),P(x-i v) e Cls indurt, - t f \ 

Bern, 
h . *260-12 . *12121 22 . D h : Hp . D . P (x m y), P (# -» y) <? - t'A (l) 

h . *91"54 . (*121011012'013) . D 
h . P (w h- y) C P (x m y) . P (w — « y) C P (x m y) . 

[*120-481 .#26011] D h : Hp . D . P(xt-y),P(x-~*y)eC\s induct (2) 

I- . (1) . (2) . 3 h . Prop 

*260'131. hi.P^QJ.O: xP in y . = . P{sct-y)eC\s induct - i<X . 

= . P (x -a y) e Cls induct — i' A 
Z>em. 
h.*12l-22.3l-:P(a?(-y)eCla induct - i'A . 3 . aP po y . (1) 

[*121-242.*9r54] D.P(«ny)=P(ar^y)wie'y 

[*120'251] D. P (a; My) e Cls induct (2) 

I- ■ (1) . *121'242 . 3 h : Hp . Hp(l) . D . x, y eP(a;My) .x^y. 
[*52-41] 3.P(a:i-iy)^e0wl (3) 

h . (2) . (3) . *260'11 . D h : Hp . Hp (1) . 3 . xP fn y (4) 

Similarly h : Hp . P (a; — j y) e Cls induct . D . xP (n y (5) 

I- . (4) . (5) . *260 13 . D K Prop . 

*26014. h:Pe (Cls -> 1) w (1 -♦ Cls) . P^ G J . D . P fn = P^ 

I- . *12152 . D h : Hp . D . s'finid'P = P* . 
[(♦260-01)] l.P tB = P*^P 

[*121302] =P^^I\C'P 

[*91*541] = P po :DKProp 

*26015. KP fn = (P p0 ) fn [*260-l.*121"254] 

*260 16. h . (P) fn = P fn [*260-l . *121"26] 

*26017. t-:P V0 eSev.xP p0 y.D.P(x*y) = C<{P J>o tP(x*y)}. 

* = .B'{P po DP(*My)}.y-#Cnv'{P po CP<*iHy)} 

h.*121'242.Dh: Hp.D. a;, yeP(a? ny). a; + y. (1) 

[*52-41] D.P(a;Hy)rvel. 

[*202-55] D . C'jPp^POswy)} = P(*My) (2) 

h.*9l-542. DH. Hp. D rsePfawy) .* + *■ 3-^ P oD-P(«»- , 'y)}* : 
[(l).*205-35] D : a = min {Ppo^P (x m#)}'P {x wy): 

[(2).*20512] Dra-^IPpoCPfcHy)} (3) 

Similarly h : Hp. D .y =5'Cnv'{P po t P(»ny)} (4) 

h . (2) . (3) . (4) . D h . Prop 
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The following propositions are concerned in proving that if P,, eSer, 
An = (A) P0 and P„ = (P l ) r . Note that ' x{P x ) vo y " means that we can get 
from x to y by a finite number of steps from one term to the next, so that 
the series contains no limit-points between x and y. The relation "x (Pi\y " 
means that v — 1 intermediate terns 

z l> Z 1> z t> ••• Z v—tl 

can be found, each of which has the relation Pj to its neighbour, and such 
that xP x z, and z^^P^j. Thus we have to prove that, provided P po is a series, 
this occurs when, and only when, the number of terms in the interval 
P (xi~iy) is v + c 1. 

*2602. •- : P po e connex . xP%y . yP% z .3 . P (# h-u) = P(x)~iy)\j P (y*-iz) 

Bern. 
r .#20M415. 3h:Hp.3.P(a?wy)CP(a?M*).P(yws)CP(<BWs) (1) 
h . #20213-103 . 3 h :. Hp . xP*w . D : wP*y . v . yP*w (2) 

h . (2) . #12M03 . D 

h :. Hp . w e P (x n z) . D : xP%w . wP%y . v . yP%w . wP%z : 
[*12M03] 3:weP(n!Hy)uP(j|H«) (3) 

h . (1) . (3) . f- . Prop 

#260-201. h : P„ e connex . J . P fn e trans 

Dem. 
r . #260-12 .DF: xP in y . yP tn z . D . xP*y . yP*z (1) 

K(l).*260-2.3 

h:K V .aP fn y.yP fa z.O.P(x^z) = P(x^y)s J P(y^z). (2) 

[*2C0-11.*1 20-71] 0. P (x HH^)eCls induct (3) 

I- . *60-32"371 .Dh:Be0wl.j9Co.D.j8f0wl: 

[Transp] 3h^e0wl.i8Ca.D.a~e0wl (4) 

h. (2). *260'11 .3 

h : Hp . xP fn y . yP (n z . D .P(xi-*y)~e0 w 1 . P (x w y) C P (a? n *) . 
[(4)] 3.P(ih^ £ 0w1 (5) 

h . (3) . (5) . #260-11 . D h : Hp . aP fn y . j/P fn ^ . D . #P fn * : 3 h . Prop 

#260202. h : P^ e Ser . 3 . P fn e Rt</ a trans 
Dem. 

J- . #260-12 . D h : P^ (• J . 3 . P fn G J (1) 

h . (1) . #260-201 . D h . Prop 

We shall not have in general P^ e Ser . D . P fn e Ser, because P fn is in 
general not connected. P fn only relates two terms which are at a finite 
distance from each other, and hence divides P po into a number of mutually 
exclusive pruos. Wc shall only have P fn e Ser when every interval in the 
series is finite. 
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#260 21. h : P po e Ser . xP*y . yP x z . 3 . P (x i-< z) = P (x 1-1 y) u t ^ 

h.*121'304.Dh:Hp.3.P(yM*) = t'yui<* (i) 

h.*121-242.3h:Hp.D.yeP(a?iHy) ( 2 ) 

K#2602. DhjHp.3.P(«H«) = P(a!Hjf)uP(yH«) 
[(l)-(2)] =P(^Ht/) U 6:3h. Prop 

#260 22. h : P p0 e Ser . 3 . (P,), « P x . P x e 1 -> 1 . (P^ G J 

Dera. 

h. #121-254. Dh.P 1 -(P P0 ) 1 (1) 

h . (1) . #204-7 . 3 h : Hp . 3 . P, e 1 -> 1 (2) 

h . #121-305 . 3 h : Hp . D . P x G P . 

[#91-59] 3.(P 1 ) P0 GP P0 . 

[*204"1] D.CP^oGJ (3) 

h . (1) . (2) . (3) . #121-31 . D h . Prop 

#260-23. I- : P po e Ser . v e NC induct . D . (P^, e 1 .-» 1 
[#121-342 . #260-22] 

#260-24. h : P p0 e Ser . v £ NC induct . a; (P^ y . x (P 1 ) p+tl z . D . yP,s 
Pm. 

h . #121-35 . #^o0-22 . D h : Hp . D . ar {(P,), | P,j * . 
[#341] D.(a«;).a;(P 1 Xw.M;P,^. 

[#26023. Hp] D.^OK Prop 

#260-25. h : P po c Ser . P = P x . tfP*?/ . D . P(x^y) = R(x^y) 

Dem. 
\- . #260-24 . D h :Hp.i/eNC induct . xR v y . xR v + zl z . P K ; = R (xi-ty) . . 

yRz .P{xY-*y)^*R(x*-*y). 
[#260-21] 3.P(dJMir) = iJ(a;hHy)w£^ 

[*260-22.*121 -371-304] =i2(*w^) (1) 

h.(l). Dr-r.Hp.veNC induct :xR v y . D y . P{x^y) = R{x^y) : D : 

xR v+cl z.1 z .P(x*z) = R(x^z) (2) 
\- . *121-30l-22-242 . D h : Hp . xR y ,D . P(x^y) = i e x= R(x^y) (3) 

h . (2) . (3) . Induct . 3 

h :. Hp. D: veHfC induct . x*P„?/ . D . P(x^y)~ R(x^y) : 
[#121-12] 3 : £efimd'P . xSy . D . P(ajny) = P(^i-(2/) : 
[*121-52.#260-22] D : #P* y . D . P (a hh y) = R (x w y) : . D H . Prop 

In the above proposition, "Induct" refers to #12013. The "<££" of 
#120-13 is replaced by 

xR(y . D y . P (x i-t y) = R (x m y). 
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Thus (2), in the above proof, is (when v is replaced by £) 

£e NC induct . <j>% . D . <£ (| +„ 1), 
and (3) is <£0. 

Hence, by #12013, we have 

a e NC induct . D . <f>a, 
i.e. v e NC induct . D : #P„?/ .D y .R (x\-kij), 

which is the inference drawn in the above proof. 

Wherever " Induct " is given as a reference, it indicates a process such as 
the above, making use of #120*13 or #120-11. 

*260 251. V : P po e Ser . 3 . (P,) p0 G P (n 

I- . #260-25 . Z> h : Hp . R = P X . al^y . 3 . P (a w y) = P (a hh y) . (1) 
[*12l-45.*260-22] D . P (# n ?,) e Cis induct (2) 

h . #121-242 . (1) . #260*22 . D 1- : Hp (1) . D . x, y e P (ar hh y) . * + y . 
[#5241] D.P(«Hy)«N.eOul (3) 

h.(2).(3).3i-:Hp.ip(P 1 ) po y.3.P( 1 chHy)eClsinduct-0-l. 
[*260"11] 3 . tfP ffli y : 3 b . Prop 

#260 26. h :. P po e Ser . R = P x . a?J2*y . 3 : ^P.y . = . xR v y 
Dem. 

Y . *26025 . D h :. Hp . D : P (a; w y) = P (cc*-*y) : 
[#12M1] D : xP v y . = . ai^y ■'■ 3 ^ * Pro P 

*260'261. r- : P p0 e Ser . v e NC induct - t'O . xP v y . xP v ^ x z . D . yP,z 

Dem,, 
h . #12111 . D V : Hp . D . Nc'P (x w y) = * + c 1 . Nc'P (*h«) = v+ 2. (1) 
[#120-32] ?-y^z (2) 

K (1) . #120-428 . D h : Hp . D . Nc'P (a? w*) > Nc'P (arny) . 
[*1 17-222.Transp] D . ~ {P (a w *) C P (* hh t/)} . 

[*121-103.*201-14-15] D . ~ (*P*y) . (3) 

[#202103] 3-y-Ppo*- 

[#202-171] D.P(«h^) = P(«h 2 /)uP( 2/ hz) 1 

[*120-41.(1).(3)] 3 . P (# -« *) e 1 . 

[#121-242.(2)] D.P(yH^) f 2. 

[#121-11] ^.yP^rOh.Prop 

#26027. HP po eSer.D.P fn = (P 1 ) po 

Dem. 
V . #260-261 . 3 h : Hp . v e NC induct - t'O . xP f y . xP v+el z ^(P^y . 3 . 

yP 1 z,x{P 1 ) vo y. 
t*91-511] 3.a?(Pi)po* (1) 
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H . (1) . D H :. Hp . v e NC induct - t'O : xl\y .D,.x (1\\ >Q y : D : 

xP t>+cl z.D z .x(P 1 ) w 2 (2) 
H . *91 -502 . D I- : xP x y . D . x {P : ) w y (3) 

I- . (2) *. (3) . #1 20-47 . D V :. Hp . D : v e NC induct - t'O ,D V .P V C (P,)^ : 

[*2601] D:P fa C{PXo (4) 

h. (4). #260-251 .3 (-.Prop 

#26028. t- : P ])0 e Ser . v € NC induct - t<0 . D . P v = (P,)„ = (P fn )„ 

h . #260-26 • => (- :. Hp . D : x (P^y . *P„y . = .x{P,\ y . x{P x ) ¥ y (1) 
K #260-1. ^\-:Hp.xP,y.D.xP fll y. 

[#260-27] 3.*(P,W (2) 

1- . #121-321 . D I- : Hp . xiP^y . D . * (AW (3) 

I- . (1) . (2) . (3) . D I- :. Hp . D : xP v y . = .x (P,),// (4) 

K*121-254. DH.CPJ^KPOpo],. 

[*260-27] DhHpJ. (P,), = (P fn )„ (5) 

H . (4) . (5) . D (- . Prop 

The above proposition does not hold in general when v = 0, for if P is a 
compact series, P x = A, so that (Pj) = A, but P = 7 f(7'P. 

#26029. I- : P p0 e Ser . a;P fn 2/ . D . P (« m y) = P x (x m y) = P fn (a; w y, 
Pew. 

H . #260-27-25 . D h : Hp . D . P (a? kh y) = P, (a; w y) 

[#121 -253.*260-27] = P fn O hh #) : D I- . Prop 

The following propositions are mainly concerned with the result of 
confining the field of P fn to the posterity of a single term. 

#2603. t- : P po e Ser . D . D'P fn = D'P, . d<P tn =* d'A . C'P fn = CP, 

[#260-27. #91-504] 

#260-31. (-:P p0 £Ser.«6D'P 1 .D. 

C^{Pf„ D (*'* » Pf»'*)} = < % V* = ^ v K'* 
Pewi. 

I- . #260-27 . D I- : Hp . D . i'« v P fl > = t'a; w (P0 P o^ 

[#96-14] =(KV« (1) 

H . #260-3 . D I- : Hp . D . a ! P fn 'a . 

[#36-13] ^D . (^ . « {P ta C(t'« ^a»I V ( 2 ) 

H . #36-13 . D h : ,y e P fI >' . 3 . x {P fn £(t<a; v P f »} y . 

l*io-24] d . ( a *) . * {P fn C(t^ w K>)} y (3) 

r- . (2) . (3) . D f- : Hp . D . i'x w P fl > C <7<{P fn £ (t'a uP h '«)| • 

[#37-41] D . i'x uP h '« - C'lAn t ( i<x w X»l ( 4 ) 

K(l).(4).DKProp 
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#26032. t-:P po€ Ser.D. 

P fn I {i'x v K'«) - P»o C (t'« « Pin'*) • Pm C (^ v* K»'«) « Ser 

h . #26012 . D h . P fn t (i'x y 1p ta *x) G P^ £ {i'x v % n 'x) (1) 

t- . *260"3 . #200-35 . D 

1- : Hp . x ~ e D'P, . D . P fa t (t'x u P ta '«) - A = P u0 £(t^ " A» ( 2 ) 

(- . #201-521 . #260-27 . D 

K: Hp .* 6 D'P, . D . P fn C (i<* u P^) = TOpo D &V* • 

[*202'14.*26022]D . P fn £(t'a; u P fn V> <? connex . 

[#260202] D . P fn t (t'a? w K>) e Ser . (3) 

[(1).*260-31 .#204-41] D . P in l(i'x u K» = P po £(i'a w PJ» ( 4 ) 

K(2).(3).(4).Dh.Prop 

#26033. 1- zP^eSer.^eD^.P^ie. D. 

p fn t (i'« w Ky> - w*)i **> = k v«oi ^u = {^ r(K>)u 

Dew, 

h . #260-27-31 . D I- : Hp . D ■ P fn £ {i'x w P f » = i^ fcS*'a; 
[#96-16.*91-602] =(S*^)1 J R po (I) 

[*96-13] «((^)1-8}po (2) 

[*96-2.*260-22] « {R \^ vt t x)) VQ (3) 

K(l).(2).(3).DKProp 

#260-34. h : Hp #26033 . 3 . {P fn £ {i l x u K»]i = WW R = R NV^ 

Bern. 

h. #260/33. #121-254.3 

r : Hp . D . {P fn t(*'« u ?„»], = ((X'*)1 «}i = {R r^o'*!i (1) 
I- . (1) . #121-31 . #26022 . D K Prop 

The following propositions are concerned with the result of confining the 
field of P fn to a single family. 

#260-4. r- : P^ e Ser . D . P fn £ P f > e Ser . 

Dem. 

h . #260-27 . #97-17 . D h : Hp . D . P {n ^^(P^ t(K)»'* ■ 
[*202-15.#260-22] D . P, n £ P fn <# e connex . 

[*260-202.*204-42] D . P fn £P f >*Ser (1) 
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h . #9718 .Dr. C<(P {n £iV*) = K> (2) 

(- . (2) . #260-202 . #200-12 . D b : Hp . D . K>~* 1 (3) 

1- . #26027 . *97-l7 . D r : Hp . D . V^x = (P, V« (*) 
H.a).(2).(3).(4).Dh.Prop 

#26<V41. h:P po eSer.iJ = P l .D. 

x/era. 

I- . #260-27 . #97-17 . D h : Hp . D . P fn £P f > = Pp<, £ P^ (!) 
h . *97"13 . D h : Hp . y e P*^ . yR^ z.D.ze R^'R^x w R^'R^x . 
[#92-311. #260'22] D^e?*'^!"^. 

[#97l3.#3613] D . y (P^ tR*'x) z (2) 

r . #35-21-441 . D h . P^ £ P*<# G (P*'#)1 Ppo (3) 

h . (2) . (3) . D h : Hp . 3 . Ppo £ P^tf = (P*'*01 ^° (4) 

Similarly h : Hp . D . R^ £ %<x = P^ fpj/a- (5) 

r.(l).(4).(5).Dh.Prop 

#26042. h : Hp *26(H1 . D . P fn £ P ta '* = ( V*1 ^)po = (^ NV»)* 
Dm. 

h . #9232 . #260-22 . D h : Hp . D . IfR^x C iV# . 

[*96-lll] D . (P^)-| P^ = {(P^)1 P}po (1) 

Similarly h : Hp . D . P^ fP^ = (^ W^po (2) 

K (1). (2). #260-41. Dh. Prop 

26043. h:PpoeSer.3. 



Dem. 



{Pfn C AnH = Pi C Pfn^ = {Pt*'*) 1 Pi « Pi r (Pta'*) 

h . #260-42 . #121254 . D 

r : Hp . P = P, . D . {P {Q tP^x], = {(§*<*) 1 P} a 

[#121-31. #260'22] = (P # '») 1 P 

[*97-l7.*260-27] = (K» 1 Pi ( x ) 

Similarly H Hp . D . {P, n t P, n H - Pi t K'* W 

h . (1) . (2). #35-11 . D h : Hp . D . {P ta fp^x], =P, £P f > (3) 

h.(l).(2).(3).Dh.Prop 

Observe that the two series P fn £ P fI /:r and P fn X,Pt^y are either identical 
or have no common terms in their fields. This results immediately from 

#97*16, since the fields of the two series are (P^'x and (P^'y. 



*261. FINITE AND INFINITE SERIES. 

Summary of #261. 

In this number we define finite and infinite series, and we show that, 
where well-ordered series are concerned, there is only one kind of finitude, 
i.e. there is not the distinction, which exists in cardinals, between " in- 
ductive " and " non-reflexive." We also give various equivalent forms of 
the distinction between finite and infinite series, and some of the simpler 
properties of each. The propositions of this number are numerous and 
important. 

We define an infinite series as one whose field is a reflexive class, and a 
finite series as one which is not infinite. Thus we put 

Ser infin = Ser n C' ' Cls refi Df, 

fi infin = a ft (7"Cls refl Df, 

Ser fin = Ser ~ Ser infin Df, 

12 fin =0- 11 infin Df. 

We also put, to begin with, 

a induct = n ft C"Cls induct Df, 
but in the course of this number we prove 

*261'42. r . a fin = li induct 

so that the symbol " fl induct " is not required after the present 
number. 

After some preliminary propositions, we proceed (#261"2ff.) to various 
criteria of finitude and infinity. We have 

*261'25. h:.PeSer.D: 

C'P e Cls induct - i' A . = . P = P fn . E ! B'P . E ! B'P 

The condition P = P tn insures that every interval is finite, but this still 
leaves it possible for our series to be a progression, or its converse, or the 
converse of a progression followed by a progression (i.e. the type of the nega- 
tive and positive finite integers in order of magnitude). The third of these 
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possibilities is excluded by either E ! B'P or E ! B'P; the second is excluded 

by E ! B'P, and the first by E ! B'P. We have 

*261-212. h : . P e a . D : <Pi\ = d'P . = . P = (P.X* ■ - ■ P = Pf» 

" (FPi = G/P " means that every term except the first has an immediate 
predecessor. We have 

*261'26. I- : P e Ser . a C C'P . g ! a . a e Cls induct . D . E ! min/a. E ! max/« 

and 

#261 27. h :. P e Ser : a C C'P . g ! « . D a . E ! min/a . K ! max/a : D . 

P = P fa . C'P e Cls induct 
whence we obtain 

#26128. (-::PeSer.D:. 

« C C'P . g ! « . D a . E ! min P 'a . E ! max P 'a : = . C'P e Cls induct 

I.e. a series whose field is inductive is one in which every existent sub- 
class of the field has both a minimum and a maximum. 

From the above, together with an inductive proof that every inductive 
class which is not a unit class is the field of some series, we obtain 

#261'29. 1- . Cls induct = 

1 w C"P{P e Ser : « C C'P . g ! a . D a . E ! min/a . E ! max P 'aj 
= lu C"(n n Cnv«n) 

The above proposition is interesting as giving an alternative method of 
treating inductive classes. Instead of the definitions adopted in #120, we 
might have taken the above proposition as the definition of inductive classes, 
putting 

JN C induct = Nc"Cls induct Df. 

We should thus wholly avoid the use of mathematical induction in de- 
finitions ; hence if such avoidance were in any way desirable, it could be 
secured by dealing with series before introducing the distinction of finite 
and infinite, and then defining inductive classes as the fields of series which 
are well-ordered backwards as well as forwards. The inductive properties of 
such classes would then be deduced from *261'27, together with #260-27, in 
virtue of which we have 

P e n n Cnv"Ii . D . P = (POpo, 
whence, by #9T62, 

h :: P e H n Cnv"Sl . 3 :. xPy . = : P«ft C p . P,'x e p . D„ . y e ft. 

In virtue of this proposition, if 7 is the field of a well-ordered series P 
whose converse is well-ordered, then any property which is inherited with 
respect to Pj belongs to all the successors of x (where xey) if it belongs to 
the immediate successor of x. Hence mathematical induction follows. 
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From the above we obtain at once 

#261-31. 1- :. P e Ser . D : C'P e Cls induct . = . P, P e ft 

I.e. series whose fields are inductive are the same as inductive well- 
ordered series, and are also the same as well-ordered series whose converses 
are well-ordered. Hence also we obtain 

#261'33. \-:P,Qe£l.Q<IP.3.Qea induct 

I.e. a descending well-ordered series of terms chosen out of a well-ordered 
series must be finite. This proposition, which is due to Cantor, has been used 
by him in many proofs. 

We have 

*261 35. 1- : . P e ft . D : C ( P e Cls induct - i' A . = . d'P, = d'P .ElB'P 

In #253'51 and following propositions we have already had the hypothesis 

(PPi = G'jP . E ! B'P, which now turns out to be equivalent to the hypothesis 
that our series is finite and not null. Thus we have 

#261-36. (- :. P e fl . D : C'P e Cls induct - 1' A . == . Nr'P ± i + Nr'P 

#2614 and following propositions are concerned in proving that, a well- 
ordered series which is not inductive always contains progressions, and in 
deducing consequences from this. We have 

#261-4. h : P e ft - ft induct . D . {(P,V 5 ^}1 ^ e Pro g 

The above proposition is very important, for many reasons. One of its 
most important consequences is that, if P is a well-ordered series which is 
not inductive, its field contains an tf , and is therefore a reflexive class 
(#261-401). Hence a class which can be well-ordered is either inductive or 
reflexive (#261-43), and a well-ordered series is either inductive or infinite 
according to the definitions given above (#261*41). Hence where well- 
ordered series are concerned, the two ways of defining finite and infinite 
(namely those in #120 and #124) give equivalent results. This cannot (so 
far as is known) be proved for classes in general without assuming the multi- 
plicative axiom. 

From the above-mentioned propositions it follows that an infinite well- 
ordered series is one in which P } limited to the posterity of B'P with respect 
to I\ is a progression in the sense of #122 (#261'44), and that any class 
contained in a well-ordered series is eitaer inductive or reflexive (#261 '46). 

The number ends with some propositions in ordinal arithmetic. We 
prove that P Q is well-ordered if P is well-ordered and Q is a finite well-ordered 
series (#261*62) ; that if R is a finite well-ordered series, and P is less than Q 
(in the sense of #254), then P R is less than Q R ; and that a finite well-ordered 
series is less than an infinite one (*261'65). 
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#26101. Ser infin = Ser n (""Cls refl Df 

#261-02. a infin = fi n C'"Cls refi Df 

#261 03. Ser fin = Ser - Ser infin Df 

#26104. n fin = 0-12 infin Df 

#26105. 12 induct = n C"Cls induct Df 

#2611. h : P e Ser infi n. = .Pe Ser. C'Pf Cls refi [(#261'01)] 

#26111. h : P e Q infin. = .P € f}.C'PeCls refi [(#261-02)] 

*26112. h : P e Ser fin . = . P e Ser - Ser infin . - . P £ Ser . C'P ~ e Cls refi 
[(#261-03)] 

*26113. H : P e H fin . j . P e - fl infin . - . P £ 12 . G"P ~ £ Cls refl 
[(#261-04)] 

#26114. I- : Pefl induct. = .Pe 12. C'PeCls induct [(#26105)] 

#26115. h : P £ Ser infin . P smor Q.D.Qe Ser infin 
Pe?«. 

h . #2611 . D r : Hp . D . P e Ser . C"P e Cls refi . P smor Q . 
[#204-21. #151 18] D . Q e Ser . C'P e Cls refl . C'Psm C'Q . 
[#12418] D.QeSer.C'QeClsrefl. 

[#261-1] D. Qe Ser infin : D h . Prop 

#261151. h : Pe Ser infin . D . Nr'PC Ser infin [#26115] 

#261-152. H : P e Ser infin . = . N r'P C Ser infin . = . g ! Kr'P * Ser infin 
[#261-151. #155-12] 

#261-153. h : P e Ser infin . = . (gQ) . P smor Q . Q e Ser infin 
[#261'15. #151-13] 

#26116. h : P e H infin . P smor Q . D . Q e ft infin 

[Proof as in #261-15, using #261-11 . *251111 . #151-18 . #12418] 

#261161. h : Pf 12 infin. D.Nr'PC 12 infin [#26116] 

#261-162. h : P e H infin . = . N r'P C 12 infin . = . g ! N u r'P n Ser infin 
[#261-161. #155-12] 

#261163. h:Pefiinfin.= . (gQ) . P smor Q.QeH infin [#26116 . #151-13] 

#26117. h:PeSerfin.PsmorQ.D.QeSemn [#26115 . Trausp] 

#261171. r:PeSerfin . D . Nr'P C Ser fin [#261-17] 

#261172. h : P e Ser fin . = . N r) r'P C Ser fin . - . g ! N r'P n Ser fin 

[#261-171. #15512] 
#261173. h : Pe Ser fin . - . (gQ) . P smor Q . QeSer fin [#26117 . #151 13 1 
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#26118. H:Penfin.PsmorQ.3.Qenfin [#26116 , Transp] 

#261181. hrPeXifin.D.Nr'PCnfin [#26118] 

#261182. 1- : P e H fin . = . N r'P C fl fin . = . g ! N i <P n fl fin 
[#261181. #15512] 

#261183. (-:Penfin.= .(aQ).PsmorQ.Q e nfin [#26118 . #15113] 

#26119. h: Peil induct . P smor Q . D . Q e a induct 

[Proof as in #26116, using #120'214 instead of #12418] 

#261191. h : P e Q induct . D . Nr'P C ft induct [#26119] 

#261192. h : P e fi induct . = . N r'P C O induct . = . a ! N r'P a ft induct 
[#261191. #15512] 

#261193. h : P e ft induct . = . (aQ) . P smor Q . Q e ft induct 
[#26119. #151 13] 

#261-2. I- : Ppo e connex . (£<P) P fn (S'P) . D . C'P e Cls induct 

1- . #202181 . D b : Hp . D . G'P = P (5'P hh 5'P) . 
[#2601 1 .Hp] D . C'P e Cls induct : D h . Prop 

#261-21. h : P e connex . P = P fn . E ! 5'P . E ! B'P . D . G'P e Cls induct 
Dem. 

h . #202103 . #93101 . D h : Hp . D . (5'P) P (5'P) . 

[Hp] D.(5<P)P, n (5'P). 

[*261'2] D.C'Pe Cls induct : D h . Prop 

#261-211. h : P 6 Ser . D . rmn P < {Px - (P^>) C <PP - d'^ 
Z)em. 

K #91511. #121-305. D 

h : . Hp . D : 2/ e P^ « (P ,),,<> ■ yPtf ■ 3 • * € P'« a (P,),*/*: : 

[Transp] D:«6^-(K^'*-^. 3- ye-P'*w-(KVa? (1) 

1- . #91-502 .Dhz.z e^P'x - (P,)p> • 3 : * <? P'# - P/« : 

[*201'63] D : Hp . D . xP>z (2) 

(- . #201-63 . D h : Hp . xP*z . yP,z. D . ~{yPx) .y^x. 

[#202-103] D . xPy (3) 

r . (2) . (3) . D h : Hp . z * Px - (P^'x .yP x z . D .yeP'x . 

t(l)3 D.yeP^-^Vo;. 

[#201-63] D . y e P<* rt \p*x - (Kw*} ■ 

[#20514] D.*~ e mm/(ftr-(K\!>} (4) 

(- . (4) . Transp . D 

r : Hp . * e ratnp'IP'x - (KW«) • 3 ■ ~ (32/) -^Oh. Prop 
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#261212. h :. Pe Q . J : d^ = (PP . = . P= (P^po . s . P«P ta 

Dent. 
I- . #121-305 . D h : Hp . D . (P,)^ G P (l) 

K(i). DhrHp.P + CPOpo- 3.(a*,y).*Py.-KP,)poy). 

[#32-18] D . (a*) . a ! P~'x - fc^'x . 

[#250-121] D . (ftx) . E ! min/{P^ - (P,)p>l . 

[#261-211] D. a Ja f P~a'P, (2) 

K (2) . Transp . D 1- : Hp . d'P = d'^ . D . P = (P^ (3) 

h. #91-504. DHP^POpo-^.d'P^d'P, (4) 

K(3).(4). Dh:.Hp.D:a' J P 1 -a'P.s.Pp-(P I )po- 

[#260-27] h . P = P rn :. D K Prop 

#261-22. h : Pe Ser.C'P e Cls induct . D . P = P fn .D'P = D'P, . d'P = d'P, 

h . #260-12 . #201-18 . D h : Hp . D . P fn G P (1) 
1- . #121-242 . D h : Hp . #P# . D . x, y e P (aw y) . x ^ y . 

[#52-41] D.P(x*-iy)~e0vl (2) 

h . #1 20-481 . D h : Hp . D . P (a? m y) e Cls induct (3) 

h . (2) . (3) . #260-11 . D r- s Hp . xPy . D . aP^y (4) 

K(l).(4). 3h:Hp. D.P = P fn . (5) 

[#260 3] D.D'P = D'P 1 .a<P = <I<P 1 (6) 

h.(5).(6). DKProp 

*26123. h : P e Ser . D'^ = D'P . ~ E I B'P . g I P . 3 . C'P e Cls refl 
Dm. 



^ «- 



h. #91-52. Dh.P/WVai-CP^po'* C 1 ) 

h . #91-54 . #26022 . 3 

h : Hp . x e C'P . D . (PJV* = ^ w (AW* • * ~ € (AW* ( 2 ) 

h. #93-11. Dh-.Hp.D.D'P^C'P. (3) 

[#90-18] D . (P^V* C D^ ( 4 ) 

f- . #260-22 . D h : Hp . D . P a e 1 -> 1 ( 5 ) 

h . (1) . (2) . (4) . (5) . #73-21 . #91-74 . D 
h :. Hp . D : xeC'P. D . (K V* » m (A W* . (P> )~'« C (Kv^ ■ ^_ 

g! &)*'*- CAW*- 
[#124-16] 3 . (K)#'a € Cls refl (6) 

1- . (6) . (3) . (4) . D (- : Hp . D . g ! Cls refl a Cl'C'P . 
[#124141] D.(7<PeClsrefl:3KProp 
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*261-24. h : P e Ser . C'P e Cls induct - t'A . 3 . E ! B'P . E ! B'P 

Bern, 

h . *26V22 . D H : Hp . D . X)'P = D'P l * 

[*261-23.Transp] 3 . E ! B'P (1) 

K(l)^. DriHp.D.E'B'P (2) 

b.(l).(2). D h. Prop 

*261'25. b :. P e Ser . D : C'P e Cls induct - t'A . = . P = P fI1 .E JjB<P ■ E !5<jP 
[*261-22-24-21] 
When P = 7 J fn . E ! B'P . ~ E ! P'P, P is a progression ; 
when 7 J = P fn . E ! B'P . ~ E ! P'P, P is a regression 

(t.e. the converse of a progression); and when 

P = p Sn . ~ E ! B'P . ~ E ! B'P, 

P is the sum of a regression and a progression. These propositions will be 
proved in the next number. 

*261 26. \-xPe Ser . a C C'P . g ! a .a e Cls induct . D . E ! min/a . E ! mtm P 'a 
Dem. 
V . *20517 . D h : Hp . a e 1 . D . E ! min/a . E ! max P 'a (1) 

h . *202-55 .Dh:Hp.«~el.D.« = C'(P £ a) . 
[*2Gl-24] D . E ! £<(P £ a) . E ! £<Cnv'(P £ a) . 

[*205'42] D . E ! min/a . E ! max/a (2) 

K(l).(2).DKProp 

*261'27. >:.Pe Ser : a C C'P . g ! a . D a . E ! min/a . E ! max/a : D . 

P = P fn . C'P e Cis induct 

r-.*250'121 . D h : Hp . 3. Petl. 

[*250-21] D.D C P=D*P 1 

[*260-3] D.D'P = D'P fn (1) 

h.d^.DhrHp.^P^y.yeD'P.D.yeD'P^.arP,^. 

[*2G0-201] D.2/ e P fn ' f P f >- 

[*2G0'12.*20M8] D.yeP"P fa 'x. 

[*20o-lll] D.y4n»ax P f P fn ^ (2) 

K (i ) . (2) . Transp .DhHp.ae D'P . D . max//Pf,> = 5'P (3) 
I- . *-2r>Ol2lTA . Z> t- : Hp . v[ ! P . D . E ! £'P . 

(YS)] D.(B'P)P Ul (B'P). 



SECTION E] FINITE AND INFINITE SERIES 125 

[#26011] D . P (B'P^B'P) € Cls induct . 

[#202181] D . C'P e Cls induct ( 4) 

b . *120212 . D h : P = A . I) . C'P e Cls induct ( 5) 

h.(4).(5). DhiHp.D.C'PeClsinduct. ( 6 ) 

[♦261-22] O.P^P tn (7) 
h.(6).(7).DKProp 

#26128 h::PeSer.D:. 

a C C'P . a ! a . D a . E ! min/a . E ! max/a : = . C'P e Cls induct 
[*261*26*27] 

#261-281. h : 7 e Cls induct - 1 . D . y e C'Ser 

Dem. 

h. #20424. Dh. At C'Ser (1) 

h.*52'22. Dh.Av; t ^el (2) 

h. #52'22. Dh :x = y .^ .i'x\j I'y el (3) 

h. #204-25. Dh :x$y.D . t'« w t'ye C'Ser (4) 

h.(3).(4). Dh.t^w/'t/el v C'Ser. 

[#521] Dhzyel.D.yut'yel u C'Ser (5) 

h,*51'2. D h : 7<= C'Ser. y 67.!). 7 w'ye C'Ser (6) 

h . #204'51 . #16M4 . D h : y e C'Ser .alY.y^ey.D.ywi^e C'Ser (7) 

h.(6).(7). Dh: 7 eC"Ser.a! T .D. T ui'2 /e C"Sei- (S) 

h . (2) . (5) . (8) . Dh: 7 el v C'Ser. D. 7 ut't/elv C'Ser (9) 

h . (1) . (9) . #120'26 . D h : y e Cls induct . D . 7 e 1 u C'Ser : D h . Prop 

♦26129. h. Cls induct = 

1 v C"P {P e Ser : a C C'P . 3 ! a . D a . E ! min/a . E ! max/«} 

= 1 w C"(H a Cnv"H) 
Dem. 

h . #261281 . D h :. 7 e Cls induct - 1 . D : (gP) : P € Ser . 7 = C'P : 
[♦261-28] 

D : (gP) : P<= Ser : a C C'P . 3 ! a . X . E ! min P 'a . E ! max/a :y=C l P: 
[♦37-6] D : 7 e a*'P {P e Ser :aC C'P. a ! a. D a .E!min/«.E!max/a} (1) 
h. #261-28. Dhi.Pe Ser: 

a C C'P . a ! a . 3 a . E ! min P *a . E ! max P 'a : 7 = C'P : D . 7 e Cls induct : . 
[♦37-6] D h : 7 e C"P(P e Ser : a C C'P . a ! a . D a . E ! min/a . E ! max P 'a) . D . 

76 Cls induct (2) 
r . *120 213 . D h . 1 C Cls induct (3) 

h.(l).(2).(3).D 

h . Cls induct = C'P [P e Ser : a C C'P . a ! « . X • E ! min/a . E ! max/a} 
[♦250-121] = C"(H n Cnv"n) . D h . Prop 
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The following four propositions are immediate consequences of the 
propositions already proved. 

*261*3. h::PeSer.D:. 

C'Pe Cls induct . = : P e 12 : a C C'P . ft ! a . D a . E ! max P 'a 
[#261'28. #250121] 

#261 31 h :. P e Ser . D : C'P e Cls induct . = . P, P e 12 [#261*3 . #250121] 

#26132. h . Ser r> C"Cl& induct =• 12 induct = 12 n Cnv"0 [#261*31-14] 

On account of this proposition, we do not introduce the notation " Ser 

induct" for "Ser r> C'Cls induct," because a series whose field is inductive 
is*a well-ordered series, and therefore the notation "12 induct "gives all that 
is wanted. 

#261*33. h:P,QeX2.QCP.D.QeI2 induct 
Dem. 

h . #204'2 . D h : Hp . D . Qe Ser . Q G P . 
[#250*14] D . Q e Ser r> Bord . 

[#250*12] D.Qefi. 

[#261*32] D . Q e Q induct : D h . Prop 

This proposition (which is due to Cantor) is of great importance in the 
cheory of well-ordered series. It shows that, however great a well-ordered 
series may be, any descending well-ordered series contained in it must be 
finite. (A descending series in a given series is a series contained in the 
converse of the given series.) 

#26134. h : P e 12 . d'Pi = d'P . E ! B'P .O.C'Pe Cls induct 
Dem. 

h . #25023 . #21412 . D h :. Hp . a C C'P . D : E ! maxp'a . v . E ! seq P 'a (H 
r . #206-181 . D h : Hp . a C C'P . a l « . E ! seq P 'a . D . seq P 'a e a'P, . 
[#204*7] D . E ! P^seq/a . 

[#206-451] Z>.E!maxp-a (2) 

h . (1) . (2) . D h :. Hp . D : a C C-P . a ! a . J„ . E ! max/a : 
[#261*3] D : C'P e Cls induct :. D h . Prop 

*261 35. h :. P e 12 . D : C'P e Cls induct - i l A . = . -3'^ = d'P . E ! B'P 
[*261-22-24-34] 

Observe that " (IT, = <PP . E ! B'P " occurs as hypothesis in #25351 
and some succeeding propositions. Thus this hypothesis is equivalent to the 
hypothesis that the field of P is an inductive existent class, It follows that 
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if P is an inductive well-ordered series, Nr'P* = Nr'P, whereas if P is a 
well-ordered series which is not inductive, Nr'P s = Nr'P-j- i ; also that 

*26136. h : . P e ft . D : C'P e Cls induct - t'A . = . Nr'P * i + Nr'P 

[#253-573 . #261-35] 

*261*37. b :. P e ft . D : C'P e Cls induct . = . i + Nr'P = Nr'P + i 
[#253-574 . #26135 . #1612201] 

#261 38. h :. P e ft . D : C'P e Cls induct - t'A . I) . Nr'P, = Nr'P : 

C l P~ e Cls induct - i'A . D . Nr'P, = Nr'P-j- i 
[#25356 . #261'35] 

#261-4. b : P € ft - ft induct . D . {(PO^'Pj 1 A e Prog 

Dew. 
h. #204-7. 3h:Hp.i2 = P 1 0.i2el-*l (1) 

h.*120-212Oh:.HpO:a!P: 
[#250-13] D : E ! P'P : 

[#25021] D:E = P 1 .D.J3'PeD'P (2) 

h. #26022. Dh:Hp.E = P I .D. J K po G/ (3) 

b . #93103 . #202 52 . D 

h:P€ft. J R=P 1 .3!S # 'JS'P-D'P.D. J B'Pe^'J5'P. 
[*93-101.*91-54] D . (B'P)R po (B'P) . 

[#260-27] D . (fl'P) P fn (J5'P) . 

[#2612] D . C'P e Cls induct (4) 

h . (4) . Transp O h : Hp . £ = ^ O . R*'B'P C D'P . 
[#250-21] D.R^'B'PCD'R (5) 

h . (1) . (2) . (3) . (5) . D b : Hp . E = P, . D . 

R € 1 -► 1 . B'P e D'R . ~ {(B'P) R^ (B'P)} . %'B'P C D'R . 
[#122-52] D . (£*'£'P)1 P e Prog Oh. Prop 

*261-401. h : P e ft - ft induct O . a ! K n Cl'C'P . C'P e Cls red 
Bern. 

b . #261-4 . #123-1 O h : Hp O . D'{(P, V-B'P} 1 iV No (1) 

h . #121-305 . D h : Hp O . D'^AV^'P} 1 P, C C'P (2) 

h . (1) . (2) . D b : Hp . D . a ! N„ r> Cl'C'P . (3) 

[#124-15] D . C'P e Cls refl (4) 

h . (3) . (4) O h . Prop 
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*261'41. h . O - 12 induct = H infin [*261'401 . *26M1 . #124-271] 
#26142. h . n fin - 11 induct [*261'41 . Transp . #124-271] 

We shall henceforth use " O fin " in preference to' " O induct." 
#261 43. r . C"H C CIs induct u Cls refl [*261-40M4] 
#261-431. h:Pen-i<A.D. 

{(Kv^*p} 1 p, = Pi r K'£'p = a t {t'B'p « K'^p, 

= (^'PuP fn 'P'P)1Pi 

Dew. 
I- . #250-13-21 . DhiHp.D.P'PeD'P,. (1) 

[#26031 J D . t^'P \j*P tn *B'P = (Pfe'B'P (2) 

I- . (1) . #260-27 . D h : Hp . D . *P {n 'B'P = (P^'B'P . 

[#260-34] D . P 3 r K'P'P = {(A)#'P'P} 1 Pi (3) 

[(2)] _ =( ( WuP In f 5'?)1A (4) 

h.(3).(4).#35-ll.Dh:Hp.D.{(P l VP'P}1P l = P l D(t'P'P«K ( ^P) (5) 
h . (3) . (4) . (5) . D h . Prop 

*26144. I- :. P « fl . D : P, r Pm'P'P e Prog . = . P e ft infin 
Dem. 

h . #123-1 . D h : P e H . P, f % n ( B'P e Prog . D . g ! N r> Cl'C'P . 

[#12415] 3. OP e Cls refl. 

[*261'1] D. Pen infin (1) 

h . #261'4-43141 . D h : P e n infin . 3 . P l f P In 'B'P e Prog (2) 

h.(l).(2).Dh.Prop 

#261-45. h . ft infin = ft r» P {P, f P fn 'P'P e Prog} [#26144] 

#26146. h : P e ft . D . CWP C Cls induct w Cls red 
Dem. 

K #250-141 .#202-55.3 
h:Hp.aCC'P.a~el.D.Ptaen.a=C«(Pt«). 

[#261*43] D. a e Cls induct u Cls refl (1) 

h . #120213 . D h : a e 1 . D . a e Cls induct (2) 

h . (1) . (2) . D h . Prop 

#261-47. h :. P e ft . a C OP . D : a e Cls induct . - . a~ e Cls refi 
[#261-46 . #124-271] 

#2616. h i.Peft.OPCft.Nc'OP^.Dp. U'Petl: 

v e Nc induct - t'O — t'l : D : 
Q e ft . C'Q C ft . Nc'OQ = v + 1 . D . n 'Q e ft 
Z)em. 

r . #204-272 . D h : Nc'D'Q = 1 . Q e Ser . D . Q e 2,. . 

[*56-112] D.OQe2 (1) 
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h . (1) . Transp . D I- : Q € 12 . C'Q C ft . Nc'C'Q = v + c 1 . 

veNC induct- t'O-t'l.D.D'Q^ el (2) 
I- . *261-24 . D h : Hp (2) . D . E ! B'Q . 
[(2).*204-461] D . Q = Q t D'Q +> 5«Q . 

[*17232] D . II'Q smor II '(Q £ D'Q) x 5< Q (3) 

h . *1 10-63 . D h : Hp (2) . D . Nc'D'Q + c X = v + c 1 . 

[*1 20-311] D.Nc'D'Q = j, (4) 

h . (4) . 3 H :. Hp (2) : P e ft . OP C a . Ne'OP = * . D r . ll'P < = £ 1 : D . 

n'(QpD'(2) c ft. 

[(3).*251-55] 3 . WQ e ft (5) 

h . (5) . Exp . D 
h:.Hp.D:Qeft.C<QCft.Nc < C u Q= i >+ l.D.n'^ t ft:Oh.Prop 

#261-61. h : P e ft fin . OP C ft . I) . n/P e 12 

Dem. 
V . #261*6 . h :: <£„ . =„ : P e ft . C'PC ft . Nc'C"P = * . 3 P . ITPe ft :. D :. 
y e Nc induct - t'O - t'l . D : 0v . D . <p {v + c 1) (1) 

h . #200-12 . D h . ~ ( 3 P) .Pef2. OP C 12 . Nc'OP - 1 . 
[#10-53] Dh:Hp(l).D.<£l (2) 

h . #172-13 . #250-4 . D h : Hp(l) . D . <£>0 (3) 

h . #172-23 . #251-55 . D h :. F+ £ . Y, Z e ft . D : 11<( 7 J, Z), TL<(Z I Y) e 12 : 
[*55-54.*204-13] D : P e Ser . OP = l'Y v i'Z .0 . WP e £1 (4) 

K (4). #54-101 .3HHp(l).D.tf>2 (5) 

h.(2).(3).(5). 3h:.Hp(l).3:$0:i/£t'0wi < l.<fw/,O.tf>(v+ l) (6) 
h . (1) . (6) . D h :. Hp (1) . D : v e NC induct . £i/ . 3„ . tf> (i> + 1) : £0 : 

[#120-13] D:aeNC induct. D a . <£a (7) 

h . (7) . #13191 . D h : P e ft . OP C ft . Nc'OP e NC induct . D P . n'P e ft : 
[#201-14-42] D h : P e ft fin . OP C ft . D P . n'P e ft : D h . Prop 

#261-62, h : P e ft . Q e ft fin . I) . P« e ft 
Dem. 

h. #251-51. I) h : Hp. 3! P. D.P|^e ft (1) 

h. #165-26. I) h : Hp. I). OP I^QC ft (2) 

h . (1) . #16525 . #26118 . I) h : Hp . & ! P . D . P | ?Q e ft fin (3) 

I- . (1) . (2) . (3) . #261-61 . D h : Hp . g ! P . D . IV P \ *Q e ft . 
[#176-181-182] D.P Q eft (4) 

h. #176-151 .#250-4. Dh:P=A.D.P«€ft (5) 

I- . (4) . (5) . D h . Prop 

B. & W. III. 
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*261 63. h : E ! B'R . P G Q . x e C'Q np'ty'C'P . D . 

(t'x) t C'R e C'Q R Kp'QX"C'P R 
Dem. 

h . #11612 . D h : Hp . D . (t'x) | C'R e (C'Q f C'R) A 'C'R . 

[#176-14] D . (t'x) t C'R e C'Q R (1) 

h . #116-12 . #9311 . D h :. Hp . S e (C'P f C'R^'C'R . T= (t'x) t C'R , D : 

(8' B'R) Q (T'B'R) : - (%y) . ^ (£<£) : 

[#10'53] D : (#<£'£) Q (T'B'R) : yR (B'R) .y$B'R.l y . S'y = T'y : 

[*176-19.(1)]D:S(Q R )T (2) 

I- . (2) . #17616 , D h :. Hp . D : S e C" P* , D . £(Q«) {(i'x) f <7<£} (3) 

h.(l).(3).DKProp 

#261-64. h : £ e O fin - t'A . P less Q.D.P R less Q R 

Dew. 
K*254-55.D h: Hp . D . ( a F) . P' smor P . P' G Q. 3 ! CQ^p'O^'CF . 
[*26r63.*25013] D . (gP') . F smor P . P' G Q . 3 ! C'Q* r. p'^"C'(F) B . 
[*l76"35-22] D . (>&M ) . ilf smor P* .ifGf .g! C'Q B «p'QX"C'M . 

[*254-55.*26r62] D . P* less Q* : D r- . Prop 

#261-65. hiPeninfin.Qefinn.D.QlessP 
Pern. 

t- , *26M1-14'42 . h : Hp . D . C'P e Cls refl . C'Q e Cls induct . 
[#124-26] D . Nc'C'P > Nc'C'Q . 

[#255-75] D . Q less P : D h . Prop 



*262. FINITE ORDINALS. 

Summary of #262. 

Finite ordinals are defined as the ordinals of finite well-ordered series ; 
infinite ordinals are defined as the ordinals of infinite well-ordered series. 
In virtue of #261 "42, finite ordinals are those whose members have fields 
which are inductive, and are also those whose members have fields which are 
not reflexive. Finite ordinals have the formal properties which cardinals have 
but which relation-numbers and ordinals in general do not have, i.e. their 
sums and products are commutative, and the distributive law holds in the 
form 

fi X (v + vr) = (fi X v) + (/* X v), 

as well as in the form 

(v + v) X /* = (p X /*) + (w X fi), 

which was proved generally in #184*35. 

The distinguishing properties of finite ordinals are most readily- 
established by means of their correspondence with inductive cardinals. In 
general, two well-ordered series whose fields have the same cardinal need 
not be ordinally similar, but when the cardinal of the fields is inductive, 
the two series must be ordinally similar. Hence the ordinal of a finite well- 
ordered series is determined by the cardinal of the field of the series- We 
put generally 

^flA&'/t Df. 

The result is that, if fi is an inductive cardinal, /x r is the ordinal of all those 
series whose fields have /m members. Thus there is a one-one correspondence 
of inductive cardinals and finite ordinals ; and in virtue of this correspondence, 
the formal properties of finite ordinals can be deduced from those of inductive 
cardinals. 

It will be observed that, according to the definitions already given, 
I- . r - H r> C"A by #25043, 
h.2 r = Hrt 5" 2 by #250-44. 
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Hence the notations 0,., 2,. are particular cases ot the general nutation ,u r . 
But in virtue of *200'12, we have, by the definition of /x,., 

r.l r =A, 
so that 1,. does not take its place in the series of finite ordinals. 
Our definitions in this number are 

NO tin = N r"li fin Df, 
NO infin = N„r"ft infin Df, 
/^^(IrtC'V Df. 
It will be observed that for the sake of convenience we have defined NO fin 
and NO infin so as to exclude A. The definition of /j, r is chiefiy useful when 
fju is an inductive cardinal. 

The number begins with various elementary propositions, partly embody- 
ing the definitions, partly concerned with /j,,.. We have 

*26212. h:P 6y u r .= .Pen.C'Pe/i 

*262'18. rs^NCgl^.D./i-OV 

This proposition does not require that ^,. should be a relation-number. 
If (i is a reflexive cardinal, fx, r is not a relation-number unless it is null, 
because series of many different relation- numbers can be made with a given 
cardinal number of terms. When ^ is a ca^'inal, "g ! fi" means that classes 
having fi terms can be well-ordered. 

#262 19. h :. fi, v € NC .^If/^.D: fju = v. = .fji r =v r 

Thus the relation of p, to fi r is one-one so long as jj, is the cardinal number 
of a class which can be well-ordered. 

We next prove that if p is an inductive cardinal other than A or 1, y^ r is 
a finite ordinal, and that every finite ordinal is of the form /x r for an appro- 
priate /x. We have 

*262 21. h : p € NC induct - i'A - t'l . D . a ! /*, 
*262'24. h : ft e NC induct - i'A - t'l . D . ,*, e NO fin 

We prove this by means of an inductive proof that two series are similar 
if their fields are inductive and similar. 

*26226. h : a e NO fin . = . (g/x) . fi e N C induct - i l \ . a = ^ 

Hence we easily obtain the properties of finite ordinals from those of the 
corresponding cardinals. Assuming that /*. v are inductive cardinals other 
than 1, we have 

*26233. p r -j- v r = (fx, + v) r 
*26235. (JL r + 1 = 0* + l)r, if /* + 0, 
*262'43. /i r Xv r = (|ix v) r 
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#262-53. ,u, exp,. */, = (>% if i/ + 0, 

#262 7. fl> V. = .fl r >Vr 

Hence if a, /3, 7 are finite ordinals, 

#2626. a 4-/3 = /3 + a 

#262 61. a * £ = /3 X a 

#262 62. «x( / 3 + 7 ) = (ax/3) + (aX7) 

#262 63. (a X /9) cxp, 7 - (a exp, 7 ) X (/3 exp, 7) 

Thtis tlie arithmetic of finite ordinals obeys the same formal laws as the 
arithmetic of inductive cardinals. 

#262 01. NO fin = N (J r"ft fin Df 

#26202. XO infin - N„v«n infin l)f 

#26203. fi.^ilrsC"^ Df 

#2621. (- : * e NO fin . - . (g/ J ) . i> € £1 fin . a - N t) r'P [(#262'01)] 

#26211. (- : a e NO infin . = . ( a P) . P c fi infin . a - NV'P [(*262-02)J 

#262111. H:.«eNOfin.H:a e N a O : a 4= i+«.v.a=0,: 

= :«e NO : a 4 1 + <* . v . a = 0, 
7Je7/i. 

K #262-1 . D 

i- :. a e NO fin . - : a e N„0 : ( a />) ./' t -flfln.a= Nr'P : 

[*2fil-3(j] -:cte N„0 : (g/*) : Xr'/ J 4= 1 + Nr'/' . v . P - A : a = Nr'P : 

[(*2o5-0-S)] h : a e N„0 : a 4= i + a . v . a - 0, : (1) 

[*lS()-4.*15:V5]=:aeNO:a4= i 4-a.v.a-<), (2) 

l".(l).(2).Dh. Prop 

#262112. h: at NO infin.- .«eN„0 -t'0,. i 4-a = a 
[*2(;2-m.Transp.*2<n-13] 

*26212. h:/'^,. i./'ed. d'Pefi [(#202-03)] 

#26213. MNr'PeNOfin . -r . Pe (1 fin . = . Pe H . (7<P «■ CIs induct 

Dem, 
V . *2G2-1 . D h : Xi'/'eXl ) (in . - . ($(}) . Q e H fin . NVP - NV^ . 
[*l52-3.5.*ir,r>-13j . (aQ).^e il fin- Pernor Q. 

[*2GNN3] .P € m\u. (') 

[*2(il-42-I4J . PefKCPeOls induct <-') 

h .(l).(2).Df- . IVop 
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*26214. b : Nr'P e NO infin . == , P e ft infin . - . P <r n . C'P e Ola refl 
[Proof as in #26213] 

#262 15. h :. a e N O . D : a e NO fin . = . C"a e NC induct 
Bern. 

h. #26213. #12021 . D 

b : N r f P e NO fin . = . P e H . N c'C"P e NC induct (1) 

h . (1) . #2511 . D 

b :. N r'P e NO . D : N r'P e NO fin . = . N c'C'P e NC induct . 

[#152-7] = . CN^'P e NC induct (2) 

I- . (2) . *155-2 . D h . Prop 

*26216. h:.aeN,O.D: 

a e NO infin . = . C"a ~ e NC induct . = . C«a e NC refl 
[Proof as in #26215] 

#26217. h : P e H . D . P e (Nc'C'P), 

Dem. 

b . #100-3 . D b . C'P e Nc'C'P (1) 

h . (1) . #26212 . D h . Prop 

#26218. h: f teNC.a!/ Ar .D.ft=(7"/A r 

Dem. 

h. #26212. Db.C'%Cfx, (1) 

h. #26212. Dh:a 6/i .Pe/i r 0.a, C'Pefi (2) 

h . (2) . #100-5. D h : Hp . a e /* . P e/* r . D . asm C'P . 

[#731] D.{RS).Sel->l.a=V<S.C'P=a'S. 

[#1511. #150-23] D . faS) . S'PsmorP. C'S>P = a. 

[*251111.#26212] D . (gS) . #P e H . C^P= a . 

[#26212.Hp] D . ( 3 S) . S">P e ^ . C<£»\P= a . 

[*37'6] l.aeC'nr (3) 

h. (3). #10-23. DhiHp.D.^CC'Vr (4) 

h . (1) . (4) . D h . Prop 

#26219. h :. /*, v e NC .ft 1 fi r .D : fi=v .= . /*,= v r 

h. #26212. Dh: p = v .2 . fir = v r (1) 

h . #26218 . 3 (- : Hp . ^ = Vr . D ,fi = C"u r 

[#262-18] =„ (2) 

h.(l).(2).Dh.Prop 
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*262*2. h . Cls induct - 1 = C"{Cl n 0nv"O) 

hem. 

V . #26129 . 3 K Cls induct - 1 = C"(H * Cnv"H) - I 

[#20012] = C"(tt * Onv"fl) . 3 h . Prop 

#262 21. K : /* <r NC induct - t' A - t'l . D . g ! /*,. 
Dem. 
I- . #1202 . *100'43 . D h : Hp . D . (ga) . a € p . a e Cls induct . a ~ e 1 . 
[*262-2] D . (ga, P) . ae/* . PeH . C"P = a . 

[#26212] 3 . g ! fi r : D 1- . Prop 

*262211. h : a e Cis induct - 1 . D . g ! (Nc'a) r * t*'* 

hem. 
Y . #26221 . #103 12 . D 1- : Hp . D . g ! (N c'a) r . a e N c'a . 
[#26212] D . (gP) . F e (Nc'a) r . C'P e N„c'a . a £ N c'a . 

[#63-13] D . (gP) . P e (Nc'a)r . (7<P e *<a . 

[*64-24.*35 9] 3 . (gP) . P e (Nc'a) r . P e i'(a | a) ■ 

[#6411] D . g ! (Nc'a) f a C« : 3 I" • Prop 

#262212. f-:/*=|=0./*4=l.Pe(^+ l) ri D.Pt<3'Pe/V 

Dm. 
K*26212. Df-rHp.D.C'Pf/A+.l.Pen. (1) 

[*110-4] 3./*eNC-t'A (2) 

h , #93-103 . #25013 . D 1- : Hp . D . C'P = t< B' P u d'P .B'P~e d'P . 
[#110-63] D . Nc'C'P = Nc'd'P + c 1 - 

[(1).(2)] D./*+ a l = Nc'a'P+,l. 

[#120-311.(1)] D.^Nc'a'P.PeO. 

[*202-55.*250-141] D . A = Nc'C"(P £CI<P) . P £(I<P e £1 . 

[#2621 2.*100-3.(2)] D . P £ CI'P e^:DK Prop 

#262-213. f- :./*4=0./x+ 1 :P,Qe^. D PiQ . PsmorQO : 

P, Q e (/* + c l) r . D/>,e . P smor Q 
Dem. 

K*2622 121 2. #120124.3 

H-.Hp.P.Qc^+^^.D.PDd'P^^'Qe^-^.Q^-^A. 

[*1 ll.Hp] D . P £(FP smor Q t<l'Q . P, Q e fl - i'k . 

[#25017] D . P smor Q : D r- . Prop 



130 SERIES [PART V 

#26222. \-ifie NC induct . l\ Q e ft,. . D . P smor Q 

Dem. 
r.*l53101 .*2<]2i2.I>l-:P, f^eO, .D.Psmor (^ (1) 

h.*200i2. DK1, = A. 

[*10o3] D h : P, Q e 1,. . 3 . Pernor Q (2) 

h.*153-202. D(-:7 J , ^ t -2,. .3. PsnmrQ (3) 

K(2).(3).*2-02. 3f-:.^ = 0.v./i=l: 

7', Q e ^, . O rA) . P smor Q : D : P, ^ e ( M + c 1),. . 3^ . 7> smor (<) (4) 
h.(4).*262'213. D 

\-:.P,Q€/j, r . D Pf g. Psmor^: D : P,Q6(/i+ c l) r . D^y . Psnior Q (5) 

h . (5) . (1) - Imlnct . 3 1- .Prop 

*262 23. I- :. P, Q e O fin . D : C"P sin (!<Q . - . P smor ^ 
7^t , »/i. 
I-.*2C2-I7i3. D 

I- : Ifp . C'Psm C'tf. D . 7>, Qe(NVC'P), . NVC'P e NC induct . 
[*2G2-22] D.Psnmr^ v l) 

l-.(l).*151-lS.Dh.Prop 

The above is the fundamental proposition in the theory of finite ordinals, 
since it enables us to reduce relations among finite ordinals to relations among 
the corresponding cardinals. 

*262 24. h : y, e NC induct - i<A -L ( l.D.y,€ NO fin 
Dem. 

h.*2G2-21. Dh:Hp.D.a!^, (1) 

h.*2(i2-22. Dh:Hp.Pe K .3./i r CNr ( P (2) 

h . *262-12 . *151-1S . D h : Pe /i r . D . Nr'P C M , (3) 

r . (2) . (3) . D f- : Hp . P e M ,. . D . ^,= Nr'P (4) 

r.(l).(4). Dh:Hp.D.^eNR-i'A (o) 

I- . *262-12 . D h : Kp . P 6 M , . D . C'P e Cls induct . 

[*2G2-13.(4).(5)J 3.fL r € NO fin (6) 

K(l).(G).3l-.Prop 

*262-241. h :. y e NC induct . P e 12 . D : //, - Nr'P . = . M = Nc<C<7> 
Pern. 

f- . *100-3 . D (- : Up . fi = Nc'G"P . D . C'P e M . 

[*2G2-12] D.Pe/i,.. 

[*1 5245.*202-24] I> . A , = Nr'P ( I ) 

r-.*152-3.*2(;2'lS . D h : Hp.^, - Nv'P . 3./x=C"Nr'7 

r*152-7] D.^NVCP (2) 

l-.(l).(2).Dh.Prop 
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#26225. h : (g^t) . /* e NC induct -('l-i'A.a-/x,.= .«eNOfin 

.Dew. 
K #262113. D 

haeNOfin.D. (gP) . P e ft fin . a = Nr'P . Nc'C'P e NC induct . 
[#262-241] D . (gP) . P e ft fin . a = Nr'P . (Nc'C'P),, = Nr'P . 

Nc'C'P 6 NC induct . 
[#13-172] D . (gP) . a = (Nc'C"P) r . Nc'o-Pe NC induct . 
[#200-1 2.#262-l .#155-1 3] D . (g>) . y* e NC induct - t'l - i'A . a = ^ (1 ) 
h . #26.4-24 . D h : ( a/jt ) .'^ e NC induct -t'l-i'A.a = fr .D.aeNO fin (2) 
K(l).(2).I>KProp 

#262-26. h : a e NO fin . = . fap.) . /x e N C induct - i' 1 . a = /x, 
[#262-25 . #103-1 3-34] 

#262-27. h:«,/rfeNOfin.D.a + /3eNOfin 

Dem. 
h. #18021. Dh:Hp. Pea. Q € $ .3 . P + Qea + (1) 

K #251-24. DhrHp.D.a + ^eNO (2) 

h . #180-111 . D h : Hp (1) . D . Nc'C"(P + (?) = Nc'(C'P + C'Q) 
[#110-3] = Nc'C'P + c Nc'C'Q (3) 

h . #262-13 . D H : hp (1) . 3 . Nc'C'P, Nc'C'Q e NC induct . 
[#120-45] D . Nc'C'P + c Nc'C'Q e NC induct (4) 

K (1) . ( 2 ) ■ #155-26 . #251-122 . D 

h:Hp(l).3.P + Q e Q.« + i 8 = N r'(P + Q) (5) 

K(3).(4). 3h:Hp(l).D.C'(P + Q)eCtsindnet (6) 

h . (5) . (6) . #262-1 . #261-42 . D h : Hp (1) . D . a -i-£ e NO fin (7) 

h. #2621 .#155-13. Df-:Hp.3.g!a.a!^ (8) 

K (7) . (8) . D H . Prop 

#262-271. h : a, £ e NO fin . D . a X £ e NO fin 

[Proof as in #26227, using #184'12 . #16612 . #251-55 . #120-5] 

#262272. H : a, e NO fin . D . a exp r /3 e NO fin 

[Proof as in #26227, using #186-1 . #17614 . #261-62 . #120-52] 

#262-31. l-:/x,^NC.D./i r + ^C(/i + c v) r 

Dem. 
K #180 2. 3 

H:.Ze/*, + i/ r . = :( 3 P,Q).^=N r'P.i/ r = N r'Q.^smor(P + <2): (1) 
[*180-111.#151'18] D : (gP, Q) . /x r = N r'P . i/ r = N r'Q . C'Zsm (CP + C'Q) : 
[#1551 2] 3 : ( 3 P, Q).Pe/t,.Qev r .C*Z sm (C'P + C'Q) : 

[#26212] D : (gP, Q).C'Pe fi.C'Qev . C'Z sm (C'P + C'Q) : 

[#11021] DrHp.D.C'Zc/^i- (2) 

l<> 
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K(1).*262-12.*15512.D 

\-:Z€Hr + v r .l.('3.P,Q).P,Qeil.ZsmoT(P + Q). 

[*251'25.*180'11-12.(*18001)] D.^ell (3) 

h . (2) . (3) . #26212 . D r :. Hp . D : Zefi r + v r . 3 . Ze (fi + c v) T :. D h . Prop 

#262-32. h : /*, v e NC induct . P e fi r . Q e v r . D . P + Q e /i r + v r 
Dem. 

V . #200-12 . #26212 . D f- : Hp . 3 . p t v t - t'l - t'A . 

[*262-24] D./^jveNO. 

[#18021 ] D.P + Q f/ i r + i/ f :Dl-. Prop 

*26233. l-:/t,^NC induct - t'l . D . >^ + v r = (/* + v) r 

h . #26212 .3»-:. / 4 = A.v.»'-A:D:/* r =A.v.y r = A: 

>180'4] D:^. + »v = A (1> 

(-.#110-4. Dh:.|t«A.v.i/-A:D,/*+ a »"=A. 

[#262-12] D.(/*+ y) r = A (2) 

h. #26232. DriHp.Pe^.Qeiv.D.P+Qe/^-i-iv- (3) 

[*180-42.*1 52-45] D .^. + »» r = Nr'(P+Q) (4) 

K (3). #262-31. Dh:Hp(3).D.P + Qe0i-f- o »')r. 

[#12045 .#26224] D . P + #e(/i + i>)r . (fi + ^fNR . 

[*l52-45] D.(/x+ cV ) r =Nr'(P+Q) (5) 

h . (4) . (5) . #1023 , #262-21 . D f- : Hp . g ! /* . g ! v . D . /^+ »v = (/* +„ v) r (6) 

H . (1) . (2) . (6) . D h . Prop 

The above proposition still holds (as we shall now prove) when one of 
fi and v is equal to 1, but not both. When both are equal to 1, ^.-f-'V— A, 
while (/i+ oV ) r =2„. 

*262*34. hi/teNC-t'O.D.^ + iCOi+olV 

Dem. 
r . #181-2 Oh:. Zefi r + 1. = : (aP,#) . ^ = N r'P . £smor(P4*#) (1) 

r . #181-6 . #152-7 . D t- : g ! P . D . Nc'C"(P 4>^) = Nc'CP + c 1 (2) 

H.(1).(2).D 

r :. Hp . 3 : Ze ,^ + i . Z> . ( a P) . ( i r = N r'P . Nc'C"Z = Nc<C"P+ 1 . 
[#262-24112] D . ( a P) . ^ = Nor'P . Nc<6^= /* + 1 . 

[#100-3] D.a^€^+ 1 (3) 

f-.(l). #26212. #15512. Dh:^ e/ « r -fi.D.(aP).P€n. Mr =N r'P. 
[#2511132] O.^+ieNO. 

[#251122] D.Zeli (4) 

I- . (3) . (4) . #262*12 . D h :. Hp . D : ^€ /*,+ i . D . ^€ (« + l) r :. D h . Prop 
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*262'341. h : fi e NC induct . Pe /^.D . P+>xe n r + l 
Dem. 

\- . #20012 . #262*12 . D r : Hp . D . jx e - t'l - t'A . 

[*262'24] 3./i r eNO. 

[#181*21] D.P4*«e/i r +i:Df-.Prop 

#262 35. h : y, e NC induct - i<0 - t'l . 3 . Mr 4- 1 = (m + c l)r 

Dew. 
K #262-12. Dh: /A = A.3./* r = A. 

[*181*4] 3.^41 = A (1) 

h.*1104. Dh: f t = A.D./i+ c l = A. 

[#262-12] D.(/i+ c l) r -A (2) 

h. #262*341. DhiHp.Pe^.D.P-^ice^ + i. (3) 

[*181*42.*15245] D-Mr + l = Nr'(P4»#) (4) 

h.(3).*262'34.Dh:Hp.Pe /ir .D.P4>are(^+ol)r. 
[*120-45.*262-24] D. P4*^e(^+ l) r .(^+ c l) r eNR. 

[*15245] 0.(fi+ e l) r =Nr<(Pi>x) (5) 

H.(4). (5). Dh:Hp. a ! /4r .D.^ + i=( A t+ e l),: 

[•262-21] DhiHp.H*/«.:>-Mr + i«<Ai+.l> (6) 

h.(l).(2).(6).Dh.Prop 

#262*36. h : /* e NC induct - t'O - t'l . D . i + Mr = (1 + c mV 

[Proof as in #26235, by means of analogues of #262-34*341] 

#262*41. (-s/t^eNC.D.^^j'.C^x,,^ 

[Proof as in *262'31, using #1841-5 . *113-21] 

#262*42. h : fi, v e NC induct .P e Hr.QeVr.D . P xQefi r Xv r 
[Proof as in #26232, using #184-12] 

#262*43. h : /*, r € NC induct - t '1 . D . ^ X v r = (m x *) r 

[Proof as in #26233, using #18411 . #113-204 . #18415 . #1205] 

#262*51. V'.fie NC . v e NC induct . D . Mr exp r i/ r C (fi v ) r 

Bern. 
h. #186-5. 3\-: / x r>Vr eN R.v$0.Rt:n r exv r v r .3.C t Re(C"nr) c "'" (1) 
h . #18611 . 3 h : tfe^exp,.!/,. . D . g '-Mr ■ 3 ! v v (2) 

t- . (1) . (2) . #26218 .Dh:Hp.i/=|=O.R€Mr exp r i-, . D . <7'.R e m" ( 3 ) 

h. #26212. Df-..MrCa. 

[(2).*251-1.#186'11] Dh:fieMrexp r »v.3.MreN0 (4) 

h. #262-24. Df-:Hp.i/+l.i'=HA.D. I / r €NOnn (5) 

V . (2) . (4) . (5) . #261 -62 . D 'r : Rp . i/ + 1 .# e Mr exp r v r . D.Ren (6) 

I- . (2) . #20012 .D\-:Re>t r exp r v r . D . v + 1 (7) 

h . (3) . (6) . (7) . D h :. Hp . D : R e fi r exp r i/ r . D . 72 e H . C'R ep? . 
[#262*12] D . R e {fS) r '..DY. Prop 
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#262 52. h:^j/e NC induct . P e ^ . Q e v r . 3 . (P exp Q) e (/j, r exp r v r ) 
Dem. 
h . #200*12 . #26212 . 3 h : Hp . 3 . p, v e - t ( l - t'A . 
[#262*24] D./i r)l / r eNO. 

[*186-13.*152-45] 3 . (P exp Q) e ( M , exp, ,v) OK Prop 

#262 53. h : /a, i> e NC induct - i'I . v =}= . 3 . /*,. exp,. v r = O"),. 

Dew. 

K #202 12. #18611. Dh:./*=«A.v.i/ = A:3./A P exp r i/ r = A (1) 

h - #116-204 . #262*12 .Dh:.^=A.v.i/ = A:D. (/i") r = A (2) 

h . #262*52 . 3 h : Hp . Pe/i, . Qe v r . 3 . (Pcxp Q) e{fi r exp, i/ r ) . (3) 

[*186*13.*152-45] 3 ■ Nr r (Pexp Q) = ^,.exp r v r (4) 

h . (3) . #26251 . 3 h : Hp (3) . 3 . (P exp Q) e ( M "), (5) 

K (5). #120*52. Dh:Hp(3).D.ft"cNCindiict. (6) 
K(o). 3h:Hp(3).3.g!(/0,- 

[*20012.*262-12] 3 ■ m" + * ( 7 ) 

h . (G) . (7) . #262*24 . 3 h : Hp . J . (fi") r e NO (8) 
h . (5) . (8) . #152*45 . 3 h : Hp (3) . 3 . Nr'(P exp Q) = (fi") r . 

[(4)] 3.^ex PrI / r =(^) r (9) 

h. (9). #262-21. 3h:Hp.g!,i.gU.3./z r exp r r r ---=<yX- (10) 
t-.(l).(2).(10).3h.Prop 

We are now in a position to establish the commutative property of 
addition and multiplication of finite ordinals. This is effected by means 
of #262-33 and #262-43. 

*2626. !-:«,#€ NO fin. :>.« + £ = £ + « 

Pern. 
h . #262*26 . 3 h : Hp . 3 . (g/t, >■) . /*, v e NC induct - t'l . a = ^ . £ -= *> r • 
[*13*12] 3 . (g/i, i;)./!,^ NC induct - i'I .a + fi= f jL r + v r .cL = (jL r .@=v r . 
[#262-33] 3 . (g^, v) . /a, v e NC induct - i'I . a + £ = O + i/) r . a = fi r ■ £ = v r 
[#110-51] 3 . (g/*-, v).fi,ve NC induct - i'I . a -i- @ = (v + c /x) r . « = ft r . /3 = v r . 
[#262*33] 3 . (g/* 5 ■'J.^hNC induct - t4 . a + £= ia-+ f* r ■ « = /ir ■ £ = »v ■ 
[#13-22] ~.a + £=/S + a:3!-.Prop 

#262-61. h:a,£€NOfin.3.ax£ = £Xs 

[Proof as in #262*6, using #262*43 and #113*27] 

#262*62. f-:a,^,7 6NOfin.3.aX(^ + 7)-=(aX/8) + (aX7) 
Dem. 
h. #262-27*61. 3 h : Hp . 3. <xx(j3 + v)^(0 + y)xcc 
[#1 84-35] = (0 X a) + (7 X a) 

[#262 61] =(ax^) + (aX7) = ^l~-Prop 
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*26263. h : a, & 7 e NO fin . D . (a X £) cxp r 7 = (a exp, 7 ) X <@ exp r 7) 

Z)em. 
K #262-26.3 

h : Hp . D . (g>, i/, cr) . fi, v, sr e NC induct — t'l . a = p r . /3 = v r . y = ov (1 ) 

h. #26243. D 

h : /*, v, ht e NC induct — t'l . D . (/1,. X i>,) exp,. «j r = (/a x c v) r exp r «. ,. (2) 

h . #113-602 .3h:/i = 0.y = 0.D./xx c i/=fl (3) 

t- . #117631 . D h : /*, 1/ e NO - i<0 - t'l . D . /a x c v 4= 1 (4) 

h.(3).(4). DhHp(2)J.^ c ^l (5) 

K *120'5. 3 t- : Hp (2) . D . ^ x c v e NC induct (6) 

h . (5) . (6) . #202-53 . D h : Hp (2) . m + 0, . D . (/* x c 1/), exp r «-,. = j( M x c !>)*}, 
[*11G'55] = (/*» x 1/*),. (7) 

h . #117-652 . D I- : Hp (7) . fx + 0,- . D . p? ^ ft x c ct 

[#117-631] D./^ + l (8) 

h.*116 311.DI-:Hp(7). A t=0 r .D.a^4l (9) 

h.(8).(9). Dh;Hp(7).D./*- + l (10) 

Similarly h : Hp(7) . D . v"% 1 (11) 

h .(10) .(11). #120-52 . #26243 . D h : Hp (7) . D . (^ x i/ w )„ = (/t*), X (^) r 
[#262'53] =(/i, r exp J .«r,.)x(y r exp,.iB-,.) (12) 

h.(2).(7).(12).D 

h : Hp(7). D.(^ r Xy r )exp r 'Er r = (/A r exp r w r )x(v,.exp r nr r ) (13) 

h.(l).(13).*262-19.D 

t- : Hp . 7 4 r . D . (a X j9) exp, 7 = (a exp r 7) X (J3 exp r 7 ; (14) 

I- . #186-2 . #184-16 . D 

h:Hp.7 = r .3.(«X/S)exp r y = 0,.(aexp,7)X(i3exp r 7) = r (15) 

K(14).(15).DKProp 

#26264. h:a<=NOfin.3.a + i = i+« 
Dew. 

h . *262-35-3626 . #11051 . D h : Hp . a 4= r . D . a+ \ = i +a (1) 

K #161 -2-201. Df-:a = r .D.a+i = 0,.i+a = r (2) 

K(l).(2).DKProp 

#269/65. h : a,# e NO fin. £ + r O.a*0S+i) ==(«*£) + « 

Dew. 

h . #262-61 . D h : Hp . D . a X (£ + 1) = (/9 + i) X a 
[#184-41] =(£x«) + a 

[#262-61] = (ax£)-i-a:Df-.Prop 

#262-66. h:a,/3eNOfin./8 + r .D.ax(l+£) = ai(ax£) 
[Proof as in *262"65] 
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#262*7. \- :.fi,ve NO induct - t'l . D : fx > v . = . /* r > iv 

h . #26221 . #11712 . D h : Hp . M > j/ . D . a ! /i r . a ! f, . 

[#26218] -}. l L = C"p r .v = C"v r . (1) 

[*255-76.*262-24] 3 . ^ > ^ (2) 

I- . *120441 . D f- : Hp . ~( A > v) . 3 . /*< v (3) 

h.(l). Dh:Hp./*O.D./« r <i', (4) 

h . #26221 . D h : Hp . p = sm"V . 3 . (gP) . /i = N c<C<P . /* = sm"i» . 
[#103-4] D . (gP) . ft, = N c'C'P . v = Nc'CP . 

[#262-241] 3 . (gP) . /v = N r'P . ^ = Nr'P . 

[#1554] D . fr = smor"z/ (5) 

h . (4) . (5) . #1 17-104 . D h : Hp . /* < v . D . ^ ^ v r (6) 

I- . (3) . (6) . #255-483 . 3 h : Hp . ~ O > v) . D . ~ (/** > i/ r ) (7) 
K(2).(7).Dh.Prop 

#26271. h : a e NO fin - i'0 r . D . (g£) . £ e NO fin - i'0 r ut'i.a = ^ + i 

Dem, 

h . #26211 . #261-24 .Dh:Hp.D.g!an a<(B j Cnv) (1) 

I- . (1) . #204-483 . (#18104) . D r- . Prop 
#262-8. h :a,/9eN0. 7 6NOfin.a<^.D.aexp r 7<^exp r7 [#261-64] 
#262-81. h :a /3eN O . 7 e NO fin . aexp r7 = /9 exp r7 . D .a = smor"/9 

h . #262-8 . Transp . #25542 . D h : Hp . D . ~ (a < £) . ~(a > £) , 
[#2551 12] D . a = smor"/3 .Oh. Prop 

#262-82. h:«eNOfin./9eNOinfin.D.a<yS [*261'65] 

#262-83. h : a e N O - t'0, . £,7 eNO fin . /? < 7 . D . a exp r £ < aexp r 7 
i)em. 

h. #255-33. Dh:.Hp.D:(acr). CT 6NO-^0 r . 7 = yS-{- CT .v.yS^0 r . 7 =^4-i (1) 
h. #254-51. Df-:QCP.D.^(P less Q) (2) 

K (2) . *255'1 . D h : 7 = £ + «■ . D . ~ (7 < «■) (3) 

h . (3) . #262-82 . Transp . D f- : Hp . 7 = # + ot . 3 . «r e NO fin (4) 

K #186-14. D h : Hp(4).CT=f r ./3=j=0,..3.«exp r7 = (aexp r /9)x(aexp r w) (5) 
h . #26271-272 . D h : Hp (5) . D . (gS) . S e NR - i'0 r ut'i.a exp r £ = 8 + 1 . 
[(5).(4).*255-573] D . a exp r 7 > a exp r £ (6) 

h . *255'51 . D h : Hp (4) . «r =f= r . £ = r . D . a exp r 7 > a exp r ff (7) 

h . #18622 . D h : Hp . £ + r . 7 = /3 + l . D. aexp r7 = (a exp r /3) x£ . 
[#262-71. #255-573] ?. aexp r7 > aexp r £ (8) 

h . (1) . (6) . (7) . (8) . D h : Hp . D . exp r 7 > a exp r /? : D i- . Prop 

#262-84. hiPefl-t'A . Q,R eft fin .Q less R.O.PQ less P* [#262-83] 



#263. PROGRESSIONS. 

Summary of #263. 

If R is a progression in the sense defined in *122, ie. a one-one relation 
whose field is the posterity of its first term, then R^ is a serial relation, and 
the series generated by R^ is of the type which Cantor calls tu, i.e. the 
smallest of infinite series. It is easy to prove that all progressions are 
ordinally similar, and that, if all inductive cardinals exist, the series of 
inductive cardinals in order of magnitude is of the type w. Thus w is an 
ordinal number, which is not null if the axiom of infinity holds. 

Most of the properties of w are easily deduced from the corresponding 
properties of "Prog," which have been proved in #122. The definition is 

o> = P{(ZR).R*¥rog.P = R po } Df. 

The axiom of infinity implies that 'Mess to greater" with its field con- 
fined to inductive cardinals is a member of &>, or, what comes to the same 
thing but is easier to prove, that {(NC induct) "j (+ 1)}^ is a member of a> 
(*263'12). Thus the axiom of infinity for the type of # implies the existence 
of w in the type t^'ac (#263132); and generally the existence of w in any 
type of relations is equivalent to the existence of N e in the type of their 
fields (#263-131), because K = D"<w = C"a> (*263'101). 

By using the fact that in a progression R (in the sense of #122) all the 
terms are values of v R) where every inductive cardinal occurs as a value of v 
(which was proved in #122), we easily deduce that if there are progressions 
they are the series that are ordinally similar to the series of inductive 
cardinals (#263'161). Hence both "Prog" and to are relation -numbers 
(#263-162'19). Moreover, by *122*21-23 f w consists of well-ordered series 
(#263*11). Hence to is an ordinal number (#263 2). 

We next prove that progressions are infinite series (#26323), and that 
a series contained in a progression is finite if it has a maximum (#263'27), 
and is a progression if it has no maximum (#26326). It follows that, 
assuming the existence of progressions or the axiom of infinity, to is the 
smallest ordinal which is greater than all the finite ordinals (#2633132). 
Connected with this is the fact that the predecessors of any term in a 
progression are an inductive class (#263"412). 
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*263"44"48 give various formulae for o>, any one of which might be taken 
as the definition. Wc have 

*263 44. Ko, = fl-t'AnP (d'A = d'P . ~ E ! B< P) 

I.e. progressions arc existent well-ordered series in which every term 
except the first has an immediate predecessor, and there is no last term. 

*263 46. h . co = fi n P (E ! B'P 1 . ~ E ! B'P) 

I.e. progressions are well-ordered series in which there is only one term 
having an immediate successor but no immediate predecessor, and there is 
no last term. 

*263'47. r- . to = n n P [a C C'P . X : a e Cls induct . = . & ! C'P n p'P«a} 

I.e. a progression is a well-ordered series in which any sub-class a stops 
short of some point of the series if a is inductive, but not otherwise. This 
proposition will be useful in the next section. 

*263 49. Kfifiny^flnP (CI'A = Q'P) = £1 n P (P = P fn ) 

I.e. finite well-ordered series and progressions together are those well- 
ordered series in which every term except the first has an immediate pre- 
decessor, and are also those in which every interval is an inductive class. 

F,rom #201 "45 it follows that, if P is an infinite wcll-orciered series, P 
confined to the terms at a finite distance from B l P is a progression, i.e. 

*263-5. h-.Peil infin . D . P t (l'B'P w P {tl 'B'P) e o> 

Hence it follows at oncn that an infinite ordinal is at least as great as w, 
and therefore infinite ordinals other than a> are greater than «, i.e. 

*263 54. h : « e NO infin - t'w . D . a => w 

The remaining propositions of this number are occupied in proving o> X 2 r =&» 
(#263"63) and to X a = w if a is finite and not zero (#263'(i6). It is not the 
case that 2 r X <w = <u or a X a> = w. 

Cantor has varied his definitions of multiplication as regards the onier of 
the factors. Originally, he adopted the same rule as we have adupted, but 
in later works he inverted the rule, so that what we call 2,. Xw he calls 
&> X 2,., and vice versa. Thus with his definitions in his later works, %■ X &> — &> 
hut to x2 r 4=&>- We have reverted to his earlier practice, for various reasons, 
but chiefs in order to have Nr'll^PJ, Q) = Nr'PxNr'Q (cf. *172). Which- 
ever rule we adopt, there are some inconveniences, so that the question as to 
which is chosen is not of great importance. 
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#26301. a) = P {(giZ) . R e Prog . P - R w \ Df 

#26302. N = £ v {/* e NC induct. i/ = (,*+ 1) rW VI Dft [#2C3] 
The above temporary definition of N is the same as that in #123. 

#2631. h : P € o> . = . (g£) . R e Prog . P = # po [(*26301)] 

#263 101. h . K = D"o> = C"<u [#1231 . #122141 . #91-504] 

#26311. Kd.Cfl 
Dam. 

I .*122'23'141.*2631.DI-:Pe(«.aC(7 f P.a!a.D.E!mii^a (1) 
K(l). #250125. Dr. Prop 

#26312. h : Infin ux . D . iV* po e *» [#12325 . #2031] 

#26313. I- : g ! K (x) . = . a ! <o ^ £»'# 

Dew. 

h . #263101 . (#65-02) . D 

I- : a ! K (x) . = . ( 3 P) .Pen.C'Pe t't'x . 

[#64-57 .#63-5] = . (aP) . P e a> . P e t nt x : D f- . Prop 

#263131. I- : a ! (No)- ■ = • a ! w rt C« [Proof as in #263-13] 

#263-132. h : Infin ax (x) . = . a * *> « f 33 ^ • 
Dew. 
I- . #12523 . #263-13 . D h : Infin ax (a;) . = . a ! *> « < u '<"«. 
[(#64-011-014)] = . 3 ! o> n V'x Oh. Prop 

This proposition asserts that, if the number of individuals of the same 
type as x is not an inductive number, then there is a progression whose 
terms aie of the type of t u x. This progression will be that of the inductive' 
cardinals which are applicable to classes whose terms are of the same type 
as x. 

#26314. r : R e Prog . P = R^.O . P= P tn = R ln . R = P, 

Dem, 

b . #121-254 . D I- : Hp . D . P, = R, . 

[*121-31.*122M6] ^.P,= R. (1) 

[Hp] l.(PXo = P- 

[#260-27.*263-l V 3.P fn ~P. (2) 

[#260-15. Hp] D.R fn = P (3) 

f- . (1) . (2) . (3) . D f- . Prop 

R. & W. III. 
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*263'141. hP^.D.i^ Prog . p = (p^ = (^ 
Dem. 
r . #263-1 O h : Hp O . (giJ) . R e Prog .P^R^. 
[#26314] ^.(^R).Re 1 Prog.P 1 = R.P^R fn .P = R po . 

[♦13-195J D . P, e Prog . P = (P^ = (P,)*, Oh. Prop 

The above proposition shows that every interval P(x>-*y) in a progres- 
sion is an inductive class. 

#263142 f- : R, S e Prog . ^ = S po O . i2 = # 

Dem. 

f- . #263-14 O h : Hp O . i2 = (S^X 

[#26314] =£01-. Prop 

#263143. \-:P,Qea,.P l =:Q l .O.P = Q 

Dem. 
h.*26310h:HpO.( aJ R ) -S). J R ) £eProg.P = J R po .Q = ^.P 1 = ^- 
[#26314] 0.(&R,S).R > S6?rog.P = R t)0 .Q = S po .R = P lm S=Q l .P 1 =Q l . 
[#1317] D.(ai2, J Sf). J R,iS'eProg.P = J B po .Q = S po . J K = S. 
[*13'17] D.P=QOh. Prop 

#263-15. h-.Re Prog .S = $v{veNC induct . a;« (i/ + c 1)^} . D . S e R smor i? 

Dem. 
I- . #123-3 . D I- : Hp O . S e 1 -> 1 . D'S = D'ii . (PS = NC induct (1) 
I- . #123-21 O f- . NC induct = C'JV (2) 

I- . #110-56-643 O r : Hp . (/*+„ l)N(v + c 1) O . v + c r= ^ + c 2 (3) 

r . (3) O h :. Hp O : 

x (S'> A") y . = . (g/t) . « e NC induct . x = (p + c 1)jz . y = (/* + c 2)u . 
[*121332-131] = . (fm) . /* e NC induct . (B'R) R^ x . (£<#) (iJ M | JJ) y . 

[*122-341.*121-342] s.^ity (4) 

I- . (1) . (2) . (4) O I- . Prop 

#263151. h : i2 e Prog O . i2 smor JV [#26315] 

#263152. b:Re Prog . Q smor it O . Q e Prog [*1 2332] 

#263-16. h:Re Prog . D . Prog = Nr<# = Nr'i^ [*263-151-152] 

#263161. I- : a ! Prog . D . Prog = Nr'iV [#26316] 

#263162. h.ProgeNR [#263161 . #154242] 
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1317. 

Dem. 



#26317. I- : P e to . 3 . <o = Nr'P = Nt'N^ 



f- . *263-l . D h : Hp . D . (gri?) . R e Prog . P = R^ . 

[*263-±ol] 0. (%R).R smor N.P = R vo . 

[*151o6] D.PsmoriVp . (1) 

[#152-321] D.Nr«P = Nr«tf po (2) 

h . #151-59 . h : P e ft) . Q smor P . D . Q t smor P x . 

[*263141152] D . & e Prog (3) 

h . *15083 . D I- : P e o> . jS e Q smor P . D . (^ = ^(POpo 

[#263-141] = SIP 

[#15111] =Q (4) 

h . (3) . (4) . #263-1 . D h : P e <u . Q smor P . D , # e <u (5) 

K(l). H--P,Qea>,-).PsmorQ (6) 

h . (5) . (6) . D I- : P e a) . D . ft) = Nr'P (7) 

h. (7). (2). Dr. Prop 

#26318. l-:a!».D.» = Nr'^ po [*263'17] 

#26319. H . <» t : N R [#2631 8 . #1 54242] 

#263-2. h . a) e NO [#263-19-11 . #256-54] 

#26322. h : P e cw . D . d'P C D'P . -E ! B'P . E ! B'P 
[#122141. #2631. #12211] 

#263-23. h . o> C fl infin 

Dm. 
h . #26135 . Transp . #263-11-22 . D h : P e <u . D . C r P ~ e Cls induct - t'A (1) 
r . #26322 . D I- : P e co . D . a ! C'P (2) 

r . (1) . (2) . D H : P e ft. . D . C'P ~ e Cls induct . 
|"*26M4-41.*263-11] D . P e 11 infin Oh. Prop 

#263-24. i- : a ! « . D . (u e NO infin [#2621 4 . #26317-23] 

*263'26. I- : P e a) . a ! a n C'P . ~ E ! max P 'a . D . P£ a e &) 

Dem. 
K #263-1. #205-123. D 

I- ? Hp . D . (gig) . R e Prog . P = R^ . g ! a n C"# . a n C'R C ^^"a . 
[*] ^2-442-45] D . (gi2) . R e Prog . P = i^ . P £ c - fP £ a) 2 e Prog . 

Pta={P[;a^(Pta) 2 }po. 
[*263-J] D.Pfcaeft>:DI-.Prop 

#263-27. H : P e o . E ! max/a . D . P £ aeO fin 
Dem. 

!■ . #122-43 . #263-1 . D f- : Hp . D . a r\ (J'P e Cls induct . 
[#37'41.*120-481] D . <7'(P £ a) e Cls induct (1) 

h . #263-11 . #250141 . D f- : Hp . D . P £ a <= 12 (2; 

I- . (1; . (2) . #261-14-42 .Dr. Prop 
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#263 28. h-.Peto.D. Scr n Rl'P Caufifiu [*204-421 . #263-26-27] 

#263 29. h : P e co . Q e ft fin . D . Q less P [*?61'65 . #263-23] 

#2633. h : P e « . D . less'P = ft fin 
Pew. 

H.*254-l.*zo3l7.D 

\-:Pea>.Q less P . D . a ! Nr'Q * Rl'P . Q ~ e a> . Q e ft . 

[*26317] 3 . (a jj) . R e Nr'Q n Rl'P . R ~ e a . 

< L *263-28] D . ( a B) . £ e Nr'Q n ft fin . 

[#261-183] D . Q e ft fin (1) 

h. (1). #263-29. Dh. Prop 

#26331. H:.g!o>.D:a<«u.E:.aeNOfin 

Dem. 
I- . #25517 . #26317 . D h :. P e <w . D : Nr'Q < <u . = . Q less P . 
[#263-3] = . Q e ft fin . 

[#26213] s.Nr'QeNOfin: 

[#152*4] D : a e NR . a < a> . = . a e NR . a e NO fin : 

[*255-12.*262-l.*152-4] D : a < a> . = . a e NO fin :. D h . Prop 

#263-32. h :. Infin ax . D : a < g> . = . a e NO fin [*263-31'12] 

#263-33. h:«<o).D.aeNOfin 
Pern. 

h.*2551 .#15513. Dh :Hp.D.g!a> (1) 

h . (1) . #26331 .DK Prop 

#26334. h . i + co = to 
Pew. 

r- . #262-112 . #26324 .DI-:Hp.a!<».D.i4-<» = a> (1) 
I-. #181-4. Dh:<u^A.D.i-i-a)=A (2) 

l-.(l).(2).Df-.Prop 

#26335. h:aeNOfin.D.a+a) = a) 

Pew. 
h ■ #180-61 . #26318 . D I- : g ! co . D . r + &> = &> (1) 

h. #180-4. Dh:» = A.D.O r + ( » = A (2) 

l-.(l).(2). Df-.O r -i- G > = o> (3) 

h . #181-57 . #263-34 .3\-.2 r + to=i+a> 

[#263-34] = co (4) 

r- . #262-36 . D I- : /* e NC induct - i'Q - i'l . . (/* + c l) r + a> = ^ + i + co 
[*263-34.*181"5S] =^ r -i-o> (5) 

f- . (5) . D I- : /i e NC induct - i f Q - t'l . /^ + &> = &> . D . (/* + l) r 4- to = oj (6) 
f- . (4) . (6) . Induct . D I- : fi e NC induct - t'O - t'l . D . ^ 4- a> = co (7) 

f-.(3).(7). D h : fi eNC induct - t'l . 3 . /*, 4- <u = a> : 

[#262-26] Dh:a6N0fin.D.fl + © = »:Dh. Prop 
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#2634 I- : P e cw . D . D'P, C Q fin . Nr' <D'P f = NO fin 
Dem, 

b . #254182 . D H : Hp . 3 . D'P, C WP . 

[#263-3] D.D r P,CHfin (1) 

h . *263'31 . D h :. Hp . D : a < Nr'P . = . a e NO fin : 
[#25611] D:aeNr"D'P f .EE .aeNOfin (2) 

h . (1) . (2) . D h . Prop 
*263'401. h : P e a> . a e sect' P - t r A - t'(7 r P , D . E ! max/a 

I- . *250'65 . D h : Hp . D . P £ a~ e Nr'P . 
[#26317] " D.Ppa~ea>. 

[*26326.Tranap] D . E ! max P 'a : D h . Prop 

*263'402. h : P e « . D . sent'P - t 'A - t'C'P =~P*"C'P 

jjem. 
h . #205131-22 . #263-401 . 3 

h : Hp . a e sect'P - t'A - t'C'P .D.au P"« = P'm&x P 'a u t r max P 'a . 
[#2111.*9154] D.a = P^max/a. 

[#205111] D l ae r P#"C'P (1) 

h. #211-313. Dl-.Jy'CPCsect'P (2) 

h. #90-12. Dh.P*"C"PC-t<A (3) 

h . #205-197 . D h * Hp . x e C'P . J . E ! max P 'P* r # . 
[#263-22] 3 . P*'tf =1= &P ( 4 ) 

H . (2) . (3) . (4) . D h : Hp . D . 1>*"C'P C sect'P - t'A - t' C'P (5) 

h.(l).(5\DKProp 

*263'41. h : P e « . D . P, £ D'P f = P t^P 

Dem. 
h.#21311141151.3 
h:.Hp.D:Q(P,pD'P,)i2.s.( a « >i 8).a >J 8e-HJt'P-i'A-t'C'P.«C/8.a+^. 

[#263-402] 

= .( a ^).^ e C<P.P*<*CxV^^^ 
[#200391] 

= .( a ^y).^ye^P.P^CP^.^ + «.Q=PtP*^.i2 = PD^* r y- 
[*204-32.#9012] 

= .(a^y).^p^.^+y.p^cP^.Q=PDP^. J K = PD?# r y. 
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[,201,83 ^^y). 4 Py-Q = n%<*.n=r^<y. 

[#1501] = . Q(P t'*P*>P) R:.H-. Prop 

*263411. I- : P e <o . D . C"D'P, = P#"CI'P w i'A 
Dem. 

h.*213-141.*263-402.D 

f- : Hp . D . C"D'P S = C"Pt"?*"^-P 
[#93103] = C"Pt"~P*"<I<P w I'C'PtPx'B'P 

[*201-521.*202-55] = ~P*"(I ( P w t'C'Pfc Py 5 ' p 
[#201-521 .#200-35] = ~P*"<1'P ut f A:DK Prop 

#263-412. h : P e a> . D . P'a, P # 'a; e Cls induct 
Dem. 

V . #205197 . D f- : Hp . x e OP . D . E ! niax/P*^- . 
[*263-27.*202-55.#120-213] D . P#'# e Cls induct . (1) 

[#120-481] D.P'tf e Cls induct (2) 

h.(l).(2).Dh.Prop 

#263-42. \-:Pea>.D.sgm l P = Al(C ( P) 
Dem. 
h. #212-21. #21112. D 

h :. Hp . D : a(sgtn'P) #. = .« = P"a . /3 = P"/3 . a C £ . a + (1) 

^.(1). #211-1. #205 123. D 

h : Hp . a (sgm'P) /3 . 3 . a, # e sect'P . ~ E ! max P 'a . ~E ! max//3 . 
[#263-401] D . a, £ e i'A u t'C'P (2) 

l-.(l).(2). Dh:Hp.«(sgm t P)/3.D.«-A./9 = ^P (3) 

h. #3729. Dh:« = A.D.a = P"« (4) 

I- . #263-22 . D I- : Hp . £ = C'P . D . /3 = P"# (5) 

h.(l).(4).(5). Df-:Hp.a = A.#=G'P.D.a(sgm<P)/9 (6) 

h . (3) . (6) . D i- . Prop 

#26343. I- : P e w . D . d'^ = (I'P 
Dem. 

h . #263141 . D I- : Hp . D . d'P = <l'(Pi)po 

[#91 504] = d'Pi OK Prop 
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#263431. h'.Pen-i'A.a'P^a'P.^ElB'P.l.Pea 

Dem,. 

\- . #261-35 . Transp . D b : Hp . D . P € Q infin . 

[*26l'44j . P t T Pfn'B'P e Prog . 

[#261-212] 3. P^P'B'Pe Prog. 

[#202-524] D.P l6 Prog (1) 

h. #261-212. Dh:Hp.D.P = (P 1 ) P o (2) 

h. (1). (2). #263-1. DK Prop 

#263-44. \-.<o = n-i'AnP(a'P 1 = a t P.~ElB'P) [*263-43-22-431] 

#263-45. f- . id = O - 1< A n P (P = P fn . ~ E ! #<P) [#261-212 . #26344] 

#263-46. f- . a) = H n P(E ! 5'P X . ~ E ! 5<P) 

h . #121-305 . #93-101 . D 

h : P e n . ~ E ! B'P . d'P, + d'P . D . a ! d'P - d'P, . d'P = D'P - t' B'P . 
[#250-21] ^ . a ! D ( P t - d'P, - i<B*P . 

[#93101] D . a ! B'P, - l'B'P (1) 

h . #121-305 . #25021 >3b '- P eil- t'A.O . B'P e B'P, (2) 

h . (1) . (2) . D I- : P e 12 . ~ E ! B'P . d'A + d'P . } .^P x ~ e 1 . 

[#53-3] 0.~E\B'P, (3) 

H.(3).Transp.DH:P6n.E!JS'P 1 .~E!fi'P.D.a'P 1 = a i P. 

[#263-44] D . P e « (4) 

h . #250-21 . #26344 . D h : P e <u . D . P f P x = B'P . 

[#250-13] D . E ! JS'A (5) 

h . (5) . #263-44 . DH-Pew.D.E! B'P, . ~ E ! 5<P (6) 

h . (4) . (6) . D h . Prop 

#263-47. h . ft) = n n P {a C C'P . X : a e Cls induct . = . g ! C'P *p'P"a\ 
Dem. 

j — 

H . #254-52 . D h : P e o . a C C r P . a ! C'Pnp'P"a . D . (P £ a) less P . 
[#263-3] D.P^aenfin. 

[#261-42-14] D . C"(P £ a) e Cls induct . 

[*202-55.*120-213] D . aeOIs induct (1) 

h . #261 26 . D h : P e &) . a C C'P . a e Cls induct . g ! a . D . E ! max/a . 
[#263-22] 3 . 3 ! P'max/a . 

[*205-65.*40-69] "* . 3 ! C'Pn P 'P"a (2) 
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h . (1) . (2) . #402 . D 

h :. P e to . aCC'P .3 : a e Cls induct .= .g! C'P * p?P"a (3) 

h. *40'2. #120-212.3 

H :: P e £1 :. a C C'P . D a : a * Dls induct . = . g ! (7<P n p'P"a :. D . g ! P (4) 

K (4) . #200'51 . D f- : Hp (4) . D . C"P~e Cls induct (5) 

H . #25016 . D 

h : Hp (4) . g ! d'P - d'^ . D . P'min/(<I'P - a'P x ) e Cls induct . 

[#261-36] D . E ! roax/P<min/(<PP - d'P,) . 

[#205252] D . min/(a r P - d'P,) e G'P, (6) 

h . (6) . Transp . D h : Hp (4) . D . d'A = d'P (7) 

h . (5) . (7) . #261-34 . D h : Hp (4) . D . ~ E ! B'P (8) 

K(4).(7).(8). Dr-:Hp(4).D.Pe» (9) 

K(3).(9).DKProp 

#26348. h . a> = n n P {a C C'P . D a : a ~ e Cls refl . - . g ! C'Pnp<P"a\ 
[#263-47 . #261-47] 

#263-49. h.nnnw aJ =n rt P (d^ = d'P) = finP(P= P fn ) 
Dem. 

\- . #261-22 . *263-44 .DHPefifinutu.D. d'P, = d'P (1) 

h . #26134. #263-44 . D h : Pe fi . d'P 1 = d'P . D . P e U fin w a> (2) 
I- . (1) . (2) . DKfifinutti=nnP (d'P t = d'P) 

[#261-212] =noP(P = P fn ) . D K Prop 

#263-491. i- : Pen fin w w . D . P«(P l ) po . P < r=(P 1 ) (r 
-Dew. 

h . #263-49 . #261-212 . D h : Hp . D . P = (P,^ • (1) 

[*91-602.*121103] ^.P(x^y) = P l {x^y). 

[#121-11] l.P^iPJ. (2) 

K(l).(2).DI-.Prop 

#263-5. I- : P e n infin . D . P £ (i'5'P w P fn '5'P) e *> 
Dew. 

h . #261-45 . D H : Hp . D . P, 1^ P fn '5'P e Prog (1) 

I- . #260 33-27 . D I- : Hp . D . (P 1 [V^B'P)^ = P fn £ (t'5'P u P fn '£'P) 
[#260-32] =Pt(L'B ( Pv*P fTl 'B<P) (2) 

h.(l).(2).*2631.Dh.Prop 
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#263*51. H:PeIiinfin.D. 

l'B'P u Ptn'B'P e J)'(P t «S 7) . i'B'P w p" fn 'fl'P e d'sgm'P 
Bern. 

h . *263-5-22 . D h : Hp . D . ~ E ! max P '(t'5'P Jp fri <B l P) (1) 

V . #26011 . D h : Hp . y e d'P - P,n^P . a? e Pft/fl'P . 2 . 

P (5'P Hy)~e Cls induct . P (#'P n a?) £ Cls induct . 

[*120'49] 3 . Nc'P (B'P ^y)> Nc'P (2fp w <b) 

[*117-222.Transp] D . ~ (yPx) (2) 

h.(2).Traa S p. Dt-:Hp.D.P"K fRr -P^^P^Ka^P (3) 

H . (3) . #93101 . D h •- Hp . D . P^i'B'P C*P in 'B'P) C i r ^P w % D 'B<P (4) 

h . (1) . (4) . #211-41 . D h : Hp . D . t'B'P w P fn ^ r ^ « D'(P e n 7) . (5) 

[#212152] D . i'£'P uP (n '5'P 6 d'sgm'P (6) 

h . (5) . (6) . D f- . Prop 

*26352. H : P e ft infin - <o O . (ga?) . a; <? d'P . P" fn '5*-P w *'#'■? = P'x 
Dem. 
h . #26349 . Transp . D r : Hp . D . g ! d'P - d'P . 
[#26027] D . g ! d'P -*P^B l P . 

j>250-121] D . E ! min/(d'P- % a 'B'P) . 

[#26351.*206-25.#21 1-726] D . ( a «) . #e d'P . P fn '# r ^ w l'B'P^Ip'x: 

D i- . Prop 

#26353. I- : Pefi infin -». D . Nr'P > *> 
Dew. 

»- .#25313 . *263-52 . D I- : Hp . D . P I (P^'B'P w i'#'P) e D'P S . 
[#263-5] D . a ! « r> D'P, . 

[#25517.*26318] D . Nr'P > a> : D h . Prop 

The above proposition shows that to is the smallest of infinite ordinals. 
The same fact is otherwise expressed by the following proposition. 

#263-54. h : a 6 NO infin - t'<» , D . a > co [#263-53] 

#26355. h-.Peto.l.Pteto + i.s'Peto + i 
Dem. 

h . #253-511 . #263-44 . D I- : Hp . D . P, e a> + 1 (1) 

h . #252372 . #263-44 . D h : Hp . D . s'P e a> + i (2* 

f- . (1) . (2) . D h . Prop 

11 
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The following propositions are lemmas for proving ew X 2 r = o> (*263*63). 

*263'6. h :: P e Ser . a=f= y . M = P x (x I y) . D :. IM^S . = : 

(gw) . w e (7 r P .R = xlu.S = ylu.v. (gw, a) . mP,« . R~y ^u .8 = x \v 
Dem. 
h . *16G111 .1\-:.Bp.uPv.R = xlu:S = xiv.v.S = ylvi'}. 

RM(ylu).(ylti)MS. 
[*201-63.#204-55] ^.^(RM.S) (1) 

Similarly H :. Hp . uPv . i2 = y | w. S = yl v. D . ~(RM X S) (2) 

h.*166'lll.D 

(- : Hp . uPw . ioPv . J R = t/ < [M.S = a;4,v.D. RM(x \ w) . (x ^ w) MS . 
[*201-63.*204'55] D.r^iRM.S) (3) 

h /(l) . (2) . (3) . Transp . *166 111 . 3 
h : . Hp . RM,S . 3 : (g w) . R = # | u . 8 = y | u . u e C'P . v . 

(gw, v) . uP^y . i2 = y I u . S = x 4 w (4) 

h . *166111 . D h : Hp . R = x [ u . S = y 4 u . RM(x I v) . 3 . SM(x I v) (5) 
h . *166111 .31-:. Rp.R = xlu.S=ylu. RM(y{ v) . D : u = u . v . uPv : 
[*166\L11] D:#;v = £.v.&Jf(yX*/) (6) 

h.*166111.D 

h:Hp.i2 = t/4w.S = ^ > Lw.«P 1 w. J Kif(y4,M;).D.>Sfif(y4,w) (7) 

h . *166111 .Dh:.Hp. J R = t/J r M.^ = a;4v. wP^ . RM(x | w) . D : 

#4,w = £.v.&Jf(#ittO (8) 
h . (5) . (6) . (7) . (8) . D I- :. Hp : u eC'P. R = xl u . S = y I u . v . 

uP.v.R^ylu.S^xiv.^.RM.S (9) 
r . (4) . (9) . D I- . Prop 

*263 61. \-:PeSer.x^y.M=Px(xly).O.a'M 1 = yl"C'Pvxl"a'P 1 
[*2636] 

*26362. \-iPe(0.x$y.D.Px(xly)ea> 
Dem. 
b . *263'61'43 . 3 h : Hp . D . a<{P x(xi y)} x = y l«C'P w x J/'d'P 
[*166111] =a<{Px(xly)} (1) 

l-.*251-55. Dh:Hp.D.Px(«jy)en (2) 

l-.*16614. 3\-iHv.0.Px(xly)€-t<A (3) 

h . *16616 . *26322 . 3 I- : Hp . 3 . P'Cnv' {P x (# J, ^)| = A (4) 

I- . (1 ) . (2) . (3) . (4) . *263-44 . 3 i- : Hp . 3 . P x (# I y) e a> : 3 h . Prop 

*263 63. h.o>x2 r = a> 
De/n. 

|-.*263-62-l7. Df-:Pew.Qe2 r .D.Nr t (PxQ) = G> (1) 

h . *184-13 . *26317 .3h:Pe<u.Qe2 r .3. Nr r (P x§) = (bx2, (2) 

h.(l).(2). Dh:g!(».a!2 r .D.fi)X2 1 .= & ) (3) 

r- .*18411 . Dh:<w = A.D.<ux2 r = A (4) 
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h . *123-14 . *263101 .Dh:g!«.3.a!2. 

[*262-21] 3-312, (5) 

h . (3> . (4) . (5) . D h . Prop 
The following propositions are lemmas for proving #26366. 
*263 64. r : P, Q e Ser . x e C'P . zQ,w . M = P x Q . D . (z J, x) M l {w [ x) 
Bern. 
V . *166111 . D K : Hp . D . J, #) Jlf (w J, #) (1) 

h . *166111 . D I- :. Hp . iz J, x) M(u ly)*3i xPy . v ,x=y *zQu: 
O204 - 7l] 3 : xPy *v ,a:=y *u = w .v .% = y . wQy : 

[*i66-lll] 2:(wlx)M(uiy).v .(wlx) = {uly) (2) 

r . (2) . *204'55 . D r : Hp (2) . D . - [(u I y) M (w I *)} (3) 

h . (1) . (3) . *201'63 .Dr. Prop 

*263 641. \- : P,Q eSer . z= B'Q ,w = B'Q . xP iy . M = P x Q .3 . 

(slx)M 1 (wly) 
Derrt. 

\- . *166111 . D h : Hp . D . (z \x)M (w I y) (1) 

h . *166111 . D f- :. Hp . (z I x) rf(u J, «) . 3 : xPv : 

[*204-7l] D : v = y . v . ^Pt> (2) 

K (2). *1 66-111. D 

h :. Hp . {z I x) M (u I v) . D : u I v = w I y . v . (m> J, y) iW (« \ v) : 

0204-55] D : ~ {(« I v) M{w I y)) (3) 

V . (1) . (3) . *201'63 .Dr. Prop 

*263642. r- : P, (> e Ser . M= P x Q . D . (C f P x (F&) C d'Jlf, [*26364] 

*263-643. h:P,Q€Ser. El B'Q. El B'Q.M=PxQ.'}.(B<Q)l<<a<P 1 Ca'Mi 
[*263-64] 

*26365. hiPew.Qefl fin -I'A. 3. PxQe» 

Dm. 

h . *251-55 . D r : Hp . D . P x Q e O (1) 

K*166-14.Dh:Rp.D.PxQe-i'A (2) 

r . *263-642-643 . *261'24 . D 

h : Hp . D . (C'P x d'Q,) w (5<Q) I'td'Pi C d'(P, x Q), . 
[*263-49] 3 . (C'P x Q'Q) o (£'Q) J/'d'P C d'(P x Q), . 

0166-12-16] 3 . C(P x Q) -~B'(P x Q) C d'(P x Q), . 

[*93-101.*201-63] 3 . d'(P xQ) = d'(P x Q), (3) 

h . *16616 . *26322 . 3 ^ : Hp . 3 .~S<Cnv<(P xQ)=A (4) 

r- . (1) . (2) . (3) . (4) . *263-44 . 3 h . Prop 

*263'66. h : a e NO fin - i<% . D . co X a = w O 263 ' 65 ! 
The proof proceeds as in *263'63. 



*264. DERIVATIVES OF WELL-ORDERED SERIES. 

Summary of *264. 

The principal purpose of the present number is to show that every 
infinite well-ordered series is the sum of a series of progressions followed 
by a finite tag, which may be null. For this purpose, we proceed as follows : 
If x is any member of C*P, it must belong to the family, with respect 

to P lf of some member of C'P-WP^ unless x^B'P and B*P~e<PPi. 

Assuming that we have either <»> E ! B'P or B'P e G. f P lf and assuming 
further that P is an infinite well-ordered series other than a progression, 
it follows that every member of C'P belongs to the family, with respect 
to P„ of some member of CV'P, because, by *216'611, C t V'P=D'P 1 -a'P 1 
in the circumstances contemplated (*264*15). Now P limited to any one 

family with respect to P, is a progression, unless that family includes B'P; 

and if it includes B'P, it is finite. Heuce our proposition follows. 

An important consequence of the above proposition is that every cardinal 
which is not inductive and is applicable to classes that can be well-ordered is 
a multiple of K (*264'48). 

For the purposes of this number we need a notation for the series of 
series each of which consists of the family of some member of CV'P. We 
therefore put 

Ppr = n ; (^ ; V'P Dft[*264]. 

Here " pr " is intended to suggest " progression." When PeO infin — w, 
P pr is the series of progressions (possibly ending in a tinite tag) whose 
sum is P (or P^D'P, in one case). Before using this definition, some 
preliminary considerations are necessary. V'P is the series of limit-points 
of P, including B'P. In order that V'P may exist, there must be at 
least one limit-point besides B'P. Now the limit-points of a series are 
C'P-d'P,, ie. the limit-points other than B'P are d'P-d'P, (*216'21). 
Hence when B'P exists and a'P-CP^ exists, V'P exists. Hence by 
*263*49, 

*26413. H:.Peft.D:a!V'P.-.P£flinfin-a> 
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I.e. a well-ordered series whose derivative exists is one which is infinite 
and not a progression. We have similarly 

*264 14. r : P e H infin - w . D . C'V'P = C'P - a'P, 

and 
*26412. 1- : P e fl . D . <J' V'P = d'P - cfp, 

We next proceed (#264"2 — '261) to study the posterity of* a term x 

with respect to Pi, i.e. the series P^lP^'x. We show that if this series 

has a last term, it is finite (*264-21), and ends with B'P (*2642), while 
if not, and if xeC'P lt i.e. if x has either an immediate successor or an 
immediate predecessor, the series is a progression (#264'22). Hence we have 

*264 23. r :. P e O . x e C'V'P « C'P, . 3 : 

E ! maxpXA)*'* . = . x = 5'Cnv' V'P . E ! B'P 

Moreover, if xe C'P l7 the ancestry of x with respect to P x must end with 
a member of the derivative' of P, i.e. 

*264'233. V-.PeQ, intin - « . x e C'P, . D . min^PoJa; e C'V'P 

We thus arrive at the result that if P has a last term, so has V'P 
(*264"24), and if x is any membei of the derivative except the last, the 

series P £ (P^'x is a progression (*264*25), while if x is the last term of 

the derivative, and the series P has » last term, then P £ (P^'x is finite 
(#264252). Moreover the supposition that P ends with a member of the 
derivative is equivalent to the supposition that P ends with a term which 
has no immediate predecessor (#264'26). 

We now proceed (#264 - 3 — "403) to consider the relation P pr defined 
above. If we take any term y in a well-ordered series, there is some term 
x belonging to C'P — Q.'P 1 such that the family of y with respect to P x 
is the posterity of x. Tnis results from #264*233 above. Thus we may 
divide the field of P into mutually exclusive stretches, each of which is the 
posterity of some member oi C'P — d'P, with respect to P x . The series of 
series thus obtained is P pr . There is an exceptional case, when the series 
ends in a term having no immediate predecessor, for then the posterity of 
this term with respect to P 1 is null, and therefore P pr omits this term. 
Otherwise, we shall have "2'Ppr^P; i.e. we have 

#26439. r : P e n infin - a> . ~ {B'P e C'V'P) . D . £'P pr = P 
*264'391. r : P e 12 . B'P e C'V'P . D . %'P pt = P £ D'P 

Moreover we have 
#26436. I- : P e fl . D . P pr smor V'P . P pr e Rel 3 exel 
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From what was proved earlier we know that, assuming Pefl, we have 
D'P pr C» (*264'401); if P has no last term, C"P pr C<B; if P is infinite and 

has a last term, B'P PI is finite, and if the last term of P belongs to (7'V'P, 

.B'P pr =A. Hence, using #251*63, which assures us that, in virtue of 
#264*36 above, if C'P vt C <o, £'P pr is a multiple of to, we find (#264'44) that 
every well-ordered series has an ordinal number of the form (a X to) + j9, 
where a and j9 may be any ordinals, including r and i (putting i X« = a to 
avoid exceptional cases). The above account omits the exceptional cases, 
which require special treatment and render the proof long; hut in the end 
the above simple result is obtained. 

Since a multiple of K is not increased by the addition of an inductive 
cardinal, it follows (#264"44) that the cardinal number of the field of an 
infinite well-ordered series is always a multiple of K (#264*47). Hence 
if all classes can be well-ordered, all cardinals which are not inductive are 
multiples of K . In virtue of Zermelo's theorem, the same result follows if 
the multiplicative axiom is true. 



#26401. P pr = P t>(Pi)#'* tp Dft [*264] 
#264 11. r :. P e O . D : a ! sgm'P . = . P e H infin 

r. #263*51. Z> h : Pel} infin. D. 3! sgm'P (1) 

*• . #212152 . #211:41 . D I- : P e n . g ! sgm'P . D . g ! sect'P - t'A - <J'max P . 
[*26128.Transp] D.Pefi infin (2) 

K(l).(2).Dr.Prop 

#264-12. riPea.D.a'vp^a'P-a'Pi 

Bern. 

r . #216-61 . D I- : Hp . & ! P . D . (J'V'P = (I'P - d'P, (1) 

r . #216-612 . #33-241 . D I- : P = A . D . d' V'P = A . d'P - d'A = A (2) 

r.(l).(2).D(-.Prop 

#26413. \-:.Pen."}:<z\V'P. = .Pen infin - a> 
Dem. 

\- . #26412 . D r :. Hp . D : 3 ! V'P . = . a ! d'P - d'P x . 
[#263-49] = . P e ft infin - <a : D I- . Prop 

#26414. h: PeH infin - G >.D.C"V'P = C'P-a'P 1 [#26413 . *216£11] 

#26415. 1- :. P e fl infin - a> : <%, E ! B ( P . v . B'P e d'P, : D . C'V'P = 7?^ 

Dem. 
r . #26414 . #93103 . D r : Hp . ~ E ! B'P. J. C'V 'P=G'P-a t P 1 .C t P -D'P. 
[#93-101.#250-21] 3.C'V'P=B t P 1 (1) 
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h .#93101 . D h : B'Ped'P^ . D . C'P-a'ACD'P (2) 

H . (2) . #264-14 . D h : Hp . B'P e CFA . D . C'V 'P = D'P - d^ 
[*93101.*250-21] =~B'P, ( 3) 

r . (1) . (3) . D r . Prop 



#2642. hPefi.E! max p^P^'a ■ 3 • maxp'^y* = B'P 
Dem. 

V . *206'4246 . D I- : Hp . Z) . seqp'^y*: = iVmaxp^P,)*^ . 
[#90-16] D . *j p '(PS<* C (P^'* . 

[#206-2] D . ^ P '(P, V« = A . 

[#250126] D . maxp<(Pi)*'a? = B'P : D h . Prop 

#264 21. (- : P e 12 . E ! max P '(p|y a; . D . 

P D CPiV* e H fin . P (^ w £'P) e Cls induct 
Dem. 

r- . #200-35 . D I- : Hp . (P^.<w=i'a; . D . P fc (P^'ar = A (1) 

h . #26027 . D h : Hp . (PJtfx ^i'w.D. xP tn max P '(Piy« . 

[#26011] D. P {a: Mmaxp^P.V^Je Cls induct. (2) 

[#205-2] D . G'P I (Pih'a e Cls induct (3) 

f- . (1) . (2) . (3) . #264-2 .31-. Prop 

#264-22. h : P e fl . ~ E ! inaxp^P^'a . <b e C'P, . D . P £ (POi'tf e a 
Dent. 

V . #26032-34-27 . D (- : Hp . D . {P £ (P0*H = {tSj*'4 1 ^i ■ (!) 

[#122-52] D.{Pt(PiVa?}ieProg __ (2) 

K (1) . #260-33 . D r : Hp . D . [{P £ (P, V^KIpo = P I OW* (3) 

K (2). (3). #263-1. Dr. Prop 

#264-221. hPeH.a; (V'P) y . D . P (x - y) ~ e Cls induct 
Dem. 
r . #207-34 . *216'6 . D 1- : Hp . D . %P*y . y = Itp'P'y . 
[*207'25] D . mPHf . y = lt P '(P'x n P'y) . 

[*20713] D . xPHj . ~ E ! max P '(P'# n P'y) . 

[#261-26] D . *P'x n P'y ~ e Cls induct : D (- . Prop 

#264222. hPefi . *P'cc e Cls induct .D.^e D'V'P [#264'221 . Transp] 
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*264 223. I- : P e O . P(x-y) ~ e Cls induct . D . g ! (L'V'P n P(x-iy) 
Bern. 
V . #2613 . D h : Hp . D . (ga) . a C P (x - y) . g ! a . ~ E ! max P 'a . 
[#250122] D . (30c) ,aCP(#-y).g!a.E! lt P 'a. 

[#206213] ^.(>3 i a).aCP(x-y).^laAbp'aeP(x~iy). 

[#206181] D.Rl~D<h P na'PnP(a:~4y). 

[*216"602] D . a ! d'V'P n P (« _. y) : D f- . Prop 

#264224. I- : P e fl . a; = 5'Cnv'V'P . E ! B'P . D . P~'x e Cls induct 
Dem. 
V . #264"223 . Transp . D r : Hp . D . P (# - 5'P) e Cls induct : D h . Prop 

#264225. F:.?6fi.«6 C'P, . D : E ! maxp'tpj^ . = . (P0*'# e Cls induct 

[*264-21'22] 

#26423. Vi.Pta.xe C'V'P n C'P, . D : 

E ! muxp'iP^'x . = . as = B'Cnv'V'P .El B'P 
Dem. 

h . *264'2 . Z> r : Hp . E ! nrnx P '(I\)%'x . D . E ! £<P (1) 

h . *26421-222 . Z) I- : Hp (1) . 3 . x ~ e D'V'P . 

[#93-103] 3 . as = £<Cn v'V'P (2) 

h . #264224 . D 1- : Hp . x = B'Cilv'V'P . E ! B'P ."Z.P'xe Cls induct . 

[#120-481 251] D . (PiV^eCls induct . 

[*90-12.Hp.*261-26] D . E ! maxp'cS)*'* (3) 

K(l).(2).(3).DKProp 

#264231. I- : P e D. . x e C'V'P - C'P l .O.x = B'Cm'V'P = B'P 

Dem. 

h . *2o021 . D I- : rip . D . as ~ eD'P . 

[#93-103] 3.x=B'P. (1) 

[#216-6] D.<c~eD'V'P. 

[#93103] D . x = B'Cnv'V'P (2) 

h . (1) . (2).D h . Prop 

#264232. h :. P e Q. #e C'V'P. D: 

(Pifc'x e Cls induct . = . * = JS'Cnv'V'P .El B'P 

This proposition differs from #264 - 23 by not assuming that x e G'P^ 

If B'P has no immediate predecessor, B'P e C'V'P -C'P lt so that B'P 
satisfies the hypothesis of *264-232, but not that of #264*23. 
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Bern. 
Y . *90'13 . D h : Hp . (P^'x=A . D . «~e C7«P, . 
0264231] Z>.#-B'Cnv'V'P.E!£'P (i) 

Y . *1 20-212 . D I- : Hp (1) . D . (P^'xe CIs induct. (2) 
h . *264 225 . D 

I- :. Hp . g ! (P,)*'® . 3 : (P^'a e CIs induct . = . E ! maxp^P,)*'^ . 

0264*23] = .#=£'Cnv'V< P. El B'P (3) 

Y . (1) . (2) . (3) . 3 K Prop 

*264 233. I- : P e H infin -ay.xt C t P 1 . 3 . minp'(P,)£a? e C" V'P 

I- . *250121 . D Y : Hp . D . E ! mirip'iP^'x (1) 

I- . *90-172 . D (- : Hp . 7/ {P^x . zP x y . D . s e (P, V# n P'v . 
[#20614] _ D.y + miiip'(KVs (2) 

h . (2) . Transp . D I- : Hp . y = m\n P '{P^'x . D . y ~ e Q l P 1 . 
[*264'14J D.^eC'V'P (3) 

K(l).(3).DKProp 

*26424. I- : P e infin . E ! B'P . D . E ! B'Cnv'V'P 
Dem. 

Y . *26412 . D I- : Hp . B'P~e C'P, .D.B'Pe C'V'P . 

[*216 6] D . B'P = B'Cnv'V'P (1) 

h . *264233 . *263-22 . D I- : Hp . B'P e C^ . D . minp^PJ V#'P e C" ^'P (2) 
I- . *205-55 . D (- : Hp (2) . x = minp'fPfo'B'P . D . B'P = ma.xp'iP^'x . 
[*264-23.(2)] D . a? = B'Cnv'V'P (3) 

h.(l).(3).DKProp 

*26425. I- : P e H . a; e D' V'P . D . P £ (PO*^ e » 
Dent. 

h . *264232 . *250'21 . D (- : Hp . D . (Pj)*^- € CIs induct . x e B'P, . 

[*264-225] D . ~ E ! m&xp'iP^'x . x e B'P, . 

0264-22] D . P fc {Pih'x e » : D I- . Prop 

*264 251. I- : P e H . ~ E ! B'P . a e C'V'P . D . P £ (P^ e a> 

I- . *250-21 . D I- : Hp . D . as e B'P, . 

[*264-23.Hp] D . ~ E ! maxp^P, )*'# . « e D'P, . 

0264-22] Z> . P £ CP0i'« e « : D I- . Prop 

R. <fc W. III. 
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#264 252. h?6fl.E!^P.»= B'Cnv'V'P . D . P £ (P^'x e ft fin 
Bern. 

r . *264'23 . D h : Hp . x e C'P, . D . E ! mzx^P^'x • 

[#264-21] D.?tW^ nfin (!) 

I-.#90'14. 3h:a;~eC"P 1 .D.P^(P 1 V i c=A (2) 

h.(l).(2).DI-.Prop 

#264 26. h.Pen.D:B'Pe C'V'P . = . E ! B'P . B'P~ e d'P, 
Bern. 

h. #1421. 2\- : B'P eC'V'P. 3. El B'P (1) 

h . #264-12 . D (- : Hp . B'P e C'V'P . D . P'P~ ed^ (2) 

H . #2641 2 . 3 I- : Hp . 5<P~ e G'P, .D.B'Pe C'V'P (3) 

V . (1) . (2) . (3) . D I- . Prop 

#264-261. h.Peft.D:~ (P'P € C V'P) . = . C'P = C^ 



~ E ! B'P . v . B'P e d'P, : 

/T'PCd'P,: 
OP C OP, : 
0'P = C'P 1 ::DI-.Prop 



r . #264-26 . D I- :: Hp . D :. ~ (P'P e O'V'P) . 

[#202-52] 

[#250-21] 

[#121-322] 

#264-3. r : QP vr R . - . ( a *, y) . x (V'P) y.Q=P$ (P,)*' * . £ = P £ (P>'y 

[(#264-01)] 
*264'31. V : . P e Ser . D : QP pr P . = . 

(^,S/).a ;) y e ^P-a'P 1 ^Py.Q = Pt^^.^ = PDCS)i f 2/ 
[#207-35. #264-3. #216-6] 

#264-32. I- . C'P pr =P I "{P^'C'V'P [#150'22 . (#264-01)] 
#264-321. V : P € Ser . x e C< V'P . D . CP0*'^~ e 1 

(- . #216-611 . D I- : Hp . D . * e C'P - d'P> (1) 

h . #90-14 . D I- : <c~ e C"^ . D . (?,)*'#= A (2) 

I- . #121-305 . D I- : Hp . x e D'P, . D . a ! (P, )#'fl? - i'x . 
[#9012] D^P^-el (3) 

K (1) . (2) . (3) . D I- . Prop 

#26433. (- : P e Ser . D . C"C"P pr = (P0*"C" V'P 
[#264-321 . #202-55 . *264'32] 
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#26434. \- : P e n .x,y e C'P . Pt(l\)*'x = Pt(R^'y .3 .x^y 
Dem. 

V . #264321 . #20255 . D h : Hp . D . (PJ*'x = (P*h'y (1) 

K (1) . #9012 . D I- : Hp . x e C'P, . D . x (P^y . y (P^x . 
[*260"22.*91-541] "}.x = y (2) 

I-. #25021 . , D I- :Hp.a;~ e C'P^.D .x = B'P (3) 

\- . (1) . #901214 . D h : Hp . m ~ e t/'P, . D . # ~ e C^ . 

[*260-21] D.y = B'P (4) 

|-.(3).(4). DH:Hp.a;~eC7'P 1 .D.a; = y (5) 

H . (2) . (5) . D h . Prop 

#264 341. I- : P e Ser . ar, y e C" V'P . * (P^y ■ 3 ■ * = V 
Dem. 

V . *216-611 . D h : Hp . . t/~ e (J^ . 

[#91-504] D.-lxCPOpo^. 

[#91-54] D.« = y:DI-.Prop 



#26435. I- : P e Ser . *■, y e C'V'P . a ! (A)*^ « (Pi)*'# . D - « = y 
Pem. 

(- . #96-302 . D (- :. Hp . D : x (P^y .v.y (P^x : 
[#264341] D:x = y:.D\-. Prop 

#264 36. (- : P e H . D . P pr smor V'P . P pr e Rel 4 excl [#26434-35] 

The following propositions lead up to #264f39 - 391. 

#264 37. hPefl infin - w . D . WP pr = P fn 

Pern. 
I- . #26432 . h :. Hp.D : x(s'C'P pr )y . = . (aoO-aeC'VP.^ y e^P^'a.xPy . 
[#260"3227] = . (ga) . a e C'V'P . #, y € .(P,)*'a . xP {n y . 

[#264233-35] = . (ga) . a = mm P \P^ ( x = minp'^P^'y . xP ln y . 

[#13195] = . min P '(P^ = nnn^(P^y . xP tn y (1) 

h . #260-27 . D I- : Hp . xP in y . D . (P^'xCJpT*?/ • 

[#205-5] D . mm P '(P^'x - min^y^ (2) 

H . (1) . (2) . D I- :. Hp . D : a (s'C'P pr ) y . = . xP tn y :. D K Prop 

#264-371. h : P e Ser . a (V'P) 6 . D . (Kya C P'& 
Pern. 

h. #2166. DI-iHp.D.aeP^ (1) 

h . #20471 . D h : Hp . aP6 . xP,y . ~ (yPb) . D . y = b . 
[#33-14] D.fceCPP, (2) 

h . (2) . Transp . #2166li . D I- :. Hp . D : xP6 . xP,y .Z.yPb (3) 

I- . (1) . (3) . #90112 . D (- :. Hp . D : a(P^x . D .xPbi.^V . Prop 
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*264'372. h : P e Ser . D . P5P pr GP-P [r . 

Dem. 
V . *2643321 . *202-55 . D 

h.HpO^^PJ^E.^^.a^fe.^^Va.^^. (1) 
[*264-371] ^.xPy (2) 

I- . *264r35 . D h : Hp . a(V'P)6 . #e(P0*'a . y e(PJ*'b . 3 . y ~ e(PiVa . 
[#9017] D.ynoetPO*'*. 

[*260'27] D.c-(«P ln y) (3) 

K (1) . (2) . (3) . D I- : Hp . D . P>"P pr CEP- P,„ Oh. Prop 

*264373. h : P e fl . ~(£'P e 0"V'P) . D . P^P tn GF>^ PT 

Dem. 
K *264261-233 . *263-49 . D 

h : Hp ^(PiPta) y . 3 . min P <("£Vfl?, mi n ,'(KVy * 0' V'P (1> 
r . *96'301 . D I- :. Hp . min/fP^ = min^P, %<y .D:x (P,)*y . v . y (Pfow : 

[*260'27] D:x = y.v.a:P iTl y.v.yP fn oc (2) 

K (2) . Tfansp . D h : Hp (1) . D . min^P,)*^ + min P <(p3^ (3) 

r . (1) . *264'37l . D f- : Hp . min/CP, )^y P min/OPO*^ .D.yPx (4) 

K(4).Transp. D h : Hp(l) .D .~ [min P '(P^'y P min/CP^'a:} (5) 

K (3) . (5) . D h : Hp (1) . D . min^)^ P min,'(P^y _ (6) 

H.(l).(6).Dh:Hp(l)0.(aa,6).a(V'P)6.a Je (P 1 Va.ye(P 1 V6. 
L*264-3-321.*202'55] D . # (P5P pr ) y : D h . Prop 

*264 38. hP e O.~ (£<P e C< V'P) . D . P?P pr = P^-P^ [*264r372-373] 
*264381. (- : P e Jj . B'P e C'V'P . 3 . P5P pr = Pp D'P^P fn 

I- . *264-33 . D r : Hp . D . s'C"C l P vt C G*P, . 
[*264-26.*42'2] D . £<P ~ e C'F'>P pi . 

[*264372] Z>.PlP pr eP£D<P^P fn (1) 

r . *250-21 . D I- : Hp . ar(P£ D'P-P fn ) y . D . m, y e C7'P, . 
[*264«-233.*263-49] D . min^P^^ min P <(P^'y e C" V'P (2) 

Thence as in the proof of *264*373, 

(-:Hp. iK (PE:D'P^P fri )2 / .D. a: (P;P pr )i / (3) 

h.(l).(3).Dh.Prop 
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*264 39. h:?eil infin - o> . ~ (B'P e C V'P) . D . 2<P pr = P 
r*264-37-38 . *260'12 . *1621] 

*264391. h : P efi . B'P e C'V'P . D . VP pr = Pt B'P 
Dem. 

h . *26413 . D I- : Hp . D . P <■ fl infin - a> (l) 

I- .*260-27 . Dl- : Hp . D . P tn = P, n p W 

L*264-261 = P fn £D<P (2) 

l-.(l).(2).*2B4-37.*26012.Dh:Hp.D.i'O f P pr -P fn .P fn GP[:D < P (3) 
I- . (3) . *264-381 . D h . Prop 

*2$44. h:P e n.~E!5 r P.D.C r P l)r Co> [*264-251*32] 
*264401. l-:Pef}.D.D'P pr Co> 

h . *1515 . *26434 . D h : Hp . D . D'P pr = P t"{P^"T>'V'P (1) 

K (1) . *264-25 . D I- . Prop 

*264'402. I- : P e n infin . E ! B'P . D . B'P pr e H fin 

Dew. 

I- . *264-24 . j r : Hp . D . E 1 5'Cnv< V'P . 

[*151-5.*26434] D . 5'P pr = P£ CF\V^' Cav ' v ' p ■ 

[*264-252] D . B'P PI e fi fin : D I- . Prop 

*264403. \-:Pen.B'PeC'V'P.D.B<P vt = A 
Dem. 

r . *264'26231 . :> I- : Hp . D . B'P ~ e C'P, . B'P = B'Cnv'V'P . 
[*9014] 3 . (PJx'B'Cnv'V'P = A . 

[*1515.*264-34] D . B'P pt = A : Z> h . Prop 

The following propositions deal with the various different cases that arise. 
Their net result is expressed in *264 - 44. 

*264 41. h : P e n infin - o> . ~ E ! B'P . D . Nr'P = Nr' V'P x a> 
Dem. 

h . *264-36'4 . D V : Hp . D . P pr e Rel 2 exel n Nr'^'P . C'P VI C to . 
[*251'63] D.2'P pr eNr<V'PXft>. 

[*26439] D.PeNr'V'PxaOh. Prop 
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*264'42. I- : P e fl . B'P ~ e & V'P . V'P e 2 r . D . Nr'P *- « + ^r'£'P pr 
Dew. 

I- . *26436 . D h : tip . D . P pr = (5'P pr ) J, (5 r P pr ) . 
[*] 62\3.*264 3913] D . P = B'P^B'P^ . 
[*264-36-401] D . Nr r P = a> 4- B'P pT OK Prop 

*264'421. hiPeCl. B'P e O'V'P . V'P e 2 r . D . Nr'P = « + i 
Dem. 

h . *26436 . D : Hp O . P pr = (B'P,,) | (5'P pr ) . 

[*162S.*264-391-i^] D . P£ D'P ^B'P^B'P^ 
[*264-403.*16021] = B'P 9T . 

[*264-401] D.PpD'Pew. 

[*204'461] D . P e &> + i : D h . Prop 

*264422. \--.Peil infin -a> . 5'P~ e C" V'P . V'P~ e 2 r . D . 

Nr'P = {Nr'(V'P)t (D< V'P) x o>} 4- Nr<B'P pi 
Dem. 

h . *264'36 . *204-272 . 3 h : Hp . 3 . D'P pr ~ e 1 . 
[*204-461.*264'24'36] D . P pr = P pr £ D'P pr -f» 5<P pr . 

[*162-43.*26439] D. P = 2'(P pr fcD'P pr )4:]3'P pr (1) 

h.*264 36-401. *251 -63. D 

h : Hp . D . Nr<2<(P pr t D'P pr ) = Nr'(V'P)£ (D'V'P) * o> (2) 

h . (1) . (2) . *26436 . D h . Prop 

*264423. r : P e fl . P'P c 0' V'P . V'i>~ e 2 r O . 

Nr'P = (Nr'(V'P) £ (D'V'P) x o>] + i 
Dem. 

As in *264-422, 

h : Hp . Z> . P pr = P VT t D'P pr +► 5'P pr . 

[*162 43.*264-391] D . P£ D'P = 2'(P pr £ D'P pr ):fi5'P pr 

[*264-403] -2'(i\.pD'P w ) (1) 

I- . *26436-401 . *25163 . 3 

f- : Hp O . Nr'£'(P PT £ D'P pr ) = Nr'(V'P) £ (D' V'P) x o> (2) 

r . *204-461 . D h : Hp . D . Nr 'P = Nr'(P fc D'P) + i (3) 

h.(l).(2).(3).Dr.Prop 
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*264429. ix«=a Df 

This definition is merely intended to enable us to include 1 with ordinals 
in general formulae. 

*26444. h : P € Cl . D.( a «, 0).a e NO u i'i .0 e NO fin v i'\ . Nr'P=(« * ») + £ 

Dem. 
h . *16022 . *166'13 . D r : P e fi fin . D . Nr'P = (0 r X o>) + Nr'P (1) 

I- . *160'21 . D h : P = o> . Z> . Nr'P = (i X o>) + r (2) 

I- . *26441 . *16021 . D 

K-Pefi infin - o> . ~ E ! B'P . D . (go) . a<? NO . Nr'P = (a X a>) + r (3) 

h . *264'42402 . D 

h:P e n. J B f P~eC r V'P.V f Pe2 r .D.(a/S)./3eNOfin.Nr'P=(ixa)) + /3 (4) 
r.*264421. DHPefi.5'PeC'V'P.V'P e 2 r O.Nr'P=(ix&>)-i-i (5) 
h . *264422-402 . D h : P e ft infin - e» . 5'P ~ e C'V'P . V'P ~ e 2 r . D . 

(ga, /S) . a e NO . £ e NO fin . Nr'P = (a X a>) 4- (6) 
h . *264'423 . D h : P e fi . B'PeC'V'P . V'P~ e 2, . D . 

(go) . a € NO . Nr'P = (« X o>) + 1 (7) 
h.(l).(2).(3).(4).(5).(6).(7).Dh.Prop 

The following propositions apply the above results to the cardinal number 
of the field of a well-ordered series. 

*26445. !-:P e f2.V'Pe2 r .D.Nc'(7'P = K 
Dem. 

h . *264-42402 . *18071 . *1527 . D 

h rHp.tf'P^eC'V'P.D.Ca/i). fi e NC induct. Nc'C<P = C"<o+ of i. 
[*263 101 .*1 2341] D . Nc'C'P = K. (1) 

h.*264-421.*181-62.Dh:Hp.^PeC r V r P.D.Nc/C f P=C"a>+ c l 
[*263101.*1234] = Ko (2) 

h . (1) . (2) . D h . Prop 

*264 451. b:P e n infin - to . ~ E ! B'P . D . Nc' C'P = Nc'C" V'P x c tf 
Dem. 

h . #264-41 . #1845 . D h : Hp . D . Nc'C'P - Nc'C V'P x c C"a> 
[#263101] = Nc'C" V'P x N,:DK Prop 

#264452. 1- : P e H infin - a> . V 'P ~ e 2 r . £'P ~ e C" V'P . D . 

Nc'CP = Nc'D*V'P x c K 
Dem. 
h . #264-422 . *184-5 . *l807l . D 
I- : Hp . 3 . fan) . fi. e NC induct . Nc'CP = (Nc'D'V'P x c «,) + ,* (1) 
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I- . *12343 . *11762 . D h : Hp . fi € NC induct . D . fi < Nc'TV V'P x K . 
[*117"561] 3 ■ (Nc'D'V'P x. K )+ o/ i < (Nc'D'V'P x c K.) + (Nc'D'V'P x c K.) 
[*1 23421. *1 1343] < Nc'D'V'P x N L (2) 

h . (1) . (2) . *117'6 25 . D h : Hp . D . Nc'C"P = Nc'D'V'P x c N : D I- . Pror 

*264453. H P e fl infin - a> . E!5'P. V'P~e 2 r . D.Nc'C'P = Nc'D'V'P x c K 
Dem. 

As in *264-452, 

h . *264423 . D h : Hp . B'P e C" V'P . D . Nc'O'P = Nc'D'V'P x K (1) 
b . (1) . *264452 . D h . Prop 

*264 46. I- : P e fl inHn - a. . D . Nc'O'P = Nc'C'V'P x K 

Dm. 
I- . *123421 . *264-45 . D h : Hp . V'P <? 2 r . D . Nc'C"/- = iNc'C" V'P x c K . (1) 
h . *264-453 . D 

l-:Hp.E!5' J P.V'P~ € 2 r .Nc'C"V'P = /i + o l.D.Nc'C"P = /AX c N 
[*123'421.*11343] = 0* x No) +o (a» x c K.) (2) 

l-.*117-571'6.D 

h:Hp.D. /i x N <(/ i + c l)x„K .( /i + ljj< «o<(/iX c K )+ ( /i x N ) (3) 
I- . (2) . (3) . D h : Hp . D . Nc'O'P = (^ + c 1) x N 

[Hp] =Nc'C"V'Px N (4) 

I- . (1) . (4) . *264'451 . D K Prop 

*264-47. !-:P e niQfin.D.(a / x). /i eNC-t'0.Nc'O'P = ^x « [*264-46] 
*264-48. I- : a e C"i2 - Cls induct . D . Nc'a e D'( x c N ) [*264"47] 



#265. THE SERIES OF ALEPHS. 

Summary of #265. 

In the present number, we shall confine ourselves to the most elementary 
properties of the ordinals and cardinals considered. The most important 
propositions to be proved are the existence-theorems. These all depend 
upon the axiom of infinity ; moreover, as the numbers concerned grow 
greater, the existence-theorems require continually higher types. 

In virtue of the definition in #262, (N ) r is the class of well-ordered series 
whose fields have tt terms. This is not an ordinal number, but the logical 
sum of a certain class of ordinal numbers, namely of Nr"(K )^. 

o>i is the smallest ordinal whose field has more than tC terms. We do 
not, however, take this as the definition of &h : we define o>, as the class of 
relations P such that the relations less than P (in the sense of #254) are 
those well-ordered series which are finite or have tt terms in their fields, i.e. 

&) 1 = P{les*s i P = (K ) r unfin} Df. 

By #254401 it follows immediately that if P ea u P is a well-ordered 
series and <m, is its ordinal number (#265"11). Hence w x is an ordinal number 
(#265'12). though we need the axiom of infinity to show that e^ exists. 

Assuming the axiom of infinity, the existence-theorem for o^ is derived 
from the series of ordinals which are finite or belong to series of K n terms 
For notational convenience, we temporarily define this series as N; thus 
N = «)t {NO fin u Nr"(K ) r } Dft [#265]. 
It is also convenient temporarily to write M for " <• " : thus 

itf-< Dft [#265]. 

It is easy to prove that if K exists, N is ai, &>, (#265-25). Hence we 
obtain the existence-theorem for «i in either of the forms : 

#265-27. r- : a ! N « t'a . D . fl ! &h n t w t w 'a 
#265 28. h : In fin ax (x) . D . g I « x n t ll 't*"a: 

It is easy to prove that oh is greater than the ordinal number of any 
series of tt terms (#265 - 3), and that if eh exists, 

If '©, = NO fin u Nr"(K ) r (#26535), 
t.e. the ordinals less thar eh are those that apply to series of N„ terms or of 
a finite number of terms. 

12 
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We define ^ as C rr G>i, i.e. as the class of those classes which can be 
arranged in a series whose ordinal number is &> 1# It follows from *15271 
that tfi so defined is a cardinal number (*26533), and that if tt„ exists, 
Kj > tt (*265'34). 

In a precisely analogous fashion we can put 

a> 2 = P{less r P = (K ] ) r w(^ ) r unfin} Df, 

K 2 = C"ft> 2 Df. 

Theorems similar to those mentioned above can be proved for <u 2 and K 2 
by similar methods. We can proceed to w v and tt„, where v is any ordinal 
number. But our methods of proving existence-theorems fail if v is not 
finite, since at each stage the existence- theorem is proved in a higher type 
and we know of no meaning that can be assigned to types whose order 
is not fiuite. 

It is easy to prove that the sum of two ordinals which are less than o>i is 
less that) eoj. Much of the accepted theory of (N ) r and <m, depends upon the 
proposition that the limit of any progression of ordinals less than <a^ is less 
than o>i, so that in the series N, every progression has a limit within the series. 
This proposition — or at any rate the current proof of it — depends upon the 
multiplicative axiom. The proof, in outline, is as follows : 

It is easy to prove that an ordinal which has K predecessors must be 
a member of Nr"(K ) r , i.e. must be, in Cantor's language, an ordinal of the 
second class. Now consider any progression P contained in N, i.e. consider 
a series a 1 , c^,... a V} ... of increasing ordinals of the second class. The interval 
between any two consecutive terms of this series is either finite or has &C 
terms. Hence N^G'P, i.e. the class of ordinals preceding the limit of our 
series, is the sum of K classes each of which is finite or has N,, terms. It is 
then argued that, because K x K = K , the whole class N"C'P must consist 
of K terms. This conclusion, however, except in special cases, requires the 
multiplicative axiom, since it depends upon *113 , 32, i.e. 

V :. Mult ax . D :/i,yeNC . k ev r\ Cl.exclV . D . s'k e fi x v. 

It follows that, unless for those who regard the multiplicative axiom as 
certain, it cannot be regarded as proved that a> x is not the limit of a pro- 
gression of smaller ordinals. With this, much of the recognized theory of 
ordinals of the second class becomes doubtful. For example, Cantor pro- 
ceeds to define a host of ordinals of the second class as the limits of given 
series of such ordinals. It is probable that, in regard to all the ordinals which 
he has defined in this way, a proof that they belong to the second class can 
be found, by actually arranging the finite integers in a series of the specified 
type. But the mere fact that they are limits of progressions of numbers of 
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the second class does not, of itself, suffice to prove that they are of the second 
class. 

As another example we may mention the very interesting work of 
Hausdorff*, much of which is based upon the proposition that a term which 
is the limit of an &>i chosen out of a given series cannot he the limit of an 
to chosen out of the same series. This proposition is a consequence of the 
proposition that es^ is not the limit of a progression of smaller ordinals, and 
must therefore be regarded as doubtful. Hausdorff constructs by means of 
it many remarkable series, for example, compact series in which no pro- 
gression or regression has a limit. The existence of such series appears, 
however, to be open to question, unless the multiplicative axiom is assumed. 

It is not improbable that a proof, independent of the multiplicative axiom, 
can be found for the proposition that o>! is not the limit of a progression ; but 
until such a proof is forthcoming, the proposition cannot be regarded as 
certain. 



#26501. a), = P {less'P = (K ) r w ft fin} Df 

*265 02. K, = 0"^ Df 

#26503. o> 2 = P {lelts'P = (KOr u (K ) r w ft fin} Df 
#26504. K 2 = 0"o> 2 Df 

etc. 
#26505. M=< Dft [*265] 

This definition is revived from #256. 
#265 06. N = M £,{N0 fin u Nr"(K„) r } Dft [*265] 

The existence-theorem for at l is derived from JV, siuce, if K exists, N t e^. 
#2651. I- :. Pe to, . = : Q less P . = Q . Q e ft . C'Q e 01s induct u K 
[(#26501)] 

#26511. hzPe^.D.G^Nr'P.Pfft 

Dem. 
V . #2651 . D I- : Hp . D . A less P . 

[#2541] D.Pen (1) 

I- . #254-401 . (1) . (#265-01) . D h : Hp . Q e <o x . D . Q smor P (2) 

I- . #254401 . (1) . (#265-01) . D h : Hp . Qnmor P . D . less' Q = (N„) r u " fin ■ 
[(#26501)] D.Qe«, (3) 

h . (1) . (2) . (3) . D I- . Prop 

* Untersuchungen iiber Ordnungstypen. Berichte der mathematisch-physischeii Klasse dei 
Koniglich Sachaiachen Gesellschaft der Wiaaenschaften zu Leipzig, Feb. 1906 and Feb. 1907. 
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#265 12. h . a>j e NO [*2651 1 . *256'54] 

#26513. h : a e NO infin . D . M £ M'a e a 
Dem. 
h . *?5(i-202 OhPeD infin . D . Nr'if t (M'Nr'P) = Nr'(P t d'P) 
[#262112] = Nr'P (1) 

h.vl).*262-ll .Dh.Prop 

#2652. h.a^=NOfin-i f 0,.wNr"(^ ) r = i\^0 r [#25551] 

*265-21. h : g ! K . « e NO fin u Nr"(K ) r . D . 

M t M'a less N . aM (Nr'N) . a C le&s'N- 
Dem. 

V . #253-13 . #265-2 .DhHp.aeNOfinu Nr"(K ) r . D . M I M'a e T>'N, . 

[#254-182] D . M £ M'a less i\ r (1) 

h.(l).*265-13. D\-:Kp.ae'Sr"(H ) r .D.aM(Nv'N) (2) 

h . (2) . #263-31 101 . D I- : Hp . a e NO fin . D . ai/w . a>M (Nv'N) . 

[#256-1] O.aMC^t'N) (3) 

I- . (2) . (3) . ^ h : Hp . a e NO fin u Nr"(K,),. . D . aitf (Nr'JV) . (4) 

[#255-17] D.aCle?s'A T (5) 

*- . (1) . (4) . (5) . D K Prop 

#26522. h : g ! N . D . fz fin u (K ) r C taW [*265"21] 

#265-23. h:? f D% . D . ( a a) . ae NO fin u Nr"(K ),..P= if [;itf<a.Nr<P = a 
[#2652 . #253-13 . #265-13 . *262'7 . *120'429] 

#26524. I- : P e T>'N S . D . P e 12 fin u (K ), [#26523] * 

#265-25. h : g ! « . D . ^ e mi 
Dem. 

h . #254-4112 . D H : Pless N . D . (gQ) . $ e D'i^ . P smor Q . 
[*265-24.*261-18.#151-18] D . P e H fin w (N ) r (1) 

h . (1) . #265-22 . D h : Hp . D . less'#= ft fin u (K ), . 
[#265-1] ^.JVeohOh.Prop 

#265-26. h : a e N . D . N r J(less £ (7"Cl'a) e a, . N rJ(less £ C"Cl'a) = A r 

Dew. 
h . #254-431 . #150-37 . D 

b . N r»(less £ C"C\'a) = (N„rMess) £ N r"(fi n <7"Cl'a) (1) 

h . #123-16 . D h : a e K . 3 . N r"(n n C"Cl'a) C NO fin u N„r"(K ), (2) 
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I- . #12314 . #262-18-21 . D h : a e K . fi e NC induct - i'I . D . 3 ! p r n C"C\'a : 
[*262-25] D h : a € K . veNO fin . I> . g ! vn 0"Cl'«r. 

[*152"45] D . v e N r"£"Cl'a (3) 

I- . *152'7 . D I- : P e (K„) f . a e K . D . a e C"N r<P . 

[#60-34] D.Nr' J P«N,r"a"Cl'a (4) 

I- . (3) . (4) . D t- : a e tf . D . NO fin u Nr"(K ) r C N r"(C"Cl'a r» fl) (5) 

h . (2) . (5) . D h : a e K . D . NO fin v Nr"(N ) r = N r"(O"Cl'a n fl) (6) 

h . (1) . (6) . (#255-01 . *26505'06) . D h : a <? K . D . Nori(less £ 0"Cl'a) = JNT . 
[#265-25] D . N„ri(IesB £ G"C\<a) f «,:Dh. Prop 

#26527. f- : g ! N n t'a . D . g ! 0l n £"%„<« 

I- . #6455 .Dt-zpet'a.C'PQfi.D.Petn'a K \) 

h.(l). Dh:/8e*'a.D.5*'Cl'/8CVa. 

[*1 5512.*63 5] D . Nor'^'Cl'/S C £<C« . 

[*64-57] D . N r;(less £ 5"C1'£) e f u \'o (2) 

h . (2) . *265'20 .31-. Prop 

#265 28. I- : Infin ax (as) . D . g I a^ * «"•«»'« 

I- . #123-37 . D I- : Hp . D . g J N n £ r £ 8 'a; . 
[#26527] D . g ! &>, n t^t^t^x . 

[#64-312] D . 3 ! o>! * «»'*»'«; : D h . Prop 

Propositions concerning N 2 and g> 2 , and generally K„ and g>,, where y is 
an inductive cardinal, are proved precisely as the above propositions are 
proved. There is not, however, so far as we know, any proof of the existence 
of Alephs and Omegas with infinite' suffixes, owing to the fact that the type 
increases with each successive existence-theorem, and that infinite types 
appear to be meaningless. 

#2653. h:aeNr"(K ) r . }.«<»! [*265'22-25] 

#26531. higlKo.D.K^Ko 

Dera. 

K #265-25. DHHp.D.C^eNj (1) 

h . #265-2 . D h - NO fin - t r r C C'N (2) 

h . #262-19-21 . #12327 . D h : Hp . D . NO fin - i'0 r e K (3) 

r.(2).(3). D(-:Hp.D.Nc'C*tf>N (4) 

K(l).(4).DKProp 
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*265 32. f- : n I K . 3 . K + **i - K « ^ = A 
Dem. 

b . *2653 . D I- : P e il . C'P e N - 3 . P ~ «? «i ■ 

[(*265'02)] D.O'P^eK, (1) 

I- . (1) . *26218 . (*265-02) .DKKonK^A.DK Prop 

*265 33 b . K, e NC [*1527l . *26512] 

*265*34. h : 3 : tf . D . ^ > K„ [*26531 -32-33 . *25574] 

*265 35. h ■ a ! oh . 3 . M'co, = NO fin u Nr"(K ) r 
Dem. 

b . *2653 . *263 31 . D I- : Hp . j . NO fiu u Nr"(K ) r CM' to, (1) 

f . *26511 . D h : P e o>, . Nr'Q J^ . D . Q less P . 

[*265-l] D . Nr'Q e NO fin v Nr"(N ) r (2) 

K(l).(2).DKProp 

#265-351. h : P e o>! . - . a ! o>, . Nr'^'P* = NO fin v Nr"(N ) r 
Dem, 
h.*25611.*265-35.D 

I- : 3 ! o)! . Nr"D'P s = NO fin v Nr"(K ) r . = . g ! «, . if 'Nr'P = I* ffll . 
[*2561.*20434] = .Peai, : D I- . Prop 

*265 352. K-Pe^.D. Nr"D'P s = MX [*26535-351] 

#265 36. h : a, £ e Nr"(K ) r . 3 . a + £ <■ Nr"(K ) r 
rem. 

b . #180-71 . D h : Hp . D . C"(a + &)= C"a + c C"p 
[#26212] =K + c No 

[#123-421] = K , 

[#262-12] D . a + <? Nr"(K ) r : Z> b . Prop 

#265 361. K a, £ e NO fin u Nr"(N ) r . D . a -j- £ e NO fin u Nr"(K ) r 
[Proof as in #26536, using *12045 and #123*41] 

#265 4. r- : P e ^ . a C C'P . P*"a e Cls induct u K . D . a ! p ']>«a 
Dem. 

b . *265-l . 3 r- : Hp . D . (P t p *"«) less p • 
[#254-51] 1.P#"a^C'P. 

[*202'504] D . a lp'P«a OK Prop 

*265-401. h : P e a)! . a C C'P . P"a <? Cls induct u K . D . a lp*P"et 

Dem. 

b . #205131 O r- : Hp O . P*"a = P"u w max P 'a . 
[*205-3.*120-251.*123'4] D. P # "ae Cls induct w K . 
[#2654] D . a ! p'P"a O I- . Prop 
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#265 41. h : P e », . D .~P"C PCN « Cls induct . P*"C'P C K v, Cls induct 
Dm. 

I- .#254182. DI-:.Hp.D:a;eC*P.D.(Pt?'«)le8S-P- 

[#2651] D.P^eK v,Clsinducl (1) 

I- . (1) . *1 20-251 . #1234 . D I- :.Hp . D : x e C'P . D . P*^ e K u Cls induct (2) 
K(l).(2).DKProp 

#26542. h : P e «! . D . (I'P C D'P 
Dem. 

h . *2654-41 . D h : Hp . x e (I'P . D . 3 ! p'^P'H'x . 
[#5301-31] D.#eD'P:DI-.Prop 

#26543. h : P e ^ . * e C P . D . P £ P fl > ! * » ■ E ! h P ( P~ fn ( x 
Dem. 

V . #264-2 . #265-42 . D h : Hp . D . ~ E ! max/iV* ■ (1) 

[#264-22] D.P£iV^G) (2) 

I- . (2) . #265-41 . #123421 . D h : Hp . D . P"K'« e K . 
[#265-401] 3-a! j/P"K> • 

[(1).*250-123] D . E ! lt/K^ (3) 

h . (2) . (3) . D h . Prop 

#265 431. \-:Pe<o 1 .Q<LP.x€C t Q.Q<x C P f > . D . 3 ! />'P"C'Q 
Dem. 

h . #265-43 . D h : Hp . D . C'Q C P'lt/P fn '^ : D (■ . Prop 

#265 44. I- : P e o, . a e C'P . D . P £ P#'a e gh 

i)em. 
V.*25S-lS.D\-:np.O.T> ( (Pl% ( x), = R{{^).aiP^y.R = PtP{x^-y)} (1) 

I- . #254-101 . D I- : Hp . xP % y . D . Nr'P £ P{x\-y) ^ Nr'P £ P'y . 

[#265-352] D.Nr'P£P(#t-3/)eip6>, ( 2 ) 

h . #265352 . D r : Hp . D . Nr'P £ P'a e M'w, (3) 

h. (3). #265-361-35.3 

b : Hp . a e M 1 ^ . D . Nr'P £P ( x + ae M'^ . 

[#265351 ] 3 . (ay) . Nr'P £?'#+«*= Nr'P £ P'y • 

[#253-4711] D . (ay) . tfP*y - Nr'P £ P^ + «= Nr'P £ P'y . 
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[#204-45] D . (ay) . xP*y . Nr'P £ P<# + a = Nr'P £ P*# + Nr'P £ P (x h- y) . 

[*255-564] D . (ay) . *P#y . a = Nr'P £ (* h- y) . 

[(1)] D . a e Nr"D<(P £ %'as), ( 4 ) 

I- . (2) . (4) . D h : Hp . D . Nr"D'(P £ *P*'cc), = M'co, . 

[*265-35"351] D . P £ J?*'** ew.iDK Prop 

#265441. h : Pe Ser . Q, R e<o n Rl'P . P G Q . D . 

P"C'R = P"C'Q . g<'C"P = C'Q 
Bern. 

h . #26327 . Tiunsp . D h : Hp . D . ~ E ! max</OP . 

[#205-123] 3.C'RQQ"C'R. (1) 

[*372] 3.P (l C'RCP tt Q"C f R 

[*37152] CP"0'Q (2) 

h . *26347 . Transp . D h : Hp . D . p<Q"C'R = A . 

[(1).*202-51] ^.C'Q = Q"C"P . (3) 

[#2015. Hp] D.P"C'QQP"C'R. 

[(2)] ^.P<'C'R = P"C'Q (4) 

h . (3) . (4) . D h . Prop 

#26545. \-:.P, f o 1 .QQP:xeC t Q.D x .^l i Q < x - P ft > : Q e g> . 

# = £ y {# e C'Q . y = min Q '(V'« - P fl »l • ^ = # P V#'Q = 3 ■ 

P po e . P^ G Q . P«C%„ = P"0'Q 
Pew. 

h.*32-181.DI-:Hp.D.^GQ. (1) 

[*91-59.*2U1-18] D.P^GQ (2) 

h . *2G3 11 . D h :. Hp . D : ^ e C'Q . D^ . E ! S'x : 

[*71571] D : S eCh-+ I. C'Q CD'S; 

[(l)] D:£eCls-*l. CESS CD'S: 

[#122-51. #96-2 1] D:PeProg: 

[#2631] DiPpoCO) (3) 

I- . (2) . (3) . #205-441 . D h : Hp . D . P"C'R = P"C'Q (4) 

h . (2) . (3) . (4) . D I- . Prop 

*265 451. h :. Hp #265'45 . D : a; e C'P . D . P (a h~ P/a) e K 
Pem. 

I- . #265-45 . #26314 . D h :. Hp . D : x e C'R . D . P/« = S'# . 

[Hp] D.P/a;eP^-Pi>. 

[*2G0-131] D.P^h-P^^eCIs induct (1) 

h . *265-41 . D ^- : . Hp . D : x e C'R . D . P (a; h- P/x) eN D u Cls induct (2) 

K(l).(2).Dr.Prop 
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*265-452. h : Hp *26545 . 3 ! P (x \- R^x) ft P (y h- \<y) . D . x = y 
Dem. 

h . *20118 . D h :. Hp . D : xP&y) . yP(R t ( x) : 

[*14-21] Jix^eC'R.xP (R.'y) . yP (R^x) : 

[*204-41.*265'45] D : xR^ (RSy) . yR^ (R^'x) : 

[*2047l] 0:x = y.v. xR^y :y = x.v. yR^x : 

[*4-41] ^-.x^y.v.xR^y.yR^x'. 

[*204-13.*265-45] D : x = y :. D h . Prop 

*265-453. h : Hp *265'45 . k = a {(3a?) . a; e C"i2 • a = P (x t- R^x)} . D . 

« e K ft CI excl'K . s'k = P (t G ( R ft P*"C'R [*265-45l-452] 

*265 454. h :. Hp *265'453 : k e K ft CI excl'K . D, . s'k e K : D . 

P"C*£ ft P$"C'R e K [*265'453] 

*265 46. I- : . P 6 a)! . Q e « n RHP : a: e C'Q . D* . 3 \Q l x -% n 'x : 

k e K ft CI excl'K . D, . s'k e K : D . P"(7'Q e K 
[*26541-454.*123'421] 

*265'461. I- : Hp *26546 . D . 3 ! fP^C'Q [*265'46401] 

*26547. I- :. P e co, . Q e <o ft Rl'P : k eK ft CI excl'K, . D« . s<* eK : D . 

3!^<P"C"Q [*265-461431] 

*265'48. l-i.KeKoftClexcI^o.D^s^e^zDiPew^QewftRl'P.DiESltp^Q 
[*265-47.*250123] 

*265 481. I- : Mult ax . D . Hp *265'48 [*1 1 3'32 . *1 2352] 

*26549. h :. Multax .0: P e^.Qev* Rl'P . D . E Ilt/C'Q [*265-48'481] 
This proposition shows that, assuming the multiplicative axiom, any 
progression of ordinals of the second class (i.e. consisting of series having X 
terms) has a limit in the second class, because N e co^ 

*265 5. h : Pe ft), . Qe ft) . C'Q C OP . ~ E ! max/C'Q . 

R = x§ {xe C'Q .y = min Q '(P'x ft Q<x)} . S = R \ R*'B'Q . D . 

S^ay.S^GP. Pt'C'S^ = P«C'Q 
Dem. 

K*20511. Dh:Hp.D.jKCP.JJGQ. (1) 

[*20118] D.^GP.^poGQ (2) 

I- . *205 197 . D I- : Hp . x e C'Q . Q*'# C P^'a . D . a; = m&x P 'Q^x (3) 

h . *263'412 . *261'26 . D h : Hp . x e G'Q . D . E ! max/Q'a; (4) 

R. & W. HI. 
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h . (3) . (4) . #205193 . D h : Hp . x e C Q . %<x C P*< x . D . E J maxp'C'Q (5) 

h . (5) . Transp . D r :. Hp . D : x e C'Q . D . g 1 Q*'® - P*'x . 

[*91542.*202103] D . g ! Q<xr\ P'x . 

[#250121] D.E!^ (6) 

I- . (1) . (6) . #12251 . D I- : Hp . D . 8 e Prog . 

[*263'1] 3 . 8^ e <«> (7) 

h . (2) . (7) . #265-441 . D I- : Hp . D . P'^'S^ - P"C'Q (8) 

h.(2).(7).(8).Dh.Prop 

*26551. h : Hp *265'48 . P e o>, . a e K n Cl'C'P . ~ E ! inax/a . D . E ! lt/a 

£>em. 

.*265-5.Dh:Hp.D.(a*Sf).iSeft)nRl < P.P"a^=a (1) 

h. (1). #265-48. Dh. Prop 

The following propositions follow easily. 
#265-52. r : . Hp #26548 . P € «, . D : 

anC'P€K y Cls induct . = . a ! G'P np'P«(a n G l P) [*265-©l'41] 

#26553. V :: Hp *265'48 . D :. P e ft^ . = : 

P e fi : a n C'P e K„ u Cls induct . = B . a ! C'P r» p'P"(a n C'P) 

#265-54. h : P e a> . D . CFV'P C lt P "C"(« n Rl'P) [#2655] 

I.e. every limit-point in an &>, is the limit of a progression, which is what 
(following Hausdorff) may be conveniently called an ©-limit. 

#265-55. h : P e «! . D . (L'V'P = lt P "C"(ft> r\ Rl'P) [#26554 . #216602] 

This proposition does not, like #265'48, assert that every progression in 
P has a limit, and therefore it does not require the hypothesis of #265*48. 



SECTION F. 

COMPACT SERIES, RATIONAL SERIES, AND CONTINUOUS SERIES. 

Summary of Section F. 

A compact series is one in which there is a term between any two, 
i.e. in which P G P*, where P is the generating relation. We may call 
any relation P compact when PGP*; then a transitive compact relation 
will be one for which P = P 2 . Hence a serial relation P is compact when- 
ever P = P\ Compact series in general have certain properties, some of 
which have been already proved ; but the majority of the interesting pro- 
positions in this subject come from adding some other condition besides 
compactness. Thus series having Dedekindian continuity, which have "many 
important properties, are such as are compact and Dedekindian. Rational 
series (i.e. such as are ordinally similar to the series of all rational numbers, 
positive and negative, or, what is equivalent, to the series of rational proper 
fractions) are denned as such as are compact, without beginning or end, and 
consisting of K terms. Such series, alsu, have many important properties. 
A continuous series (in Cantor's sense) is a Dedekindian series containing 
a rational series in such a way that there are terms of the rational series 
between any two terms of the given series. This species of compact series 
also has many important properties. It consists of all series ordinally similar 
to the series of real numbers including and oo . 



*270. COMPACT SERIES. 

Summary of #270. 

The propositions of the present number are mostly either obvious or 
repetitions of previously proved propositions. The latter are repeated here 
for convenience of reference. 

We put comp = P(PG P 2 ) Df, 

so that the class of compact series is Ser r\ comp. We have 

*270'11. h : . P <■ comp . = : xPy . >,, y . g; ! P'tf n P'y 

*270'34. V : P e trans n comp . D . s'P = sgm'P 

The proposition s'P # = 8gm'P^, which was proved in *212, is a particular 
case of the above. 

*27041. h : P e Ser n comp . 3 . Nr'P C Ser n comp 

I.e. a series which is similar to a compact series is a compact series. 

*270 56. I- r P e Ser . Q e 12 . ~ E ! 5'P . ~ E ! B'Q . D . P« e Ser n comp 

This proposition gives us a means of manufacturing compact series of 
various types, such as co exp r co, toexp r (o u etc. 



*270Ol. comp = P(PG. P s ) Df 

Here " comp " is an abbreviation for " compact." " Compact " series are 
the same as the series which Cantor calls " uberall dicht." 



*2701. 



*27<H1. r 

*27012. h 

*27013. h 

*27014. h 



P e comp .= .PGP* [(*27001)] 



. P e comp ,= :xPy. 3 x>y .RlP'xn P f y [*270 1] 

P e comp. = .Pe comp [*27011] 

P € trans n comp .= .P = P* [*270 1 . *2011] 

Pe Ser n comp. = . P<- B\ ( J n connex. P=P*.= .Pe Ser. P=P> 
[*270'13J 

*27015 t- : P e Sern comp . = . P e Ser . P 1 = A [*201 65 . *270 14] 
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— > — > 
#2702. h : P e comp . D . ~ g ! max/P'a; [*205'25 . *270'1] 

#270 201. \-:Pe comp O . ~ 3 ! min/(I'P . ~ g ! max P 'D'P 

h.*37'25. Dh.min P '(I<P = P<<D<P-(Ps)"D < P (1) 

h . (1) . #2701 O h : Hp O . min P '(TP = A (2) 

Similarly h : Hp . D . max/D'P = A (3) 

h . (2) . (3) O h . Prop 

#270 202. h : P e comp . D . ~ 3 ! min P 'P"a . ~ g ! max P 'P"a 
[Proof as in *270'201] 

#270 203. h : P e comp . D . ~ g ! seq P V<E [#206*42 . #270-1] 

*270"204. h: P e Ser n comp . E ! seq P 'a O . ~ E ! max P ( a 
[#206-451. #2701 5] 

#270205. h : P e Ser ft comp O . lt P = seq P [*207'1 . #270204] 

#270-21. h : P e BA'J n comp . x e Q'P . D . x lt P (PV) [#207-31 . *270\L] 

#270 211. !- : P e Rl'/n comp . D . D'ltj, = C'P [#270-21] 

Thus if a relation is compact and contained in diversity, every member 
of its field is a limit-point. 

#270 212. r : P e connex . D'lt P = C f P . D . P e comp 

h . *207-34 . D h : Hp . D . C'P C - (T(P -^ P*) . 
[#33-251] D.d'(P-P 2 ) = A. 

[#2701] D.Pe comp Oh. Prop 

#27022. f- :. Pe Rl</« connex . D -.Pecomp. = . D'lt P = C'P. = . d'P C D'lt P 
[#270-211-212. #207'18] 

#27023. h: Pecomp - t'A O . P~eBord 

h . #270-201 O h : Hp O . (got) . a C C'P . 3 ! a . ~ g ! min P 'a . 
[#250101] D.P~eBordOh.Prop 

#270-24. h : P e Ser n comp - t'A . D . C'P ~ e Cls induct 

h . #270-23 O h : Hp O . P ~ e il . 

[#261-31] D . C"P~ e Cls induct Oh. Prop 

#270-3. h : P e Sern comp . D . sect'P - D'P, = P*"C'P 
[#211-351. #27015] 
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*270-31. hPe trans r% eomp . D . D'Pe « D'(Pe A J) [*21151 . #2701 4] 

*27032. r : P e trans n comp . D . P'a e D'(P E A /) [*211452 . #2701] 

♦270-321. h :~P"C'P C D'(P f n /) . D . Pe comp [#211-451 . #2701] 

#270322. h :. P e trans . D -JPt'CP C D'(P e A J) . = . Pe comp 
[*27032-321] 

#27033. h :. P e Ser . D : P e comp . = . (Fmax P o (Tseqp = A 
[#211-551. #27014] 

#270-34. h:Pe trans n comp . D . s'P - sgm'P [#27031 . (*21201'02)] 

#27035. h:.Pe trans n connex n comp .D:Pe Ded . s . d'maxp = - G'seq? 

[#214-4. #270-13] 

#270351. I- :. P e Ser . D : P e comp n Ded . = . <Pmax P = - d'seq* 
[#214-41. #270-14] 
A series which is compact and Dedekindian is one which has Dedekindian 
continuity. Thus the above proposition states that a series which has Dede- 
kindian continuity is a series such that every class has either a maximum or 
a sequent, but not both. 

#270*352. h : Pe Ser r> comp n Ded . o e sect'P. D . limax P 'a =* Hmin P '(C"P - a) 
[#214-42] 

#270*36. r : P e Rl< J r% comp . D . Sp'C'P = d'P .V'P = P 
[#216-2 . #270-211 . (#216-05)] 

#270-4. \-:Pe comp . D . Nr'P C comp 
Dem. 
V. #201-2. ^\-:SePsmorQ.O.{S'Qy = 8'>Q'.P = S'>Q (1) 

I- . (1) . #2701 . D h : P e comp . S e P Snor Q . D . SiQ G #Q 2 . 

[#150-31] O.S m >8'>Q(iS m >S m >Q*. 

[#151-252] D . Q <• Q s : D h . Prop 

#270-401. r •. P € comp . = . N„r'P C comp [#2704 . #15512] 

#270-41. h : P e Ser o comp . D . Nr'P C Ser « comp [#270"4 . #204-22] 

#270-411. I- : P e Ser o comp . = . N r'P C Ser n comp [#27041 . #1 55 12] 

#270-42. h:Pe comp . D . P t?*'x, P I ~P#'x € comp 
Dem. 

\- . #27011 . D I- : Hp . y, z eP*'* .yPz.3. (<$w) . yPw . wP^ . 

[#9016] 1.(rsw).W€Px'x.yPw.wPz (1) 

h . (1) . #270-11 . D h : Hp . D . P £ P*<# e comp (2) 

Similarly h : Hp . D . P £ P#<# e comp (3) 

h.(2).(3).DI-.Prop 
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#270 5. b : P, Q e Ser n comp . C'P r\C'Q= A .~(E\ B'P . E ! B'Q) . D . 

P-£Q e Ser n comp 
Ztem. 

h . *160'51 . D h : Hp . D . (Pj-Qf = P ! oQ 2 a D'P f C'QvC'P -[ d'Q 
[*93103.Hp] = P 2 ci Q 2 u C'P t C%) (1) 

I- . (1) . #270*1 . D h : Hp . D . P£Q G (P£Q) 2 (2) 

I- . (2) . *204'5 . D !- . Prop 

#27051. h : P e Ser n comp . C'P C Ser n comp . P e Rel 2 excl . D . 

2'PeSer r» comp 

K #204-52. DhrHp.D.S'Pe Ser (1) 

h.#1621.D 

I- . (%'Py = (WP) 2 ci (PJP) 2 ci (WP) | (PJP) ci (F>P) i (i'C'P) (2) 

b . #2701 . D b : Hp . a; (s'C'P) y . D . (gQ) .QeC'P. xQ*y . 

[#41-13] D.# (s'C'P) 2 y (3) 

r . #2701 . D h : Hp . x (F>P) y.D.x (PJP*) y . 

[*163-12.#201-2] ^.x{F'Pfy (4) 

h . (2) . (3) . (4) . #162-1 . D b : Hp . D . %<P G (2<P)< (5) 

K(l).(5).Dr.Prop 

The hypothesis of #270'51 is in excess of what is- required for the 
conclusion, which only requires, in place of P e comp, that there should be 
no two consecutive relations in C'P of which the first has a last term while 
the second has a first term. This is proved in the following proposition. 

*270'52 I- : P 6 Ser n Rel 2 excl . C'P C Ser n comp . 

B (t P l "(G t P n Cnv"<I'B) = A . D . %'P e Ser n comp 

b . #270-1 . #163-12 . 3 h : Hp . D . s'C'P G (s'C'Py (1) 

b . #201 '63 . D h : Hp . D . F'>P = PJP X ci F>P 2 (2) 

b . #93103 . D b :. Hp . QP X R . O : X>'Q = C'Q . v . <I<R = Ci* (3) 

h.(3).Dh:.Hp.a:( J P;P 1 )y.3: 

(aQ, R): x eT>'Q . y eC'R .v . x eC'Q . y eQ'R : QP t R : 

[#3313131-17] 

[#150-52.#201-63] D : a? {(s'C'P) | (P'P)} y . v . a; \(F>P) \ (s'C'P)} y : 

[#162-1] ^:x(X'PYy (4) 

h . #163-12 .#201-2 . D h : Hp . D . F'>P* = (PJP) a (5) 

b . (2) . (5) . #1621 . Z> b : Hp . D . F'P G (2'P) 2 (6) 

b . (I) . (6) . #162-1 . D h : Hp . D . £'P G (S'P) 2 (7) 
r- . (4) . (7) . #204-52 . D b . Prop 
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#270 521. h :. P e Ser ft Rel 2 excl . C'P C Ser ft comp : 
C'P ft Cnv"d< B = A . v . C'P ft d'B = A : D . 2'P e Ser ft comp [#270*52] 

#27053. h:PeSer.QeSerncomp.~(E!5'Q.E!5'Q)O.PxQeSerrtcomp 
Bern. 

h. #166-1. Dr.PxQ=2%U ; -P (1) 

K #1 65-21. Df-.Q^SPe Rel 2 excl (2) 

h. #16525. #20421. Dh:Hp. a ! P. D. Q^SPe Ser (3) 

h . *165-26 . #270*4 . D h : Hp . D . C'Q J, >P C Ser ft comp (4) 

I- . #151-5 . #165-26 . D h : Hp . ~ E ! B'Q . D . C'Q I >P ft (TJS = A (5) 

h . #151-5 . #165-26 . D h : Hp .~E! B'Q .O.C'Q | ;PftCnv"CE<J3=A (6) 

h . (1) . (2) . (3) . (4) . (5) . (6) . #25 0-521 . D 

h : Hp . a ! P . D . P x Q e Ser ft comp (7) 

h . #16613 .Dh:P = A.D.PxQeSerft comp (8) 

I- . (7) . (8) . D K Prop 

*27054. h : P e Ser ft comp . ~ E ! B'P . x ~ e C'P . D . P 4> a? e Ser ft comp 

h. #204-51. Db:Hp.D.P-f»a-eSer (1) 

h. #161-1 . Dh:Hp.D.(P4»a;) 2 = P 2 ciD'P|i^ 
[#93-103] = P 2 w C'P 1 1 'a? (2) 

I- . (2) . #2701 . D h : Hp . D . P-f>^ C (P-f>*) 2 (3) 

h . (1) . (3) . D r . Prop 

#270-541. t- : P e Ser ft comp . ~ E ! B'P . x~ e C'P . D . x *± P e Ser ft comp 
[Proof as in *270"54] 

#27055. h : P eft . C'P C Ser . ~E ! B'P . C'P ft Cnv"(I'J3 = A . D . 

n'PeSerft comp 
Dem. 
h. #251-3. Dr:Hp.D.n<Pe Ser (1) 

I- . #25021 . #93-103 . D 

h : Hp . Q e C'P . 3f e F^'C'P . D . (g^) . (if* P/Q) (P/Q) * (2) 

I- . #200-43 . D 

h:U ? (2).(M'h t Q)(h i Q)cc.L=M[(-i'P 1 'Q)^xi(P 1 t Q).^-M(U t P)L (3) 
h . #200-43 . D 

h : Hp(3) . Ne F^C'P. {M'Q)Q(N'Q) . M[P t Q = N\ r P f Q.^ . £(ITP) JV (4) 

h.(2).(3).(4).D _^ _^ 

h:Hp.M,A r eP A ( (7'P.Q e C'P.(JVf t Q)Q(^Q).i^^Q = i , f^p K ^.D. 

(3Z). ilf (II 'P)Z.Z (II 'P)iV (5) 

h . (5) . #200-43 . D h : Hp . D . n<P G (n<P) a (6) 

h.(l).(6).DK Prop 
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*270-56. HrPeSer.Qen.^Eltf'P.^Eltf'Q.D.peeSerncomp 

Dem. 
r.*l76151. Dr-:P = A.3.P«eSerncomp (i) 

I- . *176'18M82 . Dr.PesmorlFPjJQ (2) 

r . *16525 . *251121 . D r : Hp . 3 ! P . D . P ^ J# e O (3) 

r . *165-26 . *20421 . D r : Hp. D . C'P | J$CSer (4) 

r . *165-25 . *1515 . Dr:Hp.&!P.:).~E! B'Cnv'P J, ?Q (5) 

K*165-26.*151-5. D h : Hp . D . C'P ± 'Q n Cnv"CI<5 = A (6) 

r . (3) . (4) . (5) . (6) . *270-55 . D h : Hp . g ! P . D . n'P 1 5Q e Ser a comp . 
[(2).*270-41] D . P« e Ser n comp (7) 

K(l).(7).Dr.Prop 

By means of the above proposition, compact series can be manufactured by 
taking series of such types as <a exp r a>, a> exp r <o 1} a*! exp r <a, etc. Any power 
etexp r /? consists of compact series, -if yS is an ordinal having no immediate 
predecessor, and a is any serial number having no immediate predecessor 
(i.e. not formed by adding 1 to a serial number). 



*271. MEDIAN CLASSES IN SERIES. 

Summary of #271. 

We shall call a class a a " median" class in P if aC G'P and there is a 
member of a between any two terms of which one has the relation P to the 
other. When this is the case, we have 

xPy . D XiV . (a*) . z € a . aPz . zPy, 
i.e. PQP[a\P. 

Thus P cannot contain any median class unless P is compact. Conversely, 
if P is compact, G l P is a median class. Hence relations containing median 
classes are the same as compact relations. Median classes are important in 
dealing with rational and continuous series : the rationals are a median class 
in the series of real numbers, and the series which Cantor calls continuous 
are characterized by the fact that, in addition to being Dedekindian, they 
contain a median class which forms a series of the same type as the rationals. 

If P is a compact series, the class P il Q, ( P is a median class in the series s'P 
(#271-31). This fact is used in proving that the series of segments of a 
rational series is a continuous series. 

Our definition is 

med = 3P(aCC"P.PGPra|P) Df. 

Thus med'P will be the median classes of P, and "PeCE'med" means that 
there are median classes of P. We have G'med = comp (#271-18) ; also 

#27115. r-:amedP.D.P,P^aecomp 

#271-16. h : (a n C*P) med P . = . (a n D'P) med P . = . (a n (FP) med P . 

= .(a*D r Pn(FP)medP 
If P is a series, and a C C ( P, a is a median class when, and only when, its 
derivative is d ( P, i.e. 

#271-2. r :. P e Ser . a C C'P . 3 : a med P . = . d'P = 8 P 'a 

An important proposition is 

#271-39. I- : P, QeSer n Ded . a med P. £ med Q . (P I a) smor (Q £ £) . D . 

Psmor Q 

I.e. if P and Q are Dedekindian series, and or, /? are median classes of P 

and Q respectively, then if P £ a and Q £ @ are similar, so are P and Q. This 
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proposition is proved by showing that P is similar to the series of segments 
of P £ a, the correlator being lt P with its converse domain limited (#271-37). 
Another important proposition is 

*271'4. \-.SeP smof Q . med Q . D . (£"£) med P 

I.e. a correlator of P with Q correlates median classes with median 
classes. 

The above two propositions are used in #275'3 , 31, which prove that two 
series which are continuous (in Cantor's sense) are similar, and that a series 
similar to a continuous series is continuous. 



#27101. med = aP (a C C<P . P GP [a | P) Df 

#2711. h:.amedP. = :aCC { P.PCP[a\Pi = : 

aCC'P: xPy . D x>y . a ! a a P'x n P'y [(*271"01)] 

#27111. h:amedP. = .amedP [*27M] 

#27113. I- : a med P. p C C'P.D. (a u£) med P [#2711] 

*27M4. h:amedP.D.C'P £amed(P|» 
Dem. 
K #2711. 3 

h :. a med P . D : x, y e a . xPy . D XiV . (qz) . z e a . xPz . zPy . 
[*35-l02] D Xiy .(ftz).z e a.x(Pta)z.z(Pta)y: 

[*35'102.#27ri] 3 : C'P £ a med (P £ a) :. D h . Prop 

#27115. I- : a med P. 3. P,P£ a ecomp 

K*2711. DhrHp.D. PGP 3 . 

[#2701] O.P ecomp (1) 

I- . (1) . #271-14 .DhiHp. D.P£ae comp (2) 

K(l).(2).DKProp 

#27116. h(an C ( P) med P . = . (a ^ D'P) med P . = . (a * d'P) med P . 

= .(a*D'Pn<I'P)medP 
Dem. 
r- . #271-1 . #33-15 . D 

r- :. (a n C'P) med P . = : #Py . D^ . g ! a n D'P n P'a n P'y : 
[#2711] = :(a*D'P)medP (1) 

I- . #2711 . #33151 . D h : (a n C'P) med P . = . (a n d'P) med P (2) 

!-. #2711. *3315151.D 

h :. (a * C'P) med P . = : xPy . D*,-, . 3 ! a n D'P n d'P * P'x n P'y : 

[#27 11] = : (a n D'P n d'P) med P (3) 

h.(l).(2).(3).Dh.Prop 



D.d'Pemed'P. 


(1) 


D. C'Pe med ( P. 
S.D'Pemed'P 


(2) 
(3) 
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#27117. h : P e comp . 3 . C<P, D'P, (FP e med'P 
Bern. 

h . *35'452 . #2701 . D h : P € comp . D . P G P [ O'P | P . 

[*27M] 

[*27i-13] 

[#27116] 
r.(l).(2).(3).DKProp 

#27118. I- . d'med - comp [#27115'1/] 

#2712. h:.PeSer.aCC"P.D:amedP. = .a'P = V« [#21613. #2711] 

#2713. r : P e Rl r J * trans . a med P.). P"a med (s'P) 

I- . #271-15 . #270-34 . 3 h : Hp . D . s'P = sgm'P . 

[#212-11] D.s'P = £7(&7*D<(P e A/).a!y-£} (1) 

h.(l).*21112.D(-:Hp.^(s'P) 7 .D.a!7~)8.P"7 = 7.P r ^ = yQ. 
[*37'1] D .(^x,y).xey~/3.xPy.yey. 

[#271'1] D . fax, y,z).xey — /3. xPz . zPy .zea.yey. 

[#20112] D . (gar, y,z).xey-fi. xPz . zPy . z e a . y e 7 . ~ (yPz) • 

[#32*18] D.(a2).^ e a.a!P r 2-^.a!7-P^. 

[(l).*270-322] D . (a*) . z e a . £ ($<P) (?'«) . (P'z) (s'P) 7 (2) 

K(2).*27n.Dh.Prop 

#271-31. r- : PeRl* J « trans « comp. D .~P"(FP med (s'P) [*271-3'17] 

The following propositions lead up to the proposition 

#27137. I- : P e Set n Ded . a med P . D . lt P f CV(P t <*) e P smor {s'(P £«)} 

whence, if a is a median class of P, P is similar to the series of segments of 
P[,a. This proposition is used in proving that every continuous series is 
similar to the series of segments of a rational series. 

#271-32. h : P e Ser . R = P t a . £ € D'E £ . E I ltj»<£ . D . /9=fl"£= a a P'IVjS 

r- . #205-9 . 3 r- : Hp . a r\ C'P~ € 1 . D . max^ = maxj»(a a £) 

[#37-41 3.*21 111] = max/£ 

[#207-13] =A (1) 

h . (1) . #20035 . D r : Hp . D . mtx^^ A . 

[*211-42-12] D.p = R<</3 (2) 

I- . #207-231 . D I- : Hp . D . P"£ ="p ( lt P '/S . 

[#37-413] D . K"£ = a a P'lt P <£ (3) 

r- . (2) . (3) . D h . Prop 
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*271'321. I- : P e Ser . R = P £ a . 3 . lt P [ D'ik e 1 -» 1 
Dew. 
I- . *27132 . h : Hp . /3, 7 eD ( E e . \t P </3 = lt P < 7 . 3 . £= 7 : 3 I- . Prop 

#271322. I- : P e Ser . R = P £ a . D . lt P V# G P 

Dm. 
I- . #21223 . D I- :. Hp . D : x(lt P WR)y • s= . 

(3&7) ■ P.yeD'Re . /3 C 7 . £ + 7 . ar = lt P </3 . y = lt P < 7 . 
[#207-231] D.('3.{B,y)./3 t v6D<Re.l3Cy./3$v.'p<x = P"0.'p<y = p« y , 

[#37'2.*271-321] D . P l x C P'y . x =f= y . 
[#20433] D . aPy :. 3 I- . Prop 

#271-33. hiPe trans . a med P . D . P'x » P"(a a P<#) 
Dew. 

h . #201-501 . D r : Hp . . P'ip'x C 'P'x . 

[#37-2] D . P"(a a P<#) C P'a (1) 

f- . #271-1 . D h :. Hp . D : yPx . 3 . (gar) . yp* . z € a . .ePa . 

[#371 ] 3 . y € P"(a a P'#) (2) 

r- . (1) . (2) . D Y . Prop 

#271 331. I- : Hp #27133 . R = P £ a . D . baA = i?"(a a P^) 
Dew. 

h . #27133 . D h : Hp . D . a a P'ar = a a P"(a a P'a) 

[#37-413] = R"{a. a P'x) : D h . Prop 

#271332. I- : P e Ser . a med P .x e C'P . D .x = lt P '(a a P'a) 
Dera. 

r . #271-331 .DhHp.D.aftAc P"(a a P'#) . 

[#205-123] D . max P ( (a a P'#) = A (1) 

K(l). #271-33. D 

V „ L _V V 

h : Hp . D . x € C'P . P'ar= P"(a a P<#) . ~ E I max/(a a P'x) . 
[#207-521] D . x = lt P '(a a P'#) : D h . Prop 

#271 34. r- : P e Ser . a med P . D . P = lt P V(P D a ) 
Dem. 

I- . #271331 . *211'11 .Dh:Hp.R = Pta.3 .ar\P'xe T>'R e (1) 

I- . #204-33 . D h : Hp . xPy . D . a a P'a C a a P*y (2) 

r . #271332 . D r : Hp . #Py . D . x = lt P '(a a P'x) . y = lt f '(a a P'y) . (3) 

[#2041] D . a a P'# + a a P'y f 4) 
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h.(l).(2).(4).*212-23.D 

I- :. Hp . E= P I a . D : xPy . D . (anFa;)(s^)(onP^) (5) 

h.(3).(5).Dh:.Hp,D:arPy.D. a? {lt P V(PI:a)}y (6) 

h . (6) . *27l-322 . D H . Prop 

*271 35. r : a med P . D . D r (P £ a) e C - <J r max P 

Dem. 
h.*37-4l3.*21111 .3 

h:.j9«D'(P^>.D:(^)./9-anP«(^ B ): (1) 

[*37'1] Z) : (gp) : so e . D*. fay) .yepr>a.xPy (2) 

K (2). #271-1 .3 

h :. Hp . e D'(P £ a) e . D : (ftp) :xefi.D ;t . (fty, z) . xPz .zea. zPy ,yepr\a. 

[(1)] D x .(nz).xPz.ze/3. 

[*371] O x .xeP«/3 (3) 

I- . (3) . #205-123 . D h : Hp . £ e D'(P £ a) e . 3 . «uax P '£= A : D h . Prop 

#271-36. h :PeDed.amedP.D.D'(Pta) e C(I r ltp [*271'35 .*214'101] 

#27137. I- : P e Ser n Ded . a med P . D . lt P f C's'(P £ a) e P smor {s'(P £ a)} 
[*271'321'34-36 . #151*22] 

#271*38. r :P t -SernDed.amedP.D.Psmor{ s <(P£a)} [*271'37] 

#27139. r : P,QeSer « Ded . amed P .£medQ . (P£a)smor(Qt £). D . 

P smor Q 

h . #21272 . D F : Hp . 3 . (s'(P £ a)} smor {s'(P £ /?)} (1) 

I- . #271-38 . D h : Hp . D , P smor (s'(P £«)}.£ smor {s'(Q £ £)) (2) 

r . (1) . (2) . 3 r . Prop 

This proposition is used in proving that all continuous series are similar, 
by means of the fact that such series contain rational series as medians, and 
that all rational series are similar. 

*27l-4. r : 8 e P smor Q . med Q . D . (S"j3) med P 
Dem. 

h . #35354 . #74-14 . D h : Hp . D . Q [ \ 8 = Q ] 8 [ S"/3 . 

[#150-1] l.S'>(Q[$) = (S'>Q) r S"£ . 

[*15M1] 3'lSKQtP)}\(S'>Q)=(PtS"0y i P (1) 

h.*72-6. D\-:K V .l.(Q\>/3)\S\S = Q[/3. 

h.(2).*271-l. 3h:HpO.S|Q|£G{S;(<3r£))|0Sf^). 
[*15M1.(1)3 D . P C (P T S"£) [ P . 

[*27M] D . (S"/8) med P : D h . Prop 



*272. SIMILARITY OF POSITION. 

Summary of #272. 

If P, Q are two serial relations, and T is a correlator which correlates 
some terms of C'P with some terms of C'Q, we say that two terms x and y, 
of which x belongs to C'P and y to C'Q, have similar positions with respect 
to T if y comes after the correlates of all members of D'T which x comes 
after, and y comes before the correlates of all members of D'T which x comes 
before. This notion is useful for inductive definitions of correlations. If we 
start by correlating any two terms x u y 1} and take another term x, coming 
(say) after x lf a term y 2 having similarity of position with respect to x x j, y l 
must come after y x . Suppose now we take x s between x x and x 3 . Then 
a term y 3 having similarity of position with respect to x x ^ y Y u x 2 \, y 2 must 
come between y x and y t ; and so on. A correlation T constructed in this way 

will be such that T'>Q G P . T>P C Q. If the whole of C'P and C'Q can be 

obtained by prolonging the construction long enough, T will at last become 
a correlator of P and Q. This is the principle of Cantor's proof that any two 
rational series are similar. 

As a rule, when the notion of similarity of position is useful, the relation 
T will be one-one, but this is not assumed in the definition. We write 
" xTpQy" for "x and y have similar positions in P and Q respectively with 
respect to T" or, as we may express it more shortly, " the P-position of x is 
T-similar to the Q-position of y." The definition is 

T PQ = xp{x€C'P.yeC'Q.T>'T *~P'x C T'Q'y . D'T n *P'x C T'^Q'y . 

D'TrM'xCT'y] Df. 

This definition states that the predecessors of x which have T-correlates are 
to be correlated with predecessors of y, the successors of x which have 
T-correlates are to be correlated with successors of y, and if x itself has 
a T-correlate, y is to be a T-correlate of x. 

When T is a many-one relation, the definition becomes somewhat simpler. 
We then have 

*27213. r :: Te Cls -» 1 . :. xT PQ y . = : 

xeC'P .yeC'Q zzeB'Tn^'x . 0, . T'zQy -.zeB'Tn P~'x . ^.yQT'z : 

x€D'T.^.y=T'x 
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We have 
#27216. K(DT)1 TpqGT 

That is, a term which has a correlate cannot have similarity of position with 
any term except one with which it is correlated. A member of C'P r\ D'T 
will have similarity of position with its correlate (assuming TeCls— >l) if 

PtD'TGT'>Q.T"C'PCC'Q (#272-18). 

Under ordinary circumstances, a term which is not a member of D'T 
cannot have similarity of position with any member of Q. l T (#27 22). When 
T is many-one and its domain is contained in C'P, and P and Q are series, 
and x has no T-correlate, we have (#27221) 

xT PQ y . = ixeC'P.yeC'Q:zeD'TK~P<x.= l . T'zQy, 

i.e. in this case, x and y have similar positions if the predecessors of x which 
have correlates are the terms whose correlates precede y. In this case, if 
xeC'P, we have (#272-212) 

% Q <x = C'Q n Q (D'T n P ( x = T'<Q<y) =C l Qn§ (D'T r\ *P'x = T f *Q'y). 

We next investigate the condition for C'P = D'T P q, i.e. the condition 
required in order that every member of C'P may have similarity of position 
with some member of C'Q. A sufficient condition is 

P,QeSeT . Qecomp . y € Cls->l . D'TeCh induct . P I D'TGT'>Q . a ! Q . 

T"C'P C D'Q * Q_<Q 
as is proved in #272-34. 

We next consider the reversibility of T PQt i.& the condition that the 

converse of T FQ should be (T) QP . A sufficient condition is 

P, Q e Ser . Te 1 -* 1 . D'T C C'P . d'TC C'Q (#272-42). 

Finally, we have two propositions on the addition of another couple x^yto 
T. With the above-mentioned hypothesis of #272*42, if xT PQ y and T>Q Q P, 
putting W = T v x I y, we shall have P £ D ( W = W '>Q (#272'51), so that the 
hypothesis we had for T still holds for W. 

The propositions of this number are in the nature of lemmas for 
Cantor's proof that any two rational series are similar, which is given 
in #273. 



#272-01. T PQ = x§{xeC'P .ye C'Q .D'TnP'xC T"Q'y . 

D'T n P'x C T'^Q'y . D'T n i'x C ~T'y} Df 
♦272-1. r : xT PQ y . = . x e C'P . y eC'Q .D'T n ~P'x C T"~Q'y . 

D'T a *P'x C T'Q'y . D'T a i'x CT'y [(#27201)] 
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#27211, htxeC'P.D, 

% Q <u> «= V'Q n pUr^iiyT n ~P'x) n p'Q"?T«( D< f n V'.r) 

rtj)T'(DTft t'jr;) 
Dew. 

I- . #2721 . D h : Hp . D . 

*T PQ i x=C'Q n${ze DTaA . D 7 . ^ Q// : ze V'Tn^P'x . D z . 2 T, Qy : 

* 6 DT n t'a- . D 3 . zTy} 
[#40-51-53] = C"Q n^'T'lDTn ~P'.r) n/Q'^^^DTn P'.r) 

npT'(DTn('a;)OI-.Prop 

#272111. h : a € (7<P . D . 
V PQ '.z = C'Q n p'lfT'lDTnP'j;) y ^"^(DTftP^y^DTn t's)} 
[#272-11. #40181 

#27212. I- ::^pgy. = :..T e C r P.y€C"Q:.^eD ( r. 3 Z : zPx .3 . zT\Qy : 

zPx.D.zT\Qy:z = x.3.zTy [#2721] 

#272-13. V :: Te Cls-»1 . D :. a-T^y . = :x eC'P . y eC'Q: 

zeD<Tn~P { x . D, . 7"*Qy : * e DTnP 1 * . D 2 . yQT'z ixeD'T . D . y = T'x 

[#27 2- 12. #7 i -701] 

#272131. r : 2'eCls-»l . x e C*P . D . 

[#272-111 .#71-613] 

#27214. \-:xeC'P-D'T.D. 

*T PQ <x = C'Q n p'Q"<T"(D'T a P'x) ft p'Q"<T"(T><T a P'*) 
[#272-1 11. #40-18] 

#272141. I- : x e C'P - D'T . D . 

*T PQ 'x = C'Q n £ (D'T a P*ar C T'<Q'y . D'T 1 n P'a: C T ll< Q'y) 
[*272-l] 

#27215. h: 7VCIs-*l .x e C'P- D7.D. 

?V-£ = C'Q n p l Q tt T tt ~P t x n p'~Q"T"P'x 
[#272-131 .#40-18] 

#27216. h.(DT)-| T PQ dT 
Dem. 

V . #272-12 ,D\-:x€ D'T . aZV^y . D . a^y OK Prop 

R. & W. III. 
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#272161. r : Te Cls->1 . P £ D'T G T5Q . D . (D'T)1 T P(3 = C'P 1 T f C'Q 
Dam. 

r . #150-41 . D h : Hp . z e D'T . *Ps .xTy.1. T'zQy (1) 

I- . #150-41 . D r : Hp .2.DT. .zP* .xTy.3. yQ?'* (2) 

h . (1) . (2) . #272-13 . D h : Hp . xTy . x e C'P . y e C'Q . D . xT PQ y (3) 
h . (3) . #272-16 . D r . Prop 

#27217. f- : Te CIs-*l . P £ D'TG TJQ . D'T C C'P . d'T C C'Q . D . 

r = (DT)17 l P Q [#272-161] 
The hypothesis of #27217 is satisfied in all the important uses of T P q. 

#272171. h : Hp #27217 . xe D'T. 3.% Q 'x = t'T'x [#27217] 

#27218. h : T e Cls->1 .P^DTG r>"Q . 7"<C"P C C'Q . a; e C'P n D'T. D . 

JV<r=T'# 

K #150-41 . D h :.Hp . D : 2 eD'T n~P'x . D z . (T'z) Q (T'x) (1) 

I- . #150-41 . 3 I- :. Hp . D : z e D'T n *P'x . 3 Z . (TV) Q (T'z) (2) 

I- . #37-61 . D h : Hp . D . T'a; e C'Q (3) 

I- . (1) . (2) . (3) . #272-13 . D h : Hp . D . xT PQ (T'x) (4) 

r . #272-13 . Z> h : Hp . xT FQ y .^.y=T'x (5) 

K(4).(5).DK Prop 

#2722. I- : T e Cls-> 1 . D'T C C'P . P e contiex . Q G / . z ~ € D'T . D . 

^Var«<FT=A 

I- . #272-13 . D r : Hp . a?T Pe y , 2 e D'f a P'x .^ .T'z^y (1) 

I- . #272-13 . D h : Hp . xT fQ y . z e D'f nP'x.^.T'z^y (2) 

h . (1) . (2) . D r : Hp . ^ P<2 y . s <= D'T . D . T <* =}= y : D I- . Prop 

#272-201. r : Te Cls-»1 . D'T C C'P . P 6 connex . a ! D'T^g - D'T . 3 . 

d'T C C'Q 
Dem. 
\- . #202-104 . D h :. Hp . 2 e D'T . ^T^ y . x ~ e D'T . D : ^Pa . v . #Pz : 

[#27213] 1 1 T'zQy. v.yQ (T'z): 

[#33132] 3 : T'* * C'Q :. D r . Prop 

*27221. h :: Te Cls-»1 . D'TC C'P . P, Q «= Ser . a ~ £ D'T . D :. 

x'Tpgy . = : x e C'P . y e C'Q : z e D'T a P'* . = z . T'zQy 
Pern. 

r . #272-2 . D h : . Hp . z e D'T . a T Pe y .0 :x^z .y^T'z : 

[*204'3.*272-201] D : ^Ps . = . ~ (sPa) : yQ (T'z) . = . ~ {(T'*) Qy} (1) 
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r- . (1) . #27213 . D h ... Hp . D ::xT PQ y . = :. 
x e G'P . y € C Q : . z e D'T . D, : zPx . D . T'^ : ~ (zPx) . D . ~ ( K) Qy (2) 

D h . Prop 
#272-211. 1- :: Hp #272-21 . D :. a^y . = : 

xeC'P.yeC'Q:z € V'Tn*P'x.= z .yQ(T'z) [Proof as in #272-21] 
#272-212. V : Hp #27221 .xeC'P.D. 

% q < x = C'Q n £ (D'T n P'a = T""Q'y) = C'Qn^ (D'T n Kb = T"Vy) 
[#272-21-211] 

#272-22. h : TeCls-»l . P, Qe trans . a?Tp Q y . 2, we D'T. xeP(z -w).D. 

yeQ{T'z-T'w) 
Dem. 

h . #272-13 . D V : Hp . D . T'zQy . yQT'w : D h . Prop 

#272-221. r- : Te Cls-*1 . P, Q e trans . a ! D'T^ n P (2 - w) . D . (T'z) Q (T'w) 
[#272-22] z,weD ( T 

#27223. r-i.TeCls-^l.P.Qe trans: 

s(P D D'T) w . D 2>w . a ! D'Tpg n P(* - w ) : D . P £ D'TG T'>Q 
Dem. 

V . #272-221 . D h :. Hp . D : * (P £ D'T) w . 3 . (T'2) Q (T'w) . 
[#15041] D.ar(TiQ)w:.Dh.Prop 

#272-24. h : DTn C'P-A.D.T PQ = G'P f C'Q [#2721] 

#272-3. hrTeCls-^l.SGT.D.T^GSpQ 
i)em. 

r- . #272-13 . D h :. Hp . atfVgy . 3 : zeV'T. zPx.D. T'zQy : 
[#72-9] D:zeT>'S.zPx.D.S'zQy (1) 

Similarly h :. Hp . xT PQ y . D : z eD'S . «;Ps - D . yQS's (2) 

h . #272-13 . D I- :. Hp . xT PQ y .D-.ze D'T .z^x .3 .T i z = y: 
[#72-9] D:zeJ)'S.z = x.D.S i z = y (3) 

1- . (1) . (2) . (3) . #272-13 . D h : Hp . xT PQ y . D xS PQ y : D I- . Prop 

The following propositions lead up to #272*34. 

#272-31. h : P, Q e Ser . T <■ Cls -► 1 . x ~ e D'T . z = max/(D'T n P'#) . 

«/ - min P '(D'T n *P*x) . P t D'TG T>Q . D . Tn/a- = Q (T'-z - T'w) 
Dem, 

I- . #205-21 . D h : Hp . w € D'T n P'a? - t's . D . wP* . 

[*150-41.Hp] D.T'uQT'z (1) 
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V . (1) . D V : Hp . y e Q {T'z - T'w) . u e V'T nP^.3. T'uQy (2) 

Similarly h : Hp . y e Q (7\s - T'w) .MeDTnP^.D. yQT*M (3) 

h . (2) . (3) . #272-13 . D h : Hp . y e Q (T's - T'w) . D . a?Tp<,y (4) 

r . #272-22 . D h : Hp . D !t pq <x C Q (T<* - T'w) (5) 

r- . (4) . (5) . D h . Prop 

#27232. h : P, Q e Ser . T € Cls-*1 . DTCP'a . 

Dem. 

I- . #272-13 . D h :: Hp . D :. xT PQ y .~:ue DT . D M . T"wy(/ (1) 

h . #205-21 . D h : Hp . w € D'T-i'z .l.uPz. 

[#150-41. Hp] D.T'uQT'z (2) 

h . (2) . D h :. Hp . y eQ'T'z . D : w e D'T . D u . T'uQy : 

[(!)] l'-xT PQ y (3) 

h.(l). D\-:~Rv.xT PQ y.D.T'zQy (4) 

h . (3) . (4) . D h . Prop 

#272-321. b:P,Q€Ser.T€C\s-*l.D'TC 4 P'x. 

P I T><TG.T m >Q.w=mm P 'D<T. D !t pq 'x=Q'T'w 
[Proof as in #272-32] 

#272-33. h : P, Q e Sei- . Q e comp . Te Cls-»1 . D'T e Cls induct . 

P £ DTG T5Q . D . (P"DTnP"D'T) - D'TC D<Tp e 
Dem. 

h . #261-26 . D h : Hp . g ! D'TnP'x . 3 . E ! max P '(DTnP'fl!) (1) 

h . #261-26 . D F- : Hp . a ! D'fnP^.D . E ! min P '(DT n P'a?) (2) 

h.*205Hlll.D 

h : Hp . x~ e D'T. 2 = maxp^D'Tn P'x) .w=min P '(D'7nP'a;) . D . zPw . 

[#150-41] D.T'zQT'w. 

[#270-11] D . a ! Q (T'z - T'w) . 

[#272-31] D.a!3V«? (3) 

h.(l).(2).(3).D _^ ^_ 

h : Hp . a;~ eD'T. 3 ! D'T n~P'a . g ! D'Tn P'<r . D . #6D'2' Pe : I) h . Prop 
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#272-331. h : Hp #272*33 . g ! Q . T"C'P C D'Q . D . C'Pnp'P"D'T C D'7% 

Dem. 
h . #261-26 . D h : Hp . g ! DT n C'P . D . E ! max/DT (1) 

h .#272-32 . D I- : Hp . £^<P"D-T.s = max/D-T. D . % Q c x = Q'T'z . 
[#33-4] D . a ! Tpg'a? (2^ 

r- . (1) . (2) . D h : Hp . a? ep'P"D'T . *J ! DT n C'P . D . x e D'T PQ (3) 

h . #35-85 . #27224 . D h : Hp . DT n C'P ■= A . D . C'P C DT P0 (4) 

h . (3) . (4) . D r- . Prop 

#272-332. r- : Hp #27233 . a ! Q . T"C'P C (TQ . D . C'P np<P"D'T C D<2\ 
[Proof as in *272'331] 

#272-34. h : Hp #272-33 . a ! Q . ?"C'P C D'Q n (I'Q . D . C*P = T>'T PQ 
[#272-33-331-332-18 . #202-505] 

The following propositions are lemmas for #272'42. 

#272-4. V : P, Q e Ser . T e l-» 1 . D'T C C'P . <J< I 7 C C'Q . 

x^eD'T.'xTpQy. D . y(T) QP x 
Dem. 

h.*272-2l.DV:.Ilv.3:x€C<P.y6C<Q:z€l>'Tn~P<x.= z .T<zQy: 

[#72-243] DzxeC'P.yeC'Q: (T'w) Px.= w .w e a'T. wQy : 

[#272-21] I) : y(T) QP x :. D h . Prop 

#27241. h : P, QeSer . T € 1 ~>1 . DTC C'P . d'^C C'Q . 

h . #272-13 . D h : : Hp . D :. x € C'P . y = T 'x : 

zeV'Tn~P'a; . D, . T'zQy : z e D'T c?P'x . X . yQ(T'z) :. 
[#204-3] D :. a; e C'P . y = T'a? : z e DT n P^ . D, . ^Qy : 

zeD'T-i'x -~P'w .D z .T'z^y.~ {{T'z)Qy} :. 
[Transp] D :.xe C'P .y = T'x:.z eD'T - i'x .D z : zPx . = . (T'z)Qy :. 
[#204-1] D :.xeC'P . y=T'x :. zeD'T .D z : zPx. = .{T'z)Qy :. 
[#72-243] D i.xeC'P .y^T'x :. (^w) Pa . = 2 . w e d'T.wQy :. 
[#71-362] ^-..yeC'Q.x^T'y:. (T'w) Px.= z .we G_'T . wQy :. 
[#14-21. #33-43] 0:.ye C'Q .x=T'y -..wed'T. D w : (T'w)Px.~ . wQy :. 
[#204-3] Di.yeC<Q.w=T'y:.w € d'T r\~Q'y . D w . T'wPx : 

w € <1<T n QV ■ 3» ■ xP(T'w) : . 
[#27213] D-.^r^-OKProp 
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#27242. h : P, Q eSer . Tc 1-*1 . D'TC G'P . CPTC C'Q.D. {T) QP =T PQ 
Dem. 

V . #272'4'41 . D V : Hp . D . ? P0 G (?) 0P (1) 

K(l)^|.3F-:Hp.3.CnvW pGT Pg ( 2 ) 

h.(l).(2).3h.Prop 
#27243. h : P, Q e Ser n comp - t'A . Te 1 -> 1 . DTC D'P n a'P . 
d'T C D'Q n a<Q . P I DT« ^JQ . DTc Cls induct . D . 
T)'T PQ = C'P.a<T PQ = C'Q 
Dem. 

h . *272-34 . D h : Hp . D . D'T PQ = OP (1) 

h . #15036 . D h . TiQ = TJQ £ d'T. T>P = T'>P t D'T (2) 

h . (2) . V : Hp . D . P £ D'T = T»Q £ d'T . 

[#151-25] D . Q t d'T= hp t D'T 

[(2)] =T>P (3) 

h. #120-214. D h:Hp. I). CPTeCls induct (4) 

V . (3) . (4) . #272-34 . D h : Hp . D . C'Q = D'(?) 0P 

[#272-42] = d'T^ (5) 

K-(l).(5).Dh.Prop 

*2725. h : P, QtSer . Te Cis-»1 . D'TCC'P . xT PQ y .T^QGP.D. 

(TuxlyY>Q<ZP 
Dem. 

h. #150-75. D 

h : Hp . D . (T a x I y)>Q = T'>Qv p'Q'y f t'a u i'« f T'<Q< y (1) 

h . #272-212 . D h : Hp . x ~ e DT . 3 . T"<?y C P'a . 7*'Q*y C P'^ (2) 

h.(l).(2). D h : Hp. a ~ e D'Z\ D. (fa a> J, y)»QGP (3) 

h. #272-16. Dr-:a;eD'Z , .D.7 T ci<e,|,y=Z I (4) 
h . (3) . (4) . I> h . Prop 

#272-51. \-:P,Q € Ser.Tel-^l. D'TCC'P. d'TCC'Q . 

xT PQ y.PtT)'T=r>Q. W=Tvxly.D.PtD'W= W>Q 
Dem. 

h. #272-5. DhiHp.D.JFJQGP (1) 

K #272-42. Dr-:Hp.D.y(?) Q j.« (2) 

h . #150-36 . #151-26 . D h : Hp . D . ?»P = Q £ a'T (3) 

r- . (2) . (3) . #272-5 . D h : Hp . D . W »P G Q (4) 

K ( 1) . (4) . #1 50-36 . D r- : Hp . D . W JQ G P £ D< TT . TTJ (P £ D< Tf) G Q . 
[#15V26] 3.PtT) ( W=W>Q:0\-.Yrop 



*273. RATIONAL SERIES. 

Summary of #273. 

A " rational series " is a series ordinally similar to the series of all positive 
and negative rational numbers in order of magnitude, or, what is equi- 
valent, a series ordinally similar to the series of all rational proper fractions 
(0 excluded). This characteristic of rational series is not, however, the most 
convenient for purposes of definition. Following Cantor, we define a rational 
series as one which is compact, has no beginning or end, and has N terms in 
its field. Thus the field of a rational series can be arranged in a progression, 
and this is the source of the special properties which distinguish rational 
series from other compact series. 

Rational proper fractions can be arranged in a progression in many ways, 
for example the following : If two fractions (in their lowest terms) have the 
same denominator, put the one with the smaller numerator first ; if they have 
different denominators, put the one with the smaller denominator first. We 
thus obtain the series 

Y» iT> 3» T> ¥' 5> fl> 6' 6> #>•••* 

This series is a progression, and contains all rational proper fractions. 

Conversely, the' natural numbers can be arranged in a rational series. 
Take, e.g., the following arrangement: Express the numbers in the dyadic 
scale, so that every number is of the form 

2 2* (fi € k), 

where k is a finite class of integers. The relation of the number to k is 
,oue-one. Arrange the various k's by the principle of first differences, i.e. 
form the series M c] I (Cls induct — i'A), where M is the relation " less than " 
among finite integers. The resulting series is a rational series; thus the 
integers are arranged in a rational series by virtue of their correlation with 
the classes k. This arrangement places all the odd numbers before all the 
even numbers, all numbers of the form 4v 4- 2 before all numbers of the 
form 4tp, and so on. If two numbers are expressed in the dyadic scale, 
their relative position in the series is determined by the first digit (starting 
from the right) which is not the same in the two numbers : the one in which 
this digit is 1 precedes the one in which it is 0. 
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The two chief propositions in regard to rational series are (1) that any 
two rational series are ordinally similar, (2) that if R is a progression, its 
finite existent sfrb-classes arranged by the principle of first differences form 
a rational series. The second of these propositions is proved by showing 
(a) that the finite existent sub-classes arranged by first differences form 
a compact series, (b) that the finite existent sub-classes arranged by last 
differences form a progression. By this means, given any progression, we 
can specify a relation which arranges its terms in a rational series. For if T 
is a correlator of our progression R with the progression 

R lc I (Cls induct - i ( A), 

then T>R C [ £ (Cls induct - i'A) 

is a rational series whose field is C'R. Hence rational series exist in any 
type in which progressions exist. 

The arrangement of the finite sub-classes of a progression, with the 
resultant existence-theorem for rational series, will be dealt with in the 
following number. In the present number, we shall be concerned with the 
proof that any two rational series are ordinally similar. 

The proof of the similarity of any two rational series is due to Cantor. 
It is long and rather complicated ; in outline, it is as follows. 

Let P, Q be two rational series, and R, S two progressions whose fields 
are C'P and C'Q respectively. Construct a series of correlations of parts of P 
with parts of Q on the following plan : Begin with A, and if T is any correla- 
tion, let the next be 

Tu seq^'D'TJ, min/TVseqVD'T. 

Then the sum of all the correlations generated from A by this law of 
succession will be a correlation of P with Q. It will be seen that, if 
we put 

W = XT{X = seq^'D'T 7 1 mm s <T FQ 'seo iR 'D<T\ > 

the relation which is to be shown to be a correlator of P and Q is W A , in the 
sense defined in *259. Thus we have to prove 

W A eL-*l.a<W A = C<Q.P = W A iQ. 

W A € 1 — > 1 results immediately from #259'15. 

PfD t W A = W A '>Q results immediately from *25916 and #272-51. 

Thus it remains to prove T)'W A = C'P . <3'W A = C'Q. 

1l)'W a = C 1 P is easily proved. By induction, if T is one of the series 
of partial correlators, D'T € Cis induct, and therefore E ! seq^'D'T, by #263-47, 

and by *272"34, C ( P=T><T PQ ; hence g ! ^Vseq^'D'T, and therefore, by 

4 — 

#250 - 121, E ! min/T^/seq^/TVT. Hence T has a successor, which correlates 
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aeq R 'D'T with mrm/Tpy/seqj/D'T 7 . Hence the successor, in R, of every 
member of C'R which has a correlate, has a correlate ; hence by induction 
every member of C'R (i.e. of C'P) has a correlate. Hence D' W A = C l P. 

The proof of d t W A = C'Q is more difficult. As before, let T be one of the 
series of partial correlators. We have to prove that there is a correlator which 
has seq s 'Q. ( T in its converse domain ; when this is proved, the result follows 
by induction. To prove this, put 

a?=min^Tp i seq/a r 7 T . 

x exists, in virtue of #272'43. Also since D' W A = C'P, it follows from *259'13 
that there is a partial correlator U such that 

x— sequ'D'U. 

+- 

We then have to prove aeq^Q'T = min s * Upq'x. 

Put y = seq/dT. Then ~S'y C d'T. Hence, by *272'2, l&y n U PQ 'x = A. 

4— 

Thus if xUp Q y, it follows that y = mim/ Upq'x, To prove xUp Q y, observe that 

T G U. U PQ G T PQ . P t V'U = U'yQ. 

We have ueD'U. D . ~(uT PQ y), by *272'2. Hence, by the definition of T PQ , 
we have, if ueD'U, 

(<&z) .zeD'T. zPu . ~ (T'zQy) . v . (a*) .z <■ D'T . uPz . ~ (yQT'z). 

In the first case, we have (gjgr) . zeD'T. zPu . ~(zPx), because xT PQ y 
Hence, since x^z because x^eD'T, 

(^.zeD'T.zPu.xPz. 
Similarly, in the second case, 

(ftz).ze~D'T.uPz.zPx. 
The second case is incompatible with xPu, and the first with uPx. Hence 

xPu . D . (as) . z e T>'T. xPz . zPu : uPx . D . (rz) . z e T>'T . uPz . zPx. 
But, since xT PQ y, xPz.D. yQ(T'z) . D . yQ(U'z), because TdU, and since 

PtT>'U=U>Q, zPu.D.(U'z)Q(U'u). 
Hence xPu . D . yQ(U'u), and similarly uPx . D .(U'u)Qy. Hence xU PQ y. 

Hence y = min s r U PQ 'x, and therefore y belongs to the converse domain of the 
next correlator after U. Hence every term of C'Q belongs to the converse 
domain of some correlator, and therefore to Q.'W A . Hence W A correlates P 
and Q, and P and Q are ordinally similar. 

14 
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#27301. v = Ser n comp n C"N n P (D'P = d'P) Df 

Following Cantor, we use 17 for the class of rational series. 

#27302. Rspq'T. = T u seq/D'T 7 ; min s <7Vseq fl 'D'Z T Dft [#273] 
#273 03. (i?£) PQ = ( R S pJ* A Dft [*273] 

*273*04 Tasp^ = s'(RS) PQ Dft [*273] 

r^sPQ will be shown to be a correlator of P with Q when P and Q are 
rational series, and 5 and S are progressions whose fields are C'P and C'Q 
respectively. 

*273;1. h : P € v . = . P t Ser n comp . C r P e N . D'P = d'P [(#273-01)] 

#27311. 1- :. P e 77 . ee : P e Ser n comp . D'P = d'P : (rR) . Rea> .C'P = C'R 
[#2731 . #263101] 

#2732. h : Tf = £ T [X = seq B <D<r j mtos'TVseqa'D'T 1 } . D . 

R SPQ = A w .(R&) PQ C(A w *AyA.T RSPQ <lW A .T IiSPQ e(A l r*A)'A 
[#257-125 . #258242 . (*273-02-03'04 . #259-0203)] 
Here the temporary definitions of #259 are revived. 

The second of the above inclusions might be changed into an equality, 
but it is not necessary for our purposes to prove this. 

#273-21. h : Hp #273-2 . D . D< W A C G'R . d' W A C C'S 
Bern. 

h .#259-13 . D h : Hp . D . V'W A = s'T>"W"(A w *A)'A (1) 

1- . *206'18 . D h : Hp . X € D' W . D . T>'X C G'R (2) 

1- . (1) . (2) . D h : Hp . D . D< W A C G'R (3) 

Similarly Y : Hp . D . d' W A C C'S (4) 

V . (3) . (4) . D h . Prop 

#273-211. r : Hp #273-2 . Ted'W .D .D'T nT>' W'T = A [#206-2] 

#273212. r : Hp #2732 . . W A <■ Cls -> 1 . D [ (A w *A)'A e 1 -► 1 
[#273-211. *259-141-171] 

#273-22. h : Hp #2732 . C'P = C'R.Pe connex . Q G J . D . 

TT„ € 1 -> 1 . a $ (A W *A )'A e 1 -► 1 
Dem. 

h . #273-211 212-21 . #2062 . (#25903) . D 

V:.ftp.D:Te(A w *AyAnd'W.D.TeCh^>l.T>'TCC'P.seq R 'D'T~e 1 D'T. 
[*272-2] D.min/Tp^seqVDT-ea^ (1) 

\-.(l).3\-:.Kp.D:Te(A fV *AyAr>(I t W.0 T .<J'rna'W i r=A: 
[*259-14-l7] D:W A el^C\s.d[(A w *A) e l-^l (2) 

K (2). #273-21 2. Dh. Prop 
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#273 23. V:Hp*273-2. P,Q€Sev.C<P = C ( R.C'Q = C'S.T€(A w *A)<A.D. 

PfD'T=T'>Q 
Dem. 

h . #272-51 .#273-21 . I) h : Hp . TeWW. D . P t T>'A W 'T = (A W 'T)>Q (1) 
h . (1) . #25916 . D F- . Prop 

#27324 h : T e (RS) PQ . D . T>'T, d'T e Cls induct 
Dem. 

h . *1 20251 . D 

h :. Hp . D : T e D'A w . D'Te Cls induct . D . D'l „/T e Cis induct : 
[#90-112] I): A(^)*7\ D . DT e Cls induct : 

[*273'2.(*273-03)] D : Te(RS) PQ . D . D7e Cls induct (1) 

Similarly h :. Hp . D : T e (^S) pg . D . (FT e Cls induct (2) 

h.(l).(2).I)KProp 

#273 25. h:P,Qer,.C<P = C i R.C<Q=C<S.T€(RS)p Q .3. 

T>'T PQ = O^P . a<T PQ = C'Q 
Dem. 

h . #273-1 . I) 

h : Hp . D . P, Q e Ser n comp . C'P = D'P = (I'P . C'Q = D'Q = d'Q (I) 
h . #2731 . #263-44 . D h : Hp . D . g ! P . £ ! Q (2) 

h . (1>. (2). *273-22-23'24 . #27243 . D h . Prop 

#27326. h:.P,Qe V .R,Seco. C'P = C'fi . C'Q = C'S.D: 

T€(RS) PQ . D . E ! seq R 'D<7\ E ! min s 'T PQ 'seq R 'T>'T 
Dem. 

h . *273'21 . #263-47 . *27324 . D h : Hp . Te(RS) PQ .D.^lCRn p'*R"D'T. 
[#250122] I>.E!seq fi 'D<r (1) 

h . (1) . #27325 . D V : Hp . D . g ! V^'seq/D'T. 

[#250121.*2721] D.R\mm s <Tp Q 'seq R 'TyT (2) 

h . (1) . (2) . D h . Prop 

#27327. h : Hp #273-2 . Hp #27326 . D . (RS) PQ Cd'W . (RS) PQ C D'A w 
[*273-26] 

#273271. V : Hp #27326 . T e (RS) PQ . D . seq fi <DT 6 D'7W 
Dem. 

h .*273-2 . D h : Hp . Hp#2732 . D . Te(RS) PQ nT>'A w ^ . A w 'Te(RS) PQ (1) 
h . #2732 . D 

h : Hp . Hp*273-2 . Te(RS) PQ . E ! JV7\ D . seq/D'T eD'A W 'T (2) 

h. (1). (2). #273-27. D 

h : Hp . Hp #273-2 . D . ^ W 'T e (E#) Pe . seq^'DT € D'l ^T . 
[*273'2.(*273-04)] D . seq/DT e D'T^ : D F- . Prop 
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#273272. h : Hp*273-2G . D . B"(RS) PQ = ~R"C'R 
Dem. 

r . #206-401 . D r : Hp . T e (RS) PQ . D'T = ~R'x . x e C<# . D . x = seq/D'T . 

[*204-71.*250-21] D . D^ 'T = ]?<£/# (1) 

F- . *25013 . D F- : Hp . D . D< A = R'B'R (2) 
h . (1) . (2) . #90-131 . D h :. Hp . D : T(R SPQ )#A . D . T>'T € ~R"C'R : 

[(#273-03)] D : D"(i£#) P(? CR"C'.R (3) 

I-. (1). (#27303). I> 

h : . Hp . D : a? € C'R . ~R'x e D"(RS) PQ . D . R'R,'x e V"(RS) PQ (4) 

V . (2) . D h : Hp . D . P'tf'i? 6 D"(RS) PQ (5) 

h . (4) . (5) . #90112 . I> F- :. Hp . D : we(R^'B'R.D . ~R'x e D"(£S) PQ (6) 

F- .#263-43 . #25021 . D h : Hp . D . C'R = C'R 1 . B'R = B'R X (7) 
h . (6) . (7) . #263141 . *1221141 . D 

F- :. Hp . D : x e C'R . D . 2^ e D"^)^ (8) 
h . (3) . (8) . D h . Prop 

#273-28. F- : Hp #27226 . D . T RSPQ € 1 -* 1 . D'T^ = C'P.P = T^Q 

Dem. 

h . #2732-22 . D h : Hp . D . T BSPQ e 1 -* 1 (1) 

h . #273272 . D F- : Hp . D . D'Trspq = s'R"C'R 

[#26322] = C'R (2) 

F- . #273-2-23 . D h : Hp . D . P t D'T KSPQ = ?WQ . 

[(2)] D.P = ?WQ (3) 

h . (1) . (2) . (3) . D F- . Prop 

In order to prove T R , Si >g e P smor Q, it only remains to prove 

#273-3. h :. Hp#2732 . T, Ue(A fr #4)'A . D : D'TCD' U. = .TQU 
Dem. 

h. #33-263. Dh-.TQU.D.D'TCD'U (1) 

h. #259-111. Dh:'.Hp.D:TGCT.v.I7GT (2) 

h. #33-263. DF-itfGT.D'TCD'C/.D.D'T^D'tf (3) 

h . (3) . #273-212 . D h : Hp . U Q T . D'T C D'£T . 3 . T= U (4) 
h.(2).(4). DhiHp.DTClW.D.TGET (5) 

h.(l).(5).Dh.Prop 
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*273 31. f- : Hp *273*26 . Te(RS)pQ .yeC'S- d'T .~S'y C d'T. D . 

— ► 
(gar, U).x = mm R <T PQ 'y . U e (RS) PQ . x = seq^'D' U 
Dem. 

\- . *27325 . *250121 . D I- : Hp . D . (g#) . x = mm R 'T PQ 'y (j ) 

I- . *273"272 . D f- : Hp .x = mm^^y . D . faU) .Ue{RS) PQ . D'U=~R< X . 
[*206'401] 3.(3^)- Ue(RS) PQ .x = seq^'D'tf (2) 

I- . (1) . (2) . D \- . Prop 

*273'32. I- : Hp*27331 . x = min R < T PQ 'y . Ue(R8) PQ . x = seq fl 'D'?7. D . 

a^S/.TG?/ 
Dem. 

\- . *20514 . D I- :. Hp . uRx . D : ~ (uT PQ y) : 

[*272-13] D:(a^):^eD < T:^Pu.~(T^Q3/).v.wP^.~( 3/ Q?^) (i) 

I- . *272-2-42 . Df-:Hp.D.a;~ e D'T. (2) 

[*273-272] D . D'T C #'# (3) 

K*273*272. D I- : Hp . .~R'x = V'U (4) 

I- . (3) . (4) . *273-3 . D f- : Hp . D . T G f7 (5) 

h . (1) . *272-13 . D 

I- :. Hp . wife; . 3 : (32) : *«■ D'T: *Pw . ~(zPx) .v.uPz.~ (xPz) (6) 

I- . *204-l . D I- :. Hp . D : uPx .zPu.D. zPx : xPu . uPz .Z.xPz (7) 

I- . (6) . (7) . (4) . D 1- :. Hp. ueD'U. D : wPa; . D . ( a *) . z e D'T. uPz.~(xPz) : 

xPu . D . (32) . z € D'T . zPu . ~(zPx) : 

[(2)] D : wP# . D . ( a *) . * e D'T . wP* . *Ps : 

xPu . D . (rz) . 2 e D'T. zPu .'xPz (8) 

I- . *27213 . *27323 . Z) 

\-:H V .U€B<U.Z€D<T.uPz.zPx.O.(U<u)Q(U'z).(T<z)Qy. 

[(5)] >■<#'«) Qy (9) 

Similarly I- : Hp . w e D'£7. *eD'T. *£ tt . xPz . D . yQ(U'u) (10) 

K(8).(9).(10).D 

I- :. Hp. u eD'U. D : «P# . D . (&'w) Q3/ : xPu . D . yQ(U'u) (11) 

I- . (11) .*27213 . Z> t- : Hp . D . zt^ (12) 

I- . (5) . (12) . D I- . Prop 
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*273 33. h : Hp *273*32 . D . y = rain/ U PQ 'x . x (R S pq' U) y 
Bern. 

V . *27332 . r : Hp . D m ~S'y C U' U . 

[*272'2'42] D J3'y *U PQ 'a; = A (1) 

I- . (1) . *273-32 . *205\L4 . D f- : Hp . D . y = mm s 'Uv# (2) 

I- . (2) . (*27302) . D h : Hp . D . x (R SP q'U) y : D r- . Prop 

*273'34. I- : Hp *27331 . D . y e d'ZWg 
Bern. 

f- . *273-31 33 . 3 I- : Hp . D . ( a U) . Ue (RS) PQ . y e a'R SQP ' U . 
[*9(H6.(*273'03)] D .( a Tf ) .W € (RS) PQ .y € a<W . 

[(*273"04)] D . y e d< T RSPQ : D r . Prop 

*273-35. f- : Hp *273-26 . D . <I< T^pq = C'Q 
Bern. 

f- . *273'34 . D f- : Hp . y e C'S .~S'y C (T7W Q .D.ye d ( T RSPQ (1) 
f- . (1) . *25034 .Dr. Prop 

*273 36. f- : Hp *273*26 . D . T RSPQ e P sTSTor Q [*273'28-35] 

*273 4. h : P, Q e *> . D . P smor Q 
Bern. 
r .*2731J . D I- : Hp . D . (%R,S) .R,S ea> .C'P^C'R . C'Q = 0*8 
[*273'36] D . (%R, S) . T^pq e P sl^of Q : 3 f- . Prop 

*273'41. I- : P e 7) . P smor Q.D.Qerj 
Bern. 

\- . *270'41 . 3 f- : Hp . 3 . Q e Ser r> comp (1) 

I- . *15M8 . *123-321 . D H : Hp . D . C'Q e N (2) 

K*1515. 3l-:Hp.D.D < Q = a < Q (3) 

f- . (1) . (2) . (X) . *273'1 . D H . Prop 

*273*42. f-:P ei/ .D.7, = Nr'P [*273*4-41] 

*273 43. f- . v e NR [*273'42 . *25654] 

The following propositions are easy to prove: 

r : Q e Ser n C"X Q .P^.D.QxPfij, 
whence f- : a e NR n Cl'Ser . C"a = K . 3 . a X t? = t; ; 

and 

r : P e t, . Q e Ser n a«K . x e CP . D . x I »Q e Nr'Q n R1'(Q xP).QxPer }> 
whence, from the fact that all rj's are similar, 

f- : P £ V . Q e Ser n 5"K . D . a ! Nr'Q n Rl'P. 
Thus an ?/ contains series of all the order-types composed of ^ terms. 



*274 ON SERIES OF FINITE SUB-CLASSES OF A SERIES. 

Summary of #274. 

In the present number, we shall be concerned with the construction of 
a rational series consisting of the finite existent sub-classes of a progression. 
When the finite sub-ciasses of a progression (excluding A) are arranged by 
the principle of first differences, the result is a rational series. When they 
are arranged by the principle of last differences, the result is a progression. 
These two propositions, with the consequent existence-theorems, are to be 
proved in the present number. 

We define "P," as P cl with its field limited to finite existent classes. 
(For the definition of P cl> see *17001.) In the present number, we shall be 
chiefly concerned with P n when Pen), but it has interesting properties in 
many other cases. 

Our definition is 

Pn = -Pci t (Cls ind uct - l< A) Df. 

We shall be concerned in this number not only with P,, but also with 

P lc £ (Cls induct - i'A). This is Cnv'(P)„. Thus if we put P = Q, the 
hypothesis that P e fit as used in studying P lo £ (Cls induct — i'A) is 

equivalent to the hypothesis that Q e ft as used in studying Cnv'Q,,, 

i.e. Q n . Thus the study of P cl and P lc with their fields limited to inductive 
existent classes may be replaced by the study of P n in the two cases where 

(1) P e ft, (2) P e ft. The second case is the simpler, and is considered first. 
We have first, however, a collection of propositions which only assume that 
P is a series. 

Since an inductive existent class in a series must have a maximum and 
a minimum, we have 

*274 12. r :: P eSer . D :. aP^ . = : 

a, fi e CI induct/C'P - i< A : (g*) . z e * - {3 • a n P'z = /3 n P'z 
We have 
*274 17. r- : C'P ~ e 1 . D . C'P, = CI induct'C'P - /' A 
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Whenever P is a series, P n is a series (*274"18). If P has a last terra, the 
class consisting of this last terra only is the last term of P n ; if P has no last 
term, P n has no last term (*274"191). If C'P is an inductive existent class, 
the first term of P„ is C'P (*274"194); if not, P n has no first term (*274rl95). 
Hence if P has no last term, P n has no first or last term, and we have 
D'Pr, = d'P, (*274'196). Thus of the characteristics used in defining 77, 

we have P, eSer whenever PeSer, and D'P^G'P, whenever ~E!P'P 

We next prove 

*274-22. hPefl.D.P,ell 

which, in virtue of what was said above, is equivalent to 

P e O . D . P lc t (Cls induct - t'A) e O, 

that is : The principle of last differences applied to the inductive existent 
sub-classes of any well-ordered series gives a well-ordered series. 

To prove *274'22, since we already know that P n is a series, we only have 
to prove that every existent sub-class of C'P^ has a maximum with respect 
to P n . This is proved as follows. 

Let k be any existent sub- class of CI induct' G l P — i c A. Consider the 
minima of all the members of k : these minima all exist, because k is 
composed of inductive classes. Then in virtue of the nature of the principle 
of first differences, members of k which have a later minimum come later 
than those that have an earlier minimum. Hence if we consider minp"#, 
the classes whose minimum is the maximum of miu P tl K (which exists, because 

Pffi) are later than any other members of «. Put 

47- 
x x = maxp'minp"# . k^ = k r\ minp'^. 

Thus *! consists of those members of k which have the largest minimum, 
and members of «r t come later than any other members of k. Similarly the 
latest members of «•] will be those that have the greatest second term. 
That is, if we take away the (common) first term from each member of k x , 
and if \ x is the resulting class of classes, we have to apply to \ x precisely 
the same process as we have already applied to «. Thus we are led 
to put 

#1 = maxp ( minp"« . k x = k a minp^ . \ x = (— t^)"^, 
x 2 = maxp'minp"\ 1 . tc. 2 = \r\ mirip'^ ,\ 2 = (— t'# 2 )"*2, 
and so on. The series x lt x^, ... is an ascending series in P, and is therefore 
finite, by *261'33. It therefore has a last term, say x v . Then the class 
t'Xi w l'x 2 u ... *-» i ( x v is a member of k, and is easily shown to be its 
maximum. Hence every existent sub-class * of CP, has a maximum, and 

therefore P, e il. 
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In order to symbolize the above process, we put 

Prn K — maxp'mirip"* Dft, 

Tp'k = (- i ( P w '*)"(« n min P 'P m '«) - t'A Dft, 

M P <K=P m <<{T7h l K Dft. 

Then P m '/c is what we called x lf T P tc is what we called X lt {T p )%.'k is 
the class k, \, \ 2 > ... \ v -i, and M p k is the class x t , % 2 > #3> •■• ®v Thus what 
we have to prove is 

M p k = max (P,,)'*, 

which is proved in #274'21o. 

We prove next 

*274'25. f- : P € a) . D . P, e o> 

For this purpose we use #263'44, namely 

ffl =(l-t'An P(a f P = (FP .~E ! B'P). 

Thus it only remains to prove 

D'CP^D'P^-EIB'P,. 

~E!5 f P, follows from #274195, and D^P,^ = D'P„ is proved without any 
difficulty ; hence our proposition follows. 

From #274'2517, by substituting P for P, we obtain 
*274'26. h : P e « . D . P lc t (Cls induct - t' A) e o> . 

V'Pic t (Cls induct - t'A) = CI induct'C'P - i' A 
whence it follows immediately that 

#274 27. I- : a e K . Z) . CI induct'a e K . CI induct'a - t'A e K 
J.e. a class of N terms contains X inductive sub-classes. 
We now have to prove 

*274-33. h : P e « . D . P, e t? 

In virtue of *27417'27, we have G'P n e K ; and by #274-18, P, e Ser. 

Thus it only remains to prov« P„ € comp . D*P, = (I'P,. The second of 

these results immediately from #274196. As for P, <? comp, if «P,/3, 

a w £ e Cls induct, and therefore 3 ! p'P"(a v> £) ; but if x e p'P"{a w /3), we 
have aP„ (/3 u t'#) . (# ^ t'a) P n /3 ; hence P, G P„ 2 . This completes the proof 
that P n e ??. 

The proposition holds not only if Pew, but if P is any series which has 
no last term and whose field has ti terms (*274 - 32). 

Finally, we deal with the existence of t\ (#2744— '46). If P e o>, P is 
similar to P lc \ (Cls induct- t'A), by #274-26; and if T is a correlator of 

R. & W. 111. 
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these two, T'P^ is an 77 whose field is C'P (*274"4). Hence the existence 
of t] in any type is equivalent to the existence of to in that type (#274-41). 
Hence we have merely to apply previous propositions on the existence of at. 



#27401. P,, = P cl fc(Cls induct -t'A) Df 

#27402. Pm'ic = maxp'minp"* Dft [#274] 

#274 03. T p 1 k = (- *<P m '*)"(* n mmj,<P m 'K) - t'A 

Dft [#274] 

#27404. M P l K = P m tc (Tp)^K Dft [#274] 

#274 1. I- : «P,£ . = . a, e CI induct'C'P - i< A . 3 ! a - - P"(/3 - a) 
[#170-1 . (#274-01)] 

#27411. I- : P e Ser . a e CI induct'C'P - t'A . D . E ! min P 'a . E ! max P 'a 
[#261-26] 

#274-111. I- : P e Ser . ~ E ! B'P . a e CI induct'C'P . D . 3 ! p'P"« 

h . #274-11 .DI-:Hp.a!a.D. max/« e D'P . 

[#205-65] D.^Ij/P"* (1) 

I- . (1) . #40-2 . 3 h . Prop 

#27412. I- :: P e Ser . D :. *P,£ . = : 

a,/3 eC\ induct'C' P - 1' A 1 (<&z) . z e a- £ . an P'z = /3 r>~P'z 
Bern. 

\- . #170-2 . D 

l-:.a,/9eClinduct f C' f P-t < A;(^).^ea-/9.anP^ = ^nP^:D.aP 1 y3 (1) 

I- . #274-11 . 3 1- : Hp . aP^/S . D . E ! min P < {a - £ - P"(£ - a)) . 

[*17023.*205-192] D.(p).^«-i3.fln?^ = |8nA (2) 

K(l).(2).DI-.Prop 

#274-13. I- . P lc C (Cls induct - ^A) = Cnv'(P)„ [*1 70101 . (#27401)] 
#274-14. I- :: PeSer . Z) :. a{P lc £ (Cls induct- i'A)}£ . = : 

a, e CI induct'C'P - t'A : (<&z) . z efi - a.an P'z = n P'z 
[#27412-13] 

#274-15. f- : a, £ e CI induct'C'P -t'A.ySCa./S + a.D. aP„£ 
[#17016 . #2741] 

#274-151. f- : a e CI induct'C'P -l.^ea.D. «P,(t^) [#274-15] 
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*27416. f-:a!P„.~.C"P~eOvl 
Bern. 

K*2741. Df-:a!P„.:).g!C"P (l) 

I- . *274 151 . D h : C f P~ € w 1 . D . a ! P, (2) 

I- . *60"38 . D f- : C'Pe 1 . D . ~(aa,£) . a,/3 e Cl'C'P- t'A . g ! a-£ . 
[*2741] D.P„ = A (3) 

I- . (1) . (2) . (3) . D h . Prop 

*27417. H C'P ~ e 1 . D . C'P, = CI induct'C'P - t'A 

f- . *274151 . Z) h . CI induct'C'P -t'A-K D'P, (1) 

f- . *274151 . Z) I- : xe C'P . C'P + i'x . 3 . i'<r e d'P, (2) 

h . (2) . D V : Hp . D . Cl'C'P nlC (TP, (3) 

I- . (1) . (3) . D I- : Hp . D . CI induct'C'P - i' A C C'P, (4) 
f- . (4) . *2741 . D I- . Prop 

*274 171. \-:P*GJ.xPy.3. (i'x) P„ {i l y) [*274'1] 

*27418 h:P€Ser.D.P,eSer 

Dem. 

f- . *20114 . D 

-* -* -♦ -? 

h:.Hp.^ea- y 8.we/3-7.anP^ = / enP^./3nP'w = 7A P'w . I> : 

— ► — » 

sPw .D.^ea — 7. an P's = 71-1 P'z (1) 
-» — ► 

h . *20114 . D f- :. Hp (1) . Z> : wPz .0 .wea-y . an P'w=y nP'w (2) 

I- . (1) . (2) . *202103 . *27412 . D f- : Hp . aP„j8 . /3P,7 • ^ ■ «-P-r7 ( 3 ) 

K*274\U.D 

h : Hp . a,£ e CI induct' C'P - t'A . a + £ . D . (30) . * = min P ' {(a - 0) «(£-«)} • 

[*20514] D . (g^) . ^ e (a - /3) u (£ - a) . a n P<~ = n P's . 

[*27412] D.a(P,vyP,)/9 (4) 

I- . (3) . (4) . *17017 . D h . Prop 

*27419. I- : P e connex . P* G J . D . 5*P, = i"B'P 

Bern. 
f- . *274-151 . D h . CI induct'C'P - 1 C D'P, (1) 

I- . *274171 . D I- : Hp . Z) . t"D'P C D'P, ( 2 ) 

I- . (1) . (2) . *274-l7 . D I- : Hp . 3 . 5'P, C t"£'P (3) 

1- . *202 524 . D 

f- : Hp . x e JS'P . £ e Cl'C'P - t'A . <c ~ e /3 . D . x e P"(# - t'tf ) (4) 
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M4).=> _^ 

I- : Hp . m e~B f P . D . ~ (g/3) . £ e CI induct'OP - t'A . g ! i'x-&-P«(0-i'z). 

[*274'1] D.t<#~eD<P, (5) 

I- . (5) . #27417 . 3 f- : Hp . 3 . i"~B<P C B'P, (6) 

I- . (3) . (6) . 3 r . Prop 

#274 191. f- :. P e connex . P 3 <• /. 3 : E ! B'P . 3 . 5'P, = t'B'P : 

~ E ! B'P . 3 . ~B'P„ = A [#27419] 

#274192. h :. P e connex . P 2 G ./. 3 : E ! B'P . = . E ! B'P,, [#274191] 

#274193. f- . B'P^ = i'C'P n (Cls induct - i' A - 1) 

I-. #274151. 3 I- : C'P e Cls induct - 1' A - 1 . 3 . OPeB'P, (1) 

f- . #2741617 . 3 r : OP~ e(CIs induct- t'A- 1) .D.OT-e OP, (2) 

K #27415. 3HaeClinduct<OP-t<A.a: e OP-a.3.(awt^)P,,a (3) 

h.(3). 3h.Clinduct'OP-fc<A-£'OPC(KP ) , (4) 

h . (4) . Transp . #2741 .31-. ^P, C (CI induct'OP - i'A) n i'C'P (5) 

h. (5). #27416. 3 Ki?'P,C (Cls induct -t'A-lW'OP (6) 

I- . (1) . (2) . (6) . 3 r . Prop 

#274194. f- : OP e Cls induct - i'A - 1 . 3 . B'P, = OP [#274193] 
#274195. I- : OP ~ e Cls induct . 3 . "fl'P, = A [#274193] 

#274196. I- : P e Ser . ~ E ! B'P . 3 . D'P, = d'P, 

jDem * I-. #274-192. 3 I- :Hp. 3. i?'P, = A (1) 

I- . #274-195-16 . #26124 . 3 r : Hp . 3 . ~B'P, = A (2) 

K (1) . (2) . 3 I- . Prop 

The following propositions give the proof of P <? fi . 3 . P, e n (#274'22). 

#274-2. f- : P e li . k C OP, . g ! * . 3 . E ! P m '« . P m 'ic € rninp"* 
[#274-1-1 1 .#250-121 .(#274-02)] 

#274-201. \-:/3e T p 'k . = . (ga) . cr € k . mm P 'a = P m 'tc . /3 = a - {'P m '« . g ! 
[(#274-03)] 

#274202. r : E ! P TO <« . 3 . E ! ?//c [(#274-03) . *1421] 

#274-203. I- :. Hp #2742 . 3 : T p 'k = A . = . « r» min P f P m <K = tVP m '« 

Bern. 
V . #274-2-202 . 3 

H ::Hp.D:.? P *«=A.= :~(ga,/3).a g « . niinp«a = P m '/c . /3-a - i'P^/c . g ! /S: 

[#13-191] =:ae/tn minp'P^'/t . 3 a . a - i t P m t K=A: 

[#274-2] - : a e « n min P <P„/«: . = a . a = t'Pm'ic :: 3 V . Prop 
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*274204. V : k C C'P, . k (?V)*X . D . X C C'P„ 
Dem. 

1- . *120-481 . *274"201 . D h : k C Cls induct . E ! ?/k.D. 7V« C CLs induct (1) 

h . *274201 . D I- : « C CVC'P . E ! T p 'k . D . T p 'k C Cl'C'P- t'A (2) 

f- . (1) . (2) . *274-16 . D f- : * C C'P, . E ! T p 1 k . D . TV* C C'P, (3) 
h . (3) . Induct . D h . Prop 

*274 205. f- : P e Ser . E ! P m 'T P <\ . D . (P m '\) P (P m < ? P 'X) 

f- . *274-201 . *20521 . Z> f- : Hp . £ e ?/X . D . /3 C P'P m 'X (I) 

r- . *205'11 . (*274'02) . D f- : Hp . D . P m 'T P '\ e s'T^X (2) 

h . (1) . (2) . D I- . Prop 

*274-206. I- : Hp *274205 . * (T P )*X . D . (P m '«) P (P m 'T P '\) 
Dem. 

t- . *14 21 . (*27402) . D f- : E ! P m 'T P <\ . D . E ! P m 'X (1) 

h.(l). Induct. ^h:Hp.3.E!P m '« (2) 

h . (2) . *274-205 . Induct . D 1- . Prop 

*274 207. h : P e n . * (T P )%\ . P m 'X = max P 'I P '« . D . 

~E!P OT '7yx. Tp'X^A 
Dem. 

K . *274'205 . Transp . D f- : Hp . D . ~ E ! P m 'T P '\ . 
[*274-204-2.Transp] D . T P <\ = A : D >- . Prop 

*274208. f-:.PeQ.«CC' < P 1 .a!/ f .D: 

A e (ZVy* : (g\) . k (T p )%\ . X n mm P 'P m <\ = tVP m ' X . T P '\ = A 

Dew*. 

I- . *250-121 . D h : Hp . D . E ! max P 'M P <tf (1) 

f- . (1) . *274'207-203-204 . D f- . Prop 
*274'21. h : /3 e TV* . D . £ w i'P™'* e * [#274-201 ] 
#274-211. r-:*(Tp)*\./9eX.D./3uP m "?p(*^X)e* 

h . *274-21 . D 1- : . Hp : £ € X . ^ . £ u P m "7V (* h- X) e k : D : 
h . *274-21 . (1) . Induct . D H . Prop 
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*274212. HPeft./cCC'P^.gl/c. D.M p 'k€k 

Dem. 
h.*274-208-211.3 

I- : Hp . D . (r\).k(Tp)*\ . T P <\ = A . i'P m 'X eX . i'P m '\ w P m "T P (*h-X) e* . 
[*121103] 3 . <g\) . P m "T P (* m X) e * . P m "T P («H\) = P m "CTpV* : 

D I- . Prop 

*274'213. f-:PeSer.*CC u P,.a6*.«(7 T p)^X.P < P m f XnMp < *Ca.D. 

a-(P'P^Xni/ P f *)6X 

I- . *274-201 . D I- : Hp . K = X . D . a - (P'P m 'X n M p 'k) = a . 

[*13-12] l.a-iP'PJXnMp'KyeK (1) 

h . *274-206 . D 

I- : . Hp : e k . ~P'P m 'X n Mp'k C £ . 3*. £ - (P'PJX n Jl//*) e X : D : 

£ e * . P'P m 'T P 'X n Mp'k C /3 . D . P'P m < X n J/ P <* C /3 . P TO ' X e /3 . 

{/3 - (P'Pfl.'X « ilf P '«)j € X . P m < X e {£ - {P'P^X.n if P '«)j . 
[*274-20l] D . {£ - (P'P m < X n Mp'k) - l'P m 'X] efp'X. 
[*274-206] D . {£ - {P'PJTp'X n Mp'k)} e ?/ \ (2) 

I- . (1) . (2) . Induct . D I- . Prop 

*274 214. f- : P e Q . k C C'P, .««*- t'if A . D . uP^Mp'k) 

Dem. 
K*274-212. D I- :.Hp.D:Af P '/ceCls induct: (1) 

[*1 7016] l-.Mp'KCa.l.aP^Mp'K) (2) 

f- . *27411 . (1) . D h : Hp . 3 ! Mp'k - a . D . E ! min P '{M P 'K - a) . 
[*20514.(*274-04)] D . (gX) . * (T P )* X . P m 'X ~ e a . P'P m 'X n i//* C a . 
[*274-213] D . ( 3 X) . k (T P )*\ . P m 'X ~ e a . a - (P'P m 'X n M P <«) e X . 

P'P m <Xnifp'*Ca. 
[*274"20l] 3 . ( 3 X, s) . « (T P )* \.z = mm F '{tx - (P'P m 'X n M p 'k)) . 

*P (P m 'X) . ~P'P m ' X n K/« C a . 
[*3118] D . (a*) . £ e a - 3/ P '« . if P '/c n P'z C a . 

t*l 7011] D.aP^Mp'K) (3) 

I- . (2) . (3) . D I- . Prop 

*274'215. I- : P e £1 . * C G'P^ . H ! * . D . M/* = max (P,)'* [*274"212'214] 
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♦27422. h:PeQ.D.P„en 
Dem. 

V . #274-21 5 . D h : Hp . D . E !! max (P,)"Cl ex'C'P,, . 

[♦250-125] D.P,efl:DI-.Prop 

The following propositions constitute the proof of 

P eG >.D.P„ea> (♦274-25). 

♦274*221. (- : P e Sev . P'max P <a e Cls induct . a e Gl induct' C'P - t'A - i *B< P . 

<— 
# = (a - t'maxp'a) w P'max P 'a . D . aP n $ 
Dm. 

(-.♦205-55. DhiHp.^'Pea.D.gla-i'max/a (1) 

(-.♦202-511. D h : Hp. B'P~ € «. D . £<P e P'maxp'a (2) 

(-.♦93-101. Dh:Hp.~E15'P.D.3!P'maxi>'a (3) 

r-.(l).(2).(3).Dr-:Hp.D. a !0 (4) 

h . *1 20-481-71 . D h : Hp . D . £ e Cls induct (5) 

h . ♦20521 . ^OO'Rei . D I- : Hp . D . $ r> P^max/a = an P'max/a (6) 

h . (4) . (5) . (6) . D I- : Hp . D . a, & e CI induct'C'P - i'A . max P 'a e a - ■& . 

— »> — > 

a r> P'max/tt = # « P'maxp'a . 

[♦274-12] D . «P,/3 : D h . Prop 

♦274*222. h : Hp ♦274221 . aP„ 7 . max/a e 7 . D . j9P, 7 

Dem. 
I- . ♦274-12 . D I- : Hp . D . (a*) . z e a - 7 . z =(= max P 'a .ar\P'z = yr\ P'z. 
[*201\L4.*205-21.Hp] D . (g«) . ze& - 7 . /3 a P'* = 7 n P<* . 
[♦274-12] D . £P, 7 s D h . Prop 

♦274223. h : Hp ♦274221 . «P, 7 . raax P 'a ~ e 7 . 7 + . D . /3P,, 7 

Dem. 

-* — > 

h . ^274-12 . D (- :. Hp . D : (rz) .zea-y- t'max P <a .ar\P'z = y n P'z .v . 

—& "—^ 

ar>P'max P f a = 7 rtP i maxp'a (1) 

K*201-14.*205'21.D 

— ► — > 

h :. Hp : {qz) .zea-y- t'maxp'a . a r\ P*z = yr> P'z : D . #P, 7 ( 2 ) 

— > — » 

I- . *205 a 21 . D I- : Hp . a n P'max/a = y n P'max P <a . D . 

« - t'maxp'a = y a P'maxp'a (3) 
h . ♦202101 . D I- : Hp . D . 7 C Pmax/au P<max P 'a (4) 

I- . (3) . (4) . D h :. Hp . a ftP'max/a = 7 a P'ma Xi >'« . D : 7 C j5 : 
[*170-16.(*274-01)] D: 7 +/9.D.^P, 7 (5) 

h.(l).(2).(5).DI-.Prop 
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#274224. r : Hp #274221 . «P„ 7 . /3 * 7 . D . /3P, 7 [#274-222-223] 

#27423. h : Hp *274 221 . Z> . « (P^ £ [#274-221 -224 . #204-72] 

*27425. h : P £ a> . D . P„ e w 
Dem. 

V . #274-2216 . D (- : Hp . D . P„ « H - t'A (1) 

(-.*274-191170 

I- : Hp . a e D'P, . D . a e CI induct'C'P - 1' A - t'~S'P (2) 

K #263-41 2. #27411 .D 

I- : Hp . a e CI induct'C'P - t'A . D . P'max P 'a e Cls induct (3) 

r ■ (2) . (3) . #274-23 . D I- : Hp . a e D'P, . D . a e D^P^ (4) 

h ..(1) . (4) . #274-195 . #121-323 . 

(- : Hp . D . P, 6 n - t'A . D'P, = D^P,), . ~ E ! 5<P, . 

[#263-44] D . P, e a) : D h . Prop 

*274'26. I- : P e a) . D . P lc t (Cls induct - 1' A) e a> . 

C'Pfc t (Cls induct - t'A ) = CI induct'C'P - t'A 

h . #274-13 . D h : Q = P . D . P lc £ (Cls induct - 1' A) = Q, (1 ) 

h . #274-25 . D (- : P e a> . Q = P . D . Q, e a> (2) 

h . #27417 .D(-:P6g>.Q-P.D. C'Q, = CI induct'C'P - t'A (3) 
h.(l).(2).(3).Dh.Prop 

#274-27. h : a e K . D . CI induct'a e N . Ci inducts - i'A e tt 
Dem. 

V . #263101 . D V : Hp . D . ( a P) .Pea>.a=C<P. 

[#274-26] D . (3JI/) .Mew.C] induct'a- i'A = C'if. 

[#263101] D. CI induct'a -i'AeK,. (1) 

[#123-4] D. CI induct'a e K (2) 

l-.(l).(2).DI-.Prop 

The following propositions constitute the proof of 
Peeo.D.P,^ (#274-33), 

#274-3. f- : P e Ser . aP„/3 . a e p'P"(a u 0) . D . aP„(/3 w t'*) . (0 u t< x ) P„/3 
Dem. 

K #200-53. DhHp.«6«.D.jSfti^ = (|9u 1 ' a ;)nA (1) 

h . *200\1 . Dr:Hp.2ea-/3.D.^6a-(/3u i<#) (2) 

r . (1) . (2) . #274-12 . D r : Hp . D . aP,(/3 u iV) (3) 

K #200-5. #170-16. Df-:Hp.D.(^ui^)P n /3 (4) 
h . (3) . (4) . D K Prop 



SECTION F] ON SERIES OF FINITE SUB-CLASSES OF A SERIES 2l7 

#274*31. h : P 6 Ser . ~ E ! B'P .D.^eSern comp 
Dem. 

\- . #274-1 . #120-71 . D h : <xP n @ . D . a w £ e Cls induct - l'A (1) 
h . (1) . #274-11 . D h : Hp . aP^ . D . E ! m&x P '(a u £) . 

[#931 03] D . g ! P'max/O u £) . 

[#205-67] D . a ! p'P"(a u £) . 

[#274-3] D.oP,^ (2) 

I- . (2) . #27418 .Dr. Prop 

#27432. h : P e Ser r> 2"tt . ~ E ! B'P . D . P, e 17 
Dem. 

h. #274-31. Dh: Hp.D.P,e Ser n comp (1) 

r. #274196. Dh:Hp.D.D'P„ = (I'P n (2) 

(- . #274-27-17 . D (- : Hp . D . C"P„ 6 N (3) 

I- . (1) . (2) . (3) . #273-1 . D h . Prop 

#274-33. h : P e w . D . P, e 7; [#27432 . #263101-11-22] 
This is the principal proposition of the present number. 

#274-34. hjaeNo.D.gl^n tf'(Cl induct'* - t'A) 

Z)em. 
h . #263101 . D (- : Hp . D . ( a P) . P e a> . C'P= at. 

[#274-33-17] D . (gitf ) .Me V . C l M= CI induct'* - l'A : D h . Prop 

The following propositions are concerned with the existence-theorem 
for v . They all follow from *274'33. 

#274-4. \-iPea.T="t'P*moi{P lB t (Cls induct -i' AM- 1.T'>P 1 ,e V *C<C<P 
Dem. 
h . #274-26-17 . D(-:Hp.D.aT=C"P, (1) 

h . (1) . #151-11131 . D h : Hp . D . T>P n smor P, . CWP, = <7'P . 
[#274-33.*273-41] D . T*P, e v . CT\P n = C*P : D K Prop 

#27441. f- : 3 ! « a i'P . = . a ! 17 « <'P 
Dem. 

h . #274-4 . D h : Q e u> rs t'P . D . ( a i2) . Re v . C'R = C'Q . 
[#64-24] D.alTjrWP (1) 

I- . #273-11 . D h : R e 17 a «'P . D . (aQ) . Q e a, . C'Q = C'R . 
[#6424] D . 3 ! a> a t'P (2) 

h.(l).(2).Dh.Prop 

#274-42. hiaeNo.D.al^C'a [#274-4-26 .#263-17 .#250-6 . #263-101] 
#274-43. I- . N = 0"7; [#273-1 . #274-42] 

*274'44. h;a!K (l ftt , «. = .a!i,nC« [#263131 .#274-41] 
*274'45. h :g!N («). = . 3 Iiyn^'a; [#26313 .#274-41] 
#274-46. r : Infin ax (x) . = . a ! v n t 3Si w [#263-132 . #274-41] 

15 



*275. CONTINUOUS SERIES. 

Summary of #275. 

The definition of continuity to be given in this number is due to Cantor. 
A different and not equivalent definition was given by Dedekind : series 
which are continuous in Cantor's sense are also continuous in Dedekind's 
sens*e, but not vice versa. Cantor's definition has the advantage (among 
others) that two series which are continuous in his sense are ordinally 
similar, which is not necessarily the case with series that are continuous in 
Dedekind's sense. Dedekind's definition of "continuous series" is, in our 
language, "series which are compact and Dedekindian." Cantor's definition 
(after a certain amount of simplification) is " series which are Dedekindian 
and contain an N as a median class." In the case of the real numbers, the 
rationals are a median class of this sort. 

An equivalent definition to the above is that a continuous series is a 
Dedekindian series whose converse domain is the derivative of a contained 
rational series (#275*13). 

Following Cantor, we shall use for the class of continuous series. 

In what follows, we prove first that the series of segments of a rational 
series is a continuous series, i.e. 

#275*21. h-.Perj.D.s'Ped 

— > 

The contained N is P ii G i P. The proposition follows at once from 

#271*31. On its importance, see remarks on #275*21 below. 

From this proposition, it follows that if rj exists in any type, 6 exists in 
the next type (275*22), whence the existence of 8 in sufficiently high types 
follows from the axiom of infinity (#275*25). 

To prove that any two continuous series are similar, we use #271*39. By 
the definition, if P and Q are continuous, they contain respectively two 
median classes a and /3, such that P £ a and Q £ J3 are rational series. Hence 
by #273*4, Pt«smorQ£#, and therefore P sraor Q, by #271*39. Also 
obviously PeO.P sraor Q . D . Q e 6. Hence 

#275*32. h:Pe0.D.0 = Nr'P 

and 
#275 33. h.0eNR 
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#275 01. 6 = Ser * Ded a med"N Df 

y 

#2751. h:Pe$.= . PeSer n Ded . a ! K n med'P 
[(#275-01)] 

#27511. h:.Pe6L = :PeSer«Ded:(aa).aeK .6/a = a<P.«CC'<P 

[#2751. #271-2] 

#27512. h :: P e . = :. P e Ser a Ded :. (g«) : a e N„ : 

aPy . D ft „ . g ! a * P (x - y) : a C C'P [#275*1 . *271"1] 

#27513. \-:.Ped.= :PeSerrsI>ed:(KR).RGP.Re V .S P 'C'R = a<P 

Dem. 
h.*2731 .*271"2. D 

t-iPeSern-Ded.RGP.Rert.Sp'C'R^a'P.l.C'ReKo.C'Rewd'P. 

[#2751J D.Petf vl) 

(-.#271-16. Dh:«medP./9 = anD'P*<I<P.D;£medP. (2) 

[#27115] D.Pt/3ecomp (3) 

\- .*12S17 .3 \- :B.p{2) . P eSer .aeK * Cl'C'P .0 . 8 eX * Cl'C'P (4) 

K*271\L. 3h:£me(iP.3.P"/9 = D<P.P"/3 = (I<P (5) 

K (5). #37-41. (2). Dh:Hp(2).D.D'(Pk/3) = /?.(I'(PD/?) = £ (6) 

h.(3).(4).(6).*273-l.D!-:Hp(4).D.Pfc/9e, ? ( 7 ) 

h . (2) . #271-2 . 3 h : Hp (4) . D . B P 'C\P t ff) = CI'P (8) 

h.(7).(8).*275-l.Dh:P6^.D.( a ^).P^ei ? .V^(PD^) = a^ (9) 
h . (1) . (9) . 3 h . Prop 

#27511 h . = Cnv"0 

1-. #21414. #271-11. DhsPeSer n Ded. a e« rtmed'P.= . 

P e Ser a Ded . a e tf n med'P (1) 

h.(l). #275-1.31-. Prop 

#2752. I- : P 6 v . D . s'P e Ser * Ded . P"C"P e N, . P"C'P e med's'P 

K #21433. D(-:Hp.3.s'PeSerADed (1) 

h . #204-35 . D h : Hp . D . P"C"P sm C'P . 

[*2731.*123-321] D . P"C"Pe N (2) 

h . #271-31 . #2731 . D h : Hp . D .~P«C'P e riJed VP (3) 

h.(l).(2).(3).Dh.Prop 
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#275 21. \-:Pe V .3.s'P€0 [*27521] 

This proposition is of great importance, particularly in the theory of real 
numbers. We shall define the real numbers as segments of the series of 
rational numbers, in order to be sure of their existence. Thus if P is the 
series of rational numbers, s'P, which may be taken to be the series of real 
numbers, is continuous. If P is the series of rational proper fractions, 
excluding 0, s'P is the series of real proper fractions together with and 1 : 
this series is continuous in virtue of the above proposition. 

The above proposition is also useful as enabling us to deduce the existence 
of 6 ii-om that of rj, and thence from that of N , and thence from the axiom 
of infinity. A rise of type is, however, required for the existence-theorems, 
which are given in the following propositions. 

*275'22. h : g ! v a t w 'a . D . g ! 6 n t n 'a 
Dem. 

h . #64-55 . D r : g ! v r> <„'« . D . (gP) . P e v . C'PCtfa . 
[#63-371] 3.(RP).Pe v .C<Pet'a. 

[#275-21] D . (gQ) .Qed.C'QCt'a. 

[#6457] D . a 1 * t ut x : D h . Prop 

*275'23. I- : g ! N * t'at . D . g ! a t u 'a [#274-44 . *275'22] 

#275*24. I- : g ! K (x) . D . g I r> t™x [#275-23 . #64-31-312 . (#65-02)] 

#275-25. I- : Infin ax (x) . 3 . g I n t"'x 
Dem. 

h . #12337 . D h : Hp . D . g ! K„ (f'x) . 
[#275-24] D.glflnZ 2 "^. 

[#64312] D . g ! * t» f x : D V . Prop 

#275-3 \-:P,Qe0.D.PsmorQ 

Bern. 
r . #275-13 . D h :. Hp . D : P, Q e Ser * Ded : 

(gtf,S) . R,Se V . Rd P . SO. Q . C'RemZd'P . C'£emed'Q : 
[#204-41] D : P, Q 6 Ser « Ded : (got, £) . a med P . £ med Q . P £ a, Q £ £ e ^ : 
[#273-4] D :P,Q e Ser « Ded: (go, £). a roed P. £roed<^(PE a) smor(Q££): 
[#271-39] D:Psmor0:.DI-.Prop 

#275-31. h:Pe0.PsmorQ. 5.Qe0 

Dem. 

„^ ^ 

I- . #271*4 . D h : P sraor Q . g ! N n med'P . D . g ! N a med'# (1) 

I- . #20421 . #214-6 . D (- : P e Ser n Ded . P smor Q . D . «• Ser n Ded (2) 
h.(l).(2).*275-l . Dh.Prop 

#27532. h:Pe0.:D.0=Nr<P [*2753-31] 

#275-33. hJ f NR [#27532 . #256-54] 



*276. ON SERIES OF INFINITE SUB-CLASSES OF A SERIES. 

Summary of #276. 

The subject of the present number bears the same relation to $ as that of 
#274 bears to rj. We shall consider, in the present number, the arrangement 
of all the infinite sub-classes of a series (together with A) by the principle of 
first ditferences, i.e. the relation 

P ol t (- Cls induct w t'A), 

where P is the given series. This relation we will call P $ . It consists 
of P cl with its field limited to terms not belonging to C'Py, (#276*12). It 

will (under a certain hypothesis) contain a part similar to P,, namely P c] 
with its field limited to complements of finite sub- classes of C'P. Hence 
if Pea), P e will contain an rj, whose field is composed of the complements 
of members of G f P n (#276*2). The field of this rj will be a median class of P 9 . 
We shall find, also, that P e e Ser, if Pe H (#276*14), and P 9 e Ded, if Pe H infin 
(#276*). Hence 

#27641. \-:Pea>.1.P ee e 

Also, since Pe&>.D.Cl'C"Pe2 No , and since C'P,eN , we shall have C'P 9 e2*< 
(#276'42). This result is important, since it gives the proposition 

*276'43. h . C«d = 2*° 

The proof that P d is Dedekindian if P is an infinite well-ordered series 
is somewhat complicated. We proceed by proving that every sub-class of 
G f P e has a lower limit or a minimum. In this proof, we observe first of all 
that 

C'P = B'P 9 .A = B t P 9 (#276121). 
Hence C'P is the lower limit of the null-class, and A is the minimum of t'A ; 
also if k is any existent sub-class of G l P 9i other than (/A, we have 

limin (P 9 )'k = limin (P,)'(* - t'A). 
Hence if we can prove 

k C C'P 9 . a ! * . A~ e « . D. . E ! limin (P 9 )'/t (A), 

we shall have CI ex'C'P 6 C (Tli min (P 9 ), 
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whence, by #214'1214, we shall have P fl eDed. Thus we have to prove (A), 

i.e. KCD'P 9 .^\K.D K .E\\imm(P e y K , which is *276'39. To prove this 

proposition, consider mines'* — p'/c). This exists unless «el; it is the 

first term which belongs to some members of k but not to others. Those 

members of k to which it belongs precede (in the order P e ) those to which it 

<»> 
does not belong. Let us call those to which it belongs T p ( k, so that 

Tp = k\ [X = k ft e'minp'(s'K — p'tc)}- 
Put also P m { re = mm P '(s i ic — p i re) Dft, 

so that we may put T p ( k — k n e i P m t K Dft. 

Then if we put A = k\ (X C k . X =f «), T P and A fulfil the hypotheses of #258, 
and we have 

A(T P ,ic)en. 

The series A (T P , k) proceeds to smaller and smaller sub-classes of k, of which 
any one, say X, consists of terms which come earlier (in the order P e ) than 
any other sub-class of k not belonging to X. By #258*231, the series A(T P , k) 
has an end, namely 

p'{Tp*Ay K . 

If this is not null, it must consist of a single term, which will be the minimum 
of /c (*276'33). But if it is null, we proceed as follows. Put 

P tl f K = s'$ {(g\) . X e (T P *A )'k . 7 = p'\ ft ~P'P m <\} Dft. 
Then P t /« will be the lower limit of k. 

In the first place, we easily prove that, since p i {Tp^A) f K = A, if 

Xe(2j»*4)'*-L'A, 

Pn/X and T P l \ both exist (#27 6341). Hence every member of k has 
predecessors in k, and k has no minimum. In the second place, we show 
that 

X {A (T p ,k)} ft, . a ! ft, . D . (P m 'X) P (P m V) (#276-34-342), 

and that a e X . D . p<\ ft~P'P m <\ = a ft'P'P^X (#276353). 

Hence we find that 

X { A (T P> *)} p . a e p . D . p<\ ft P'P m '\ =p l fi ft~P'P m '\ = aft ~P l P m l \ . 
D . p<\ ft~P'P m <\ C p'fi ft~P'P m 'p . 

{p'fl ft ~P f P m 'fl) ft P'Pm'X = P'^ « P'Pm'ft, 

whence it follows that 

y y 

X e (T p *A)'k - t'A . D . p<\ ft P'P m '\ = P tl 'rc ft P'P m '\, 
whence, by what was stated above, 

X e (Tp*A)<k .aeX.D.ctft l?'P m '\ = P tl ' K ft ~P'P m '\ (*276'354). 
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Again, if ae/c, the product of all the members of (T P *Ayic to which a 
belongs is a member of {T p *AYk to which a belongs, but if we call this 

product X, P m 'X~ea (because, if P m '\ e «, ae T P l \, which is contrary to the 
definition of X). Hence we have 

«6 ff .D.(PA)P,« (*276-36). 
It only remains to prove 

(P tl <«) P e /9 . D . (a a) .a etc. <xP $ j3 (#276-37). 
By the hypothesis, and the definition of P t //c, we have 

(gar, X) .\e(T P *A)'K .zep'\nP'P m <\-p. P tl <te rtA = /3rtA 

Since this involves E ! P m '\ it involves X 4= A, hence, by what was stated 
above, it involves 

(3*, X, a) . X e {T p *A)'k .aeX.zearx P'P m '\ - . P tl '« ftP'i = j3 a P'*. 

— > — * 

Hence we obtain @ a P'z C P t ,'« r\ P'P m '\, 

and P tl <* * P'P m 'X = « nPT m '\, 

— > 
whence £ a P^ C a. 

Hence, by #170 - 11, we have <*P 6 ft. 

This completes the proof of P u '« = tl (P 9 y* (#276*38). Hence, combining 
the two cases, we find that k has a minimum if a \p\TpHtAyK, and a lower 
limit if ~a ! p i (T P *A) i K. Hence E ! limin (P 9 )'k> in either case (#276*39). 

This completes the proof of P 9 e Ded if P e n infin. 



#276 01. P = P ct t (- Cls induct w t'A) Df 

#276 02. i = 8/3(i8C«^^) Dft [*276] 

#27603. P m '\ = mmp'(s<\-p'\) Dft [#276] 

#27604. Tp = \P{ H , = \ **7'P m '\} Dft [#276] 

#27605. P a < K = s<$l(n\).\e(Tp*Ay K -L<A.y=p'\n~P<P m <\} Dft [#276] 

#2761. h : aP fl /9 . = . a, (3 e (Cl'C'P- Cls induct) w i< A . 3 ! a - £ - P"(£ - a) 
[*170'l.(*276-01)j 

#27611. I- ::Pen . D :. aP fl #. = : a, £«(C1'(7'P- Cls induct) w t'A : 

(a^) ■ 2 c «- £ ■ « a P<s = /3 a P<* [#251-35 . (#276-01)] 
#27612. h : CP ~ <• 1 . D . P e = P cl £ (- C'P,) [#274-17 . #2761 . #170-1] 
#276121. h : G'P ~e Cls induct. D. 

5<P fl = A . B'P = G'P . C'P e = (Cl'O'P - Cls induct) u t'A 
[*l70-31-32-38 . (#27601)] 
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♦276122. b : C'P~e u 1 . D . C l P n u (7'P e = Cl'C'P [♦276-121 . ♦27417] 

♦276123. V : C'P~e Cls induct . = . g ! P 6 [♦2761-121] 

♦27613. h : C'P~e Oul.D. Nc'C'P, + Nc'CP* = 2^'°^ 
[♦276-122. ♦116-72] 

*27614. hiPeH.D.PoeSer [*251'36 . (♦27601)] 

♦2762. h : P f cb . D . (C'P -)"(C1 induct'OP - t'A) 6 N n intd'P fl 

Dem. 
h . ^24-492 . D I- . (C'P-)"(C1 induct'C'P- t'A) sm (CI induct'C'P - t'A) (1) 
I- . (1) . ♦274-27 . D h : Hp . D . (C'P -)"(C1 induct'C'P - t'A) e N u (2) 

(- . *200-361 . ♦263-47 . D 

h: Hp.«P 9 /3.*ea-£.anP'£ = /3nP^.7 = (a«P*'*)vP'min P '(a*P'*). 

D . minp'(a r> P's) e a — 7 . a n P'minp'(a n P'#) = 7 n P'min P '(a r> P'z) . 

£ e 7 — /3 . 7 n P's = «n P's = /3 n P'.z . 7^ e Cls induct . 
[♦276-11] 3.<xP e v.yP e j3 (3) 

h . *263-47 . D (- : Hp (3) . D . C'P - 7 6 Cls induct (4) 

K (3). (4). ♦276-11. D 

I- : Hp . aP 9 /9 . D . (g 7 ) . C'P - 7 e Cls induct . aP y . yP e (3 (5) 

r-.*120-7l.Transp.3 

I- : Hp . a e CI induct'C'P - t'A . D . (C'P -a)~e Cls induct (6) 

H . (6) . ♦276-121 . D h : Hp . D . (C'P -V '(CI induct'C'P - t'A) C C'Pe (7) 
h. (2). (5). ♦271-1. (7). Dh. Prop 

The following propositions constitute the proof of 
P e H infin . D . P 9 e Ded (♦276'4). 

*276 3. h:.E!P m 'X.D:aerp'\. = .aeX.P m aea:P M 'X=minp'(a'\-p'X) 

[(♦276-0304)] 

*276-301. I- : Pe H . X C Cl'C'P - t'A . X~ 6 ul.D.E! P m '\ . E ! T P <\ 

Dem. 
t- . *40'12-13 . Z) h :. p'X = s'\ . D : a, £ 6 X . D 0>fl . a = /3 (1) 

I- . (1) . Transp . *40*23 . D r : Hp . D . a ! s'/c-p'ic . 
[*250-121] D . E ! mines'* - p' K ) : D h . Prop 

*276 302. H : E ! P m <\ . Z) . P m '\ ep'Tp'X - p*\ [*276"3] 
*276-303. V.TpGA. (T v ) w G A 
Dem. 

h. ♦276-3. Di-ifiTpX.^ .fiCX (1) 

K ♦276-302. Dhc^TpX.D.^ + X (2) 

K(l).(2).*20M8.Dh.Prop 
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#276-304 I- : n {A (2>, «)} X . D . p C X . p'\ C p <p . /* + X . p'\ ^ p ( p 
[#276-302-303] 

#276-305. \-.A(T P ,K) € n [#258-201 . #276-303] 

#27631. l-:P e n.g!\.\CCl r C"P-t t A.X.~eD'2 T p.D. 

X e 1 . s'\ * ^<X = i'\ [#276-301 . Transp] 
*27632. h :. P e H . X~ eO v 1 . XCD'P* . D : 

P m '\ e js'iy X - p'K : a € \ . D a . a n P'P m '\ = ^'X n P< P m '\ 

I- . #276301 . D r : Hp . D . E ! ? f 'X . E ! P m 'X . * (1) 

[*276"302] . P m 'X ep'Tp'X-p'X (2) 

l-.(l).*276-3. 3 H:Hp. 3. P'P^X a s t \ = P t P m f \A i )'\ (3) 
h . (2) . (3) . D I- . Prop 

#276321. I- : Hp #276-32 . a e T P '\ . £ <■ X - ? P 'X . D . aP e 
Dem. 
V . #276-3-32 . D h : Hp . . P m 'X e a- £ . a n P'P m '\ = /3n P'Pm'X . 
[#276-11] D . ap,£ : D h . Prop 

#276-322. K : Hp #276'32 . /*, € (T P *4)'X .ae/i.jSeX-^.D. aP e £ 

h .#40-23 .' D h :. pC(T P *A) f \ . a ! p : pep . ae/u, . £eX-/* . D Mi .,0 . aP 6 : D: 

aep'p. peX-p^.^a-aPeP CO 
I- . (1) . #276-321 . #258-241 .DK Prop 

#27633. h : Hp#276'32 . 3 ! p'(rj,#4) c X . D . iy(7V*4)'X = min (P*)'X 

Dew. 
I- . #276-31 . #258231 . D I- : Hp . 3 . p'(Tp*A)'\ e 1 (1) 

I- . (1) . #276-322 . Dh iE.v.a€\-p'(T**A)'\.D .{i'p l {Tp*Ay\}P e ci (2) 
h . (1) . (2) . D h . Prop 

#276-331. h : Hp #27632 . g ! p?(T P *A)'\ . 3 . E ! min (P,)'\ [#27633] 

#276-34. I- : Hp #27632 . pT P X . p, e D'T P . D . (P m '\) P {P m 'p) 
Dem. 

V . #276-3 . D h : Hp . D . P m 'X = min P '(s'\ - p'X) (1) 

h . #2763-304 . 5 h : Hp . D . P m 'p <■ (s'X - p'\) (2) 

1- . #276302 . D h : Hp . 3 . P m 'X epV ■ P«V ~ep'p. 
[#1312] D.P m '\*P m > (3) 

K(l).(2).(3).:>KProp 

R. & W. III. 
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#276 341. h :. Hp#27632 .p'(T P * A)<\ = A . D : 

P m "(T P *A)'\ C P"P m "(T P #A)'\ . P m "(Tp*A)'\ ~ € Cls induct : 

p e (T P *A )'X -l' A. ^. El Tp'tt . E ! P m 'fi 
Dem. 

h . #258-231 . #276301 . D 

f- :. Hp . D : p, e(T P * A)'\ - i'p'(T P *A)'\ . D . E ! ? P '/t . E ! P m > : 

[*276'34.Hp] D:pe (r,*4)'\ . E ! P m </* . D . (P m V) P (iV?*V) (1) 
I- . (1) . #261-26 . Transp . D h . Prop 

#276-342. h : Hp #276341 . X {A (T P) *)} ^ . E ! P m V ■ => ■ (P m '*) P (iV/0 

h . #276-3 . D 

h :: Hp : p C(T P *Ay K . g ! p . g !pV : D :. P m 'p'pes'p'p -p'p'p '• 
[#40-ril ] D :. (go) . a ep'p . Pm'p'p e a : (fta) .aep'p. P m 'p'p ~ e a :. 

[#40-1 .#11 26] D:.\ep.D A :(aa).ae\.P w y / oeo:(aa).aeX..P m y / o~6a:. 
[#401-11] D :. Xe p . D A . P m 'p'pe(s'\ -p'\) (1) 

I- . (1) . #276-302 . D I- :. Hp (1) . D : 

T P 'X ep.Xep.D x . P m 'X e p'fp'X . P m ^ r p ~ e p'T P <\ : 

[#131 2] D : ?y\ € p . X e p . D A . P m 'X * P m 'p'p (2) 

h.(l).(2).#276-3.3h:Hp(l). V\ep.Xep.D.(P m r \)P(P m y /0 ) (3) 
h . (3) . #276-34 . #258241 . D h . Prop 

#276-35. h :. P e IX . k C &'P e . g ! * . ^'(^#4)'* = A . D : 

X e (T P *4)'* - t'A O . P m '\ € p'Tp l X n P<P m -T P <X 
Dem. 

h . #276-341 . I> h : Hp . X e (T P # J )'k - i'A . I> . E ! ? P 'X . 

[#276-302-34] D . P m '\ e ^< ? P 'X n P'P m 'T P l X Oh. Prop 

#276-351. h : Hp#276:35 . D . P m "(T P *vl) r « C P tl V 
Dem. 
h. #276-3. :>h.~E!P OT 'A (1) 

h . #276-35 . (#276-05) O h : Hp . X e(T P # A)'k -i'A.D. P m '\eP tl 'K (2) 
h.(l).(2).Dh.Prop 

#276-352. h : Hp #276*35 . D . P tl ' K ~ e Cls induct [#276"351'341] 

#276-353. h : Hp #27635 . X € (T P *Ay,c . X {A {T P> «)} p. . a e y, O . 

p'X n ~P'P m '\ = p V r. P'P m 'X = a n P'P m 'X 
Dm. 
h. #276-304. Dh:Hp.D.aeX (1) 

h . #276-35-31 . Transp O h : Hp . D . E ! P m '\ . X~<? u 1 (2) 

h.(l). (2). #276-32. Dh:Hp.D-.^\n?'P m '\ = anP'P m «\ (3) 
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h . (3) . D h :. Hp . D : £ e ^ . Dp . a nP'P w '\ = £ n P'PM'X (4) 

h . (4) . D f- : Hp . D . a n P'P m <X = p' fj.nl>' P m 'X (5) 

h . (3) . (5) . D h . Prop 

#276 354. h : Hp #276-35 . X e (T p *A)'k . a <? X . D . 

*Y * n P'P m 'X = p'X n P'P m 'X = a n P'P^'X 
Pern, 
h . #276353 . D I- : Hp . a ! /* . X {4 (T P , *)} /* . D . 

p V r* P'P m 'X = ;/X n P'P m 'X . 

[#2247] .(p'^n'P'P m ' f i)^'P m 'XQp'Xn'p'P m 'X (1) 

I- . #276-353 . D h : Hp . ^ {J (T p ,k)\ X.D.p'fin lP'P m 'n^p'X n P'P m 'fj. 

[#276-342] Cp'\rxP'P m '\ (2) 

I- . (1) . (2) . #276-305 . D 

I- :Hp . fi e (T p *A)'k -l'A.D .{p'^'P^p) n P<P m 'XCp'X n P'P m 'X (3) 
h . (3) . #276-32 . (#276-05) . D f- . Prop 

#276-355. I- : Hp *276"35 . a e k . D . (gX) . X e (7^*4 )'*.«e\. P m 'X ~ e a 
Dem. 

h . #40-1 . D h :. Hp . D : (gX) . X e (T p *A)'k . a ~ e X : 
[#276-305] D : (gX) : X e (Tp*^)'* . a ~ e X : p. {4 (T P , *)) X . D„ . a e ^ (1) 

h . #40-1 . D h :. fi [A (T P , *)} X . D M . ae/t : X =pM (Tp, «)'X : D . a eX (2) 
I- . (1) . (2) . Transp . D 

h : Hp . D . (gX, ^) . fj., X e (Pj,*^ )'* . X = ? P > . a e fi . a ~ e X . 
[#276-3] D . (a/it) . fL e (T P *Ay,c .ae/x. P m '/x ~ e a : D h . Prop 

#276-36. h : Hp #27635 . a e * . D . (P tl '/c) P e a 

Dem. 
h.#276'351'355-354-D 

I- : Hp . D . (gX) . X e (T p *A)'k . P m 'XeP tl ' K - a . P tl 'fcnP'P m 'X = a n P f P m f X . 
[#276-352] D . (P tl <^ P,o : D h . Prop 

^276-361. f- : Hp #276-35 . D . « C P e 'P tl r K [#27636] 

#276-37. h : Hp #27635 . (P tl r «) P e /3.3. (go) . a 6 k . aP e /3 
Pem. 

h . #276-11 . D f- : Hp . D . (gs) . «e? tt '« - £ . P 'k nP'z = 0n P'z . 
[(#276-05)] D . (g*, X) . X e (T P *AV/c .zep'Xn P'P m '** - j8 ■ 

P u '«:nP<z = £nP<£. 
[#276*354] D . {ftz, X, a) . X e (T P * A )'k .txeX.zea-0. 

~P<? CP'P m 'X . a n~P'P m 'X = /3n P'P m 'X . 

— > 
[Fact.*276-304] D . (g^ a) .cte «. z ea- /3 . j3 r* P'z Ca. 

[#17011] D . (ga) . a e k . aP e £ : D h . Prop 
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*276'38. r : P e a . k C D'P e . g ! « . p'(2* P * A )'k = A . D . P tl '* = tl (P 9 )'« 
t*276-361"37] 

#276381. h : Pe Q . « C D'P e . g ! « .y(7V*4) ( K = A . D . E ! tl (P 8 ) ( K 
[#276-38] 

#276 39. h: P e f2 . « C D'P e . g ! « . D . E 1 limin (P,) r « [#276-331-381] 

in the following proposition, the only reason why P has to be infinite is 
in order that P e may exist ; for " Ded " was so defined as to exclude A. 

#276 4. I- : PeO infin.D.P ee Ded 

Dew. 
h. *276'121. #2073. #20518. Dr:Hp.D.limhi/A = C^P.limin P VA = A (1) 
h . *206'7 . D h : Hp . « C C'P e . A e k . k 4= l<K . 3 . 

prec (P,)'* = prec (P e )'(« - i ( A) (2) 
h . *205"192 . D h : Hp (2) . D . nun (P )'k = min (P,)'(* - t'A) (3) 

I- . (2) . (3) . D h : Hp (2) . D . limin (P e )'« - limin (P 9 )<(« -i'A). 
[*276'39] D . E ! limin (P,)'« (4) 

I- . (1) . (4) . #27639 . D h :. Hp . D : * C CP* . D, . E ! limin (P*)'k : 
[*214'12-14] D : P* e Ded :. D f- . Prop 

*276'41. h:Pe«.D.P 6 e^ [*276'2-414. .#275*1] 

#276-42. h : P e to . D . C'P, e 2«<> 
2)em. 

I- . #276-13 . #274-27 . D h : Hp . D . Nc'C" P e + K « 2«« (1) 

(-.#276-2. Dh : Hp.D. ( 3 ^). Nc f C f P e = /.+,«„. 

[#123-421] D . Nc'C'Pg + N = Nc'C"P fl (2) 

h . (1) . (2) . D h . Prop 

#276-43. I- . G"0 = 2«° 

Item. 

I- . #276-42-41 .Dhr^Iw.D.g! C"0 n 2«« . 

[*100-42.#275-33.*l52-71] D . C"0 = 2«° (1) 

h. #27511. #263101. Dh:a) = A.D.^ = A (2) 

(-.#263101. #116-204. D h : to = A . D. 2»» = A (3) 

h.(2).(3). Z>h:a>=A.:>.C"0=2*> (4) 

h.(l).(4).Dh.Prop 

The propositions proved in the present number are capable of being to 
some extent generalized. Also we can prove 

h . = (coexp,. a)) + l. 
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For this purpose, we prove first that if P, Q are well-ordered series, P® is 
Dedekindian (except that if ~ E ! B'P, P* has no last terra); i.e. we prove 

P, Q e n . D : \ C C ' P« . g ! \ . D x • E ! 1 i m in ( i*) 'X. 
For this purpose, assuming XC C t P Q . g ! X, put 

Q m <\. = miV0 (s r X^ ~eOwl), 

T/X = \nM [M'Q m 'X- mm P 's'X'Q m 'X}, 

A. 

We can then show, by steps closely analogous to those in the proof of P e eDed, 
that we have 

3 ! p'(T P *A)<\ . 0.^'p'{Tp*A)'X = mm (P«)% 

~a lp'(T P *A)'X . 3 . (PQ)'*. = prec (P^)'X, 

whence, in either case, E ! limin (P Q )'\. 

Hence we have 

(- : P, QeH . E ! B'P . D . P^eDed, 

h : P, Q e a . ~ E ! B'P . £~ e C'P Q . D . P« +> £e Ded. 

We have therefore h . (« exp r a>)-j- i C Ded. 

We now have to prove 

. . — * 

Qe(a) exp r a>) -j- 1 . D . a ! N n med'Q. 

For this purpose, it will be sufficient to prove 

Peo>.D. a !K nmtd r (P p ). 

The N in question will be the class of those members of C'(P P ) in which, 
from a certain point onward, the correlate of every member of C'P is B'P. 
We have 
M(P P )N. = : M, Ne(C'P | C'PWC'P : 

{rx) . x e C'P . M X~P<x = N\~P'x . (M'x) P (N'x). 
Now consider the relation 

L = M fp%'x wy[ P,'x u (t'P'P) f P'P.'ar, 
where {M'P x 'x) Py. 

Then M (P p ) L . L (P p ) N. Also L has B'P for the correlate of every term 
after P x 'x. Hence it is determined by the correlates of the terms up to and 

including P x 'x. Thus, putting z — P x 'x, we have to consider the class of 
relations 

(i = x |(a«) . z e Q'P . x € i -» cis . a*x =~p*'z . D'X c cp}. 
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If X e ijl, X vy (i'B'P) f P'max/CTX is a member of C'P P . We have there- 
fore only to show that /i,eK . 

To show that /u.ett 0} we observe that if X e p, D r X and G'X are both 
inductive classes ; hence each has a maximum. Let X and X' be two 
members of ^, and let us put 

x = max/D'X . x' ~ max P r D'X' . y = maxp'G'X . y' = maxp'G'X'. 

If x = fj,p and y = vp, put x +py = (fjL+ c v)p. Then put X before X' if 
(x +P y) P (of + P y'), or if x + P y = x +p y' . yPy'. But if x + f y = x' + P y' and 
y = y', i.e. if x = x' . y = y', take the immediate predecessors of x, y, x', y* in 
D'X, Q'X, WX', G'X' respectively, and apply the same tests to them, and 
so on, until we come to a difference. In this way, we obtain an arrangement 
by last differences (in a slightly extended sense), and this arrangement is 
easily shown to be an to. Hence /t e N . Hence the class 

v = 7 {(aX) . X e n . 7 = X u (l'B'P) f P'max/d'X} 

is an N , and we have already shown that it is a median class of C t P p . 
Hence 

f-:Peo>.:>.g!N r* med'(P p ). 
The same class will be a median class of P p -f> Z, if Z<^> e C'P P . Hence 

I- : P € w . Z~ € C'P F . D . a ! « n r^d'(P p -\*Z). 
Hence, by what was proved earlier, 

r : Pe w . Z~ € C'P P .D . (P P +>Z) e 0, 
i.e. \- . (&> exp r a>) + i = 0. 



PART VI. 

QUANTITY. 



SUMMARY OF PART VI. 

The purpose of this Part is to explain the kinds of applications of 
numbers which may be called measurement. For this purpose, we have 
first to consider generalizations of number. The numbers dealt with hitherto 
have been only integers (cardinal or ordinal); accordingly, in Section A, we 
consider positive and negative integers, ratios, and real numbers. (Complex 
numbers are dealt with later, under geometry, because they do not form 
a one-dimensional series.) 

In Section B, we deal with what may be called " kinds " of quantity : 
thus e.g. masses, spatial distances, velocities, each form one kind of quantity. 
We consider each kind of quantity as what may be called a " vector-family," 
i.e. a class of one-one relations all having the same converse domain, and all 
having their domain contained in their converse domain. In such a case as 
spatial distances, the applicability of this view is obvious ; in such a case 
as masses, the view becomes applicable by considering e.g. one gramme 
as -f one gramme, i.e. as the relation of a mass m to a mass m when m 
exceeds mf by one gramme. What is commonly called simply one gramme 
will then be the mass which has the relation + one gramme to the zero 
of mass. The reasons for treating quantities as vectors will be explained in 
Section B. Various different kinds of vector-families will be considered, the 
object being to obtain families whose members are capable of measurement 
either by means of ratios or by means of real numbers. 

Section C is concerned with measurement, i.e. with the discovery of 
ratios, or of the relations expressed by real numbers, between the members 
of a vector-family. A family of vectors is measurable if it contains 
a member T (the unit) such that any other member S has to T a relation 
which is either a ratio or a real number. It will be shown that certain 
sorts of vector- families are in this sense measurable, and that measurement 
so defined has the mathematical properties which we expect it to possess. 

Section D deals with cyclic families of vectors, such as angles or elliptic 
straight lines. The lheory of measurement as applied to such families 
presents peculiar features, owing to the fact that any number of complete 
revolutions may be added to a vector without altering it. Thus there is not 
a single ratio of two vectors, but many ratios, of which we select one as the 
principal ratio. 



SECTION A. 

GENERALIZATION OF NUMBER. 

Summary of Section A. 

In this section, we first define the series of positive and negative 
integers. If /u. is a cardinal, the corresponding positive and negative 
integers are the relations -f /x and — /t, or rather (+ ^.) £ (NC induct — t r A) 
and (— c yx) I (NC induct — t'A). (It will be observed that a positive integer 
must not be confounded with the corresponding signless integer, for while 
the former is a relation, the latter is a class of classes.) We next proceed to 
numerically-defined powers of relations, i.e. to R", where v is an inductive 
cardinal. We have already defined R? and R 3 , but for the definition of ratio 
it is important to define R" generally. If i2el — >1 . R^QJ, we shall have 
R V = R V> . and if ReSer, we shall have (R^y^R*. But these equations do 
not hold in general, and in particular if RQ.I and v 4= 0, R" = R but R v — A. 
After a number devoted to relative primes, we proceed to the definition 
of signless ratios, thence to the multiplication and addition of signless ratios, 
thence to negative ratios, and thence to the generalized addition and 
multiplication which includes negative ratios. (In the case of ratios, signless 
ratios are identical with positive ratios. This is possible because signless 
ratios, unlike signless integers, are already relations.) We then proceed 
to the definition of real numbers, positive and negative, and to the addition 
and multiplication of real numbers. At each stage, we prove the com- 
mutative, associative, and distributive laws, and whatever else may seem 
necessary, for the particular kind of addition and multiplication in question. 

Great difficulties are caused, in this section, by the existence-theorems 
and the question of types. These difficulties disappear if the axiom of 
infinity is assumed, but it seems improper to make the theory of (say) 2/3 
depend upon the assumption that the number of objects in the universe 
is not finite. We have, accordingly, taken pains not to make this 
assumption, except where, as in the theory of real numbers, it is really 
essential, and not merely convenient. When the axiom of infinity is 
required, it is alwaj'.s explicitly stated in the hypothesis, so that our 
propositions, as enunciated, are true even if the axiom of infinity is false. 



#300. POSITIVE AND NEGATIVE INTEGERS, AND NUMERICAL 

RELATIONS. 

Summary of #300. 

In this number, we introduce three definitions. We first define " U " as 
meaning the relation which holds between fM+ c v and fi whenever ^ and v 
are existent inductive cardinals of the same type, and v^O, and /j,+ v exists 
in this type. Thus U is the relation " greater than " confined to existent 
inductive cardinals of the same type. The definition is : 

#300 01. U = (+ c 1 ) po I (NC induct - l ( A) Df 

Then if ft is an inductive cardinal which exists in the type in question, 

U h and U,j, are the corresponding positive and negative integers, where " U^" 
has the meaning defined in #121. It will be observed that OU^fi, so that 
£7 M exists, when /i exists in the type in question. We prove (#300'15) that 
U is a series, and (#30014) that its field consists of all existent inductive 
cardinals of the type in question, its domain consists of all its field except 0, 
and its converse domain of all its field except the greatest (if any). If the 
axiom of infinity holds, CU consists of all inductive cardinals. 

It will be observed that U arranges the inductive cardinals in descending 
order of magnitude. The reason for choosing this order instead of the 
converse is that U is less required in its serial use than as leading to the 
functional relations U h . As explained at the end of Part I, Section D, there 
is a broad difference between functional and serial relations, and this 
produces, where one relation (or its derivatives) is to have both uses, a 
certain conflict of convenience as to the sense in which the relation .is to be 
taken. Considered as arranging the integers in a series, U would naturally 
be defined so as to arrange them in ascending order of magnitude, as was 
done with "N" in #123. But considered as functional relations, it is more 
convenient and more natural to take (say) + 1 as the relation to start with, 
and — 1 as its converse. Thus we want yJJ^v when /a = i>+ c 1, i.e. we want 
t/"/i/= v + 1 ; and this requires the definition of U given above. 

We prove in this number (#300-23) that U is well-ordered, and (#300'21'22) 
is either finite or a progression. We also prove (#30017 , 18) that, if p is any 
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typically indefinite inductive cardinal, /i and /x + c 1 will belong to C'U if U 
is taken in a sufficiently high type. 

Our other two definitions in this number define two classes of relations 
which are of vital importance in the theory of ratio. We define numerical 
relations, which are called " Rel num," as one-one relations whose powers are 
all contained in diversity, i.e. we put 

#30002. Relnum = (l-*l)n J ft(Pot'72CRl'J) Df 

We thus hm o (#300-3) 

h : R e Rel nun, . = . R e 1 -► 1 . R vo G J. 

It will be remembered that the hypothesis ^(Cls— >l)vj(l-+Cls).i2 po GJ" 
played'a great part in #121, and in all later work which depended upon #121. 

When both R and R fulfil this hypothesis, we have Re Rel num, and 
vice versa. We prove (#300*44*) that if a is an inductive cardinal not zero, 

and P is a series, then P a is a numerical relation, and so is P a . If P is an 

endless well-ordered series, finid'P (i.e. the class of relations P„) is what 

(in Section B) we shall call a vector-family : P v is the vector which carries 
a term a steps along the series. 

In order to be able to deal with zero, we have to consider the application 
of ratios, not only to such relations as are numerical in the above sense, 
but also to relations contained in identity, because a relation contained 
in identity may be regarded as a zero vector, so that {e.g.) if P is a 
series, / [ C'P will have a zero ratio to P a if a is an inductive cardinal 
other than 0. 

We therefore introduce a class "Rel num id " consisting of numerical 
relations together with such as are contained in identity; these maybe called 
numerical or identical relations. They may be defined as one-one relations 
whose powers, other than R Q , are contained in diversity, because, if RQ.I, 
there are no powers other than R . Thus we put 

#30003. Rel num id = (1 -> 1) n R (Potid'R - t'R C Rl< J) Df 

and we then prove 
#300-33. h . Rel num id = R1T u Rel num 

For the application of ratio, it is important to know under what circum- 
stances there exists a numerical relation R such that R a is not null. We 
prove (#300-45) that if a is an inductive cardinal, and P is a series of 

o-+ e l terms, then {B l P)P a {B l P). Now we also prove (#30044) that if 
P is a series, and R = P 1 , P (r = R a and R is a numerical relation. Hence 
it follows, by #262-211, that if a ^ and a is a class of c + c 1 terms, there is 
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a numerical relation R whose field is of the same type as a and for which R„ 
exists. Remembering #300'14 (quoted above), this proposition is : 

#30046. hzeea'U-i'O.}. 

(gP, R) . P € (a + c 1 ) r . R = P, . R e Rel num . t'C'R = t*<x . (B ( R) R c (B'R) 
We have conversely (#300- 47) 
f- : R e Rel num . g ! R a . D . <r e NC ind . g ! (<r + c 1) n t'C'R . a n t'C'R e d ( U, 
where " NC ind " has the meaning defined in #126, i.e. " a e NC ind " means 
that a is a typically indefinite cardinal. 

The number ends by propositions proving (#300*52) that U^ is a 
numerical relation, that (#300'57) 

3 ! ( Ut) v r» ( U^ . D . £ X v e C< U . £ X v « rj x fi, 
and analogous theorems. 

#300 01. U = (+ l)po t (NC iuduct - t'A) Df 

#30002. Rel num = (1 -> 1 ) n # (Pot'iZ C Rl'J) Df 

#30003. Relnumid-=(l-*l)n^(Potid < J R-e' J R„CRl ( J) Df 
*3001. f- :/i^. = ./i (+ O l) po i/. ^,i/eNC induct -t'A [(#300'01)] 

#30011. h:.pUv. = : 

/j,,v€ NC induct - t'A : (gX) . X. e NC induct - t'O . \x - v + c X : 
= : ^, v e NC induct - t'A : (gX) .X=^0./a=v+ c X: 
= : ft, v e NC induct - t'A : (gX) . X e NC - t'O . /* = v + X 
[*300-l . *120-42-428'462-452 . #110-4] 

#300 12. I- : fiUv . = . n, v e NC induct - t'A . v < /j, . 

s . fj,,v e NC induct . v < /z . 

= . /a e NC induct . v< jj, 
[#300-11 . #117-3 . #120-42 . #117-26 . #110-6 . #117-15 . #120'48] 
#300-13. b.UGJ [#300-12 . #117-42] 

#300-14. b . C U = NC induct - t'A . D' U ** NC induct - t'A - CO . 

a' U = NC induct n v (g ! v + c 1) = j; (v + e 1 e NC iuduct - t'A) . 

B'U=0 
[#30012 . #117-511 . #120122 . #101-241 . #120-429'422] 

#300-15. b . U e Ser [#300-13 . #120441] 

#300-16. h : a e CIs induct . D . N c'a e C" U n P'a . N c'a eC'(Ut l 2 'a) 



Bern. 



h . #12021 . D r- : Hp . D . N c'a € NC induct (1) 

r-.*103'13.DI-.N c'a + A (2) 

f-. #1 03-11 . Dh .N c'o6f*a (3) 
h . (1) . (2) . (3) . #300-14 . D h . Prop 
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#30017. h : fie NC ind . D . (get) .pnt'aeC'U . fi e G'{ U £ tf"a) 

h . #1261 . D h : Hp . D . (ga) .aeCis induct . ft = Nc'a . g ! /* . 

[#103-34] D.( 3 a). a eCls induct .'/ J tn^a=N c f a (1) 

h . (1) . #300-16 . D h : Hp . D . (ga) .pnt'aeC'U. (2) 

[#6513] D.(ga). fi eC ( t/'. / xC<'a. 

[#63-5] D.fac^.fieC'U.pe&'a (3) 

h . (2) . (3) . D h . Prop 

#30018. h : /* 6 NC ind . D . 

(go-) . 2" 6 G\Ul t"<r) .{fi+ c l)nt<o-€C'U.fie a<(Utt 2 'cr) 

[#1261315 . #300-17-14] 

#isU0!81. h : fi € NC ind . fi n i'a e C< U . D . 

2" * Pa e 0* ?7 . (/a + 1) « Pa eG'U .^o Pa e <Ptf 

[#126-23 . #300-14] 



#3002. 



h:Infinax.D. U = N n 



Here N has the meaning defined in #263'02. 

Dem. 

h . #3001 . #125-1 . D h :. Hp . D : pUv . = . fi, v e NC induct ./i(+ l) po ». 
[#120-l.#91-574] = . n 'r c 1)*0 . fi(+ l) po * . 

[#96-13] = . /, {(+ c 1) r (^^Olpo * . 

[(*263'02.*1 20-01)] = . vN po fi:. D h . Prop 

#300-21. hilnfmax.D. U e a> [#300"2 . #26312] 

h : ~ Infin ax . D . U efl induct 



#30022. 

Dem. 



h . #125-16-24 . Transp . D h : Hp . Z> . C Ue Cls induct 
h . (1) . #30015 . #261-32 . 3 h . Prop 



(1) 



#30023. h.Uetl [#300-21-22] 

#300-231. \-: f iU 1 v. = .fi,v€^iC induct - i'A . fi = v + 1 . 
= . ^te'NC induct- i'A . /*= i>+ 1 . 
= ./if NC induct — i'A — t'O . v = ft, — 1 . 
= . v e NC induct — i'A . v = fi — 1 

h. #3001 51 2. #201 63. 1) 



r :. /*£/"! i> . = 

[#12(V429] = 
[#117-25] = 



fi, v e NC induct — i'A . v < ft : ~ (gX) • v < X . X < fi : 
ft, v e NC induct — i'A .v<Cfi'v+ l^fi.fi^v+ l : 
fi,v e NC induct - i'A . /j, = v + 1 (1) 



K (1 ) . #120-422 424-423 . D h . Prop 
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#300 232. h : fi e NC induct . D . 

U» = (+ c fj) t (NC induct - t'A) . U* = (- c fi) £ (NC induct - t *A) 
For the definition of f7 M) see #121*02. 

h . #121-302 . #300-15 .'5h: P U o( r, = .aeC'U.p = <r. 

[#300-14.*l 10-6] 2.p,creNC induct - t'A . p = a + (1) 

h.*260'22'28. #121*332. D 

H : ^ = (+ /*) £ (NC induct - t'A) . D . U*+ el = (+ ft) £ (NC induct - t'A) | U, 

[*300-231] = (+ ^ I (NC induct - t'A) | (+ c 1) fc (NC induct - t'A) 

[#120-45-452] ^{+^.^1)} ^(NC induct -t'A) (2) 

K (1). (2). Induct. Dh. Prop 

*300'24. h : fi € NC induct . 3 . D' £T„ = ft*'/* = NC induct n ^ (w > ^) 
1*300-232 . #117*31 . *1 20-45] 

#300 25. h : /i e NC induct . Z> . 

B'U* = U'fi = NC induct r\ P {v < ft) = U (0 *- p) 
[*300-232-24-12] 

#30026. h : fi e C'U . ~ . ftU^Q . = . Rl U»t (G'U) [#300-232-14 . #110-6] 

Here the ft in " U^" is of higher type than the fi in " fie G'U," because 
the interval U(0 i— i im) is composed of members each of which is of the same 
type as fi. 

#300-3. h : R e Rel num .- . R e 1 -> 1 . R^C J . = . R e 1 -* 1 . Pot'E C Rl'/ 
[(#300-02)] 

#300-31. h : R e Rel num id , = . R e 1 -> 1 . Potid'E - i f R C Rl'J" 
[(#300-03)] 

#300-311. h:RdI.~.R = R. = .R = I[G f R 

Dem. 

h. #201-13-18. Dh:. J KCH/.D: ; re6 < ' J R.D.R"^n J R^ = t'a; (1) 

h. (1). #12111. 3h:£G7. D . I^G'RdR,,. 

[#121-3] D.R = I\-C*R. 

[#72-92] D.R = R = I[C'R (2) 

h. #121-3. Dh:R =R.D.RdI (3) 

h . (2) . (3) . D h . Prop 

#300-312. I- : J? G / . D . Potid'£ = t'i? = t'i2 [#300-311 . #50-72 . Induct] 

#300313. h : K e Rel num id . D . R*-^ R QJ [#300-31 . #91 -55 J 
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#300 32. h : R e Rel num id . D . R = / f C'R 

Bern. 

h . *91-35 . D h . r r C< R e Potid'tf - Rl ex'/ (1) 

K(l). #30031 Oh. Prop 
#300 321. h : i2 e Rel num id . A + i? . D . R G J" . g ! R [*300"3l] 
#300322. h : R G /. D . R^ A i2 = A 

h . #121-3 . 3 h : #£ p0 2/ . a; 4= y . D . ~ (xR y) (1) 

h.*50-24.DI-:.Hp.D :-,(#&»): (2) 

[#91-57] D:xR po x.D.x(R po \R)x. 

[*1 21-103.(2)] D.R(x^x)^i*x. 

[#12111] D.~(xR x) (3) 

K(l).(3).Dh.Prop 

#300 323. h : R e Rel num id . R + R . D . R po G / 
Bern. 

h . #300-321-322 -Dh:Hp.D.i2 po AJ2 = A. 

[#300'32] D-i^If 0*22 = A:Dh. Prop 

#300 324. h :. R e Rel num id . Z> : R G / . v . R e Rel num 

h . #300-311-323 . h :. rip . D : i? G i" . v . R vo d J (1) 

h . #300-32 . D i- : E e Rel num id . R^ G J . D . Potid'iZ- 1' R =Vot'R (2) 

h . (2) . #300-31 . D h : R e Rel num id . £ p0 G / . D . Pot'B C Bl' J (3) 

h . (1) . (3) . #300-3 . D h . Prop 

#300325. h : R G / . D . R e Rel num id 

Dew. 

h . #300-312 . D h : Hp . D . Potid'i? - i'^ = A (1) 

r . (1) . #300-31 . D K Prop 

#300-326. h : R e Rel num . D . £ e Rel num id 
hem. 

V . #121-3 . #3003 . D h : Hp . D . R ~ c Pot'£ (1 ) 

h . #121302 . #300-3 . D h : Hp . D . R = I [ C'R (2) 

h.(l).(2).#91-35. Z>f-:Hp.D.Potid'K-t' J R = Pot' J R (3) 

h. (3). #3003-31 . Dh.Prop 

#300-33. h . Rel num id = Rl'/ u Rel num [*300-324-325"326] 

#30034. h.Ae Rel num [#300'3 . #72-1] 

#3004. - L . Rel num - Cnv"Rel num [#3003 . #91-522] 

#300-41. h . Rel num id - Cnv"Rel num id [#300-31 . #91-521] 
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*300 42. h : R e Rel num . Z> . Pot'P C Rel nura 
Bern. 

h .*91 , 6.*92'102. D 

h : R e Rel num . P e Pot'P . D . P e 1 -» 1 . Pot'P C Rl'/ . 

[♦300-3] D . P e Rel num : D h . Prop 

#300 43. r- : P € Rel num id . D . Potid* R C Rel num id 
Dem. 

h. #300-325*31 2. Z> h : RQI. Z>. Potid'PC Rel num id (1) 

h . #300325 . Dh.I\-G'Re Rel num id (2) 

h . (2) . #300-42-326 . D h : R e Rel num . Z> . Potid'P C Rel num id (3) 
I-. (1). (3). •300-33. DK Prop 
*30041 h :. P e Ser . a e NC ind . D : 

P„ P c € Rel num id : a- $ . D . P, = (P^ • A> ?» e Rel num 

I- . *121-302 . #300-325 . D h : Hp . <r = . D . P a> P„ e Rel num id (1 ) 
h. #260-28. DhiHp.o-^O.D.P^P,), (2) 

h . #300-3 . #260-22 . D h :. Hp . Z> : P l e Rel num : 
[#121-5.#300'42] Z> : o- =j= . D . (A), e Rel num . 

[(2).#300'4] Z> . P„, P„ e Rel num (3) 

h . (1) . (2) . (3) . D h . Prop 

#300-45. V : <r e NC ind . P «r (<r + l) r . Z> . (B'P) P a (B'P) 

For the definition of (<r + l) r , see #262-03. 

Dem. 

h . #26212 . Z> h : Hp . D . P e fl . C'P e a + 1 . , 

[*202181.#261-24] D . (B'P) P a (B'P) : D \- . Prop 
#300-46. hiffja^-t'OO. 

(gP, P) . P e (a- + l) r . P = Pj . P e Rel num . t'C'R = t '<r . (B'P) P<r (#'£) 

Pern. 
I- . #300-14 . D h : Hp . 3 . (ga) . a e Cls induct . «'a = t 'a . a e a + fl 1 . 
[#262-211] D . ( 3 P) .P £ (<r+ l) r . t'C'P = t 'a . 

[#300-45] Z> . ( 3 P) . P e (a- + c 1 ) r . t'C'P = t '<r . (B'P) P„ (B'P) . 

[#300-44.*261-22] D . (gP, P) . P e (a- + c l) r . R = P, . P e Rel num . 

t'C'R = %'<r . (B'R) R a (B'R) : D h . Prop 

R. & W. III. 
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#300 47. h : R e Rel num . 3 ! &„ . D . 

o- e NC ind . a ! (o- + Q 1) n t'C'R . a n t'C'R e a* U. 
Bern. 
Y . *12M1 . D f- : Hp . D . faa:,y) . R (ffny) e cr + 1 . 
[*121 -46] D . o- + Q 1 e NC iod . g ! (o- + c 1 ) n t'C'R . 

[*120-422.*300'14] Z> . <r e NC ind . a ! (a- + c 1) n *<C'i2 . 

o- n //C<£ 6 CI<*7 :D h . Prop 
#300-48. YiRQI.v^O.I.R^A 
Dem. 

Y . #300-312-311 . #91-55 .DY : RGI .D . R^ = I [C'R (1) 
f- . (1) . #121-103 .OY-.RGI.D.R (x±-*y)=C'R n I'wrM'y (2) 
f- . (2) . #121-11 . D h :. R C / . D : a?J?,y .= .C'Rr\ i'w *i'ye V + l. 
[#11 7-222] D . v + 1 < Nc'i.'tf . 
[*117-54.*120-124] Z>.j/+ 1 = 1. 
[*110-6^1.*120-311] D. v = (3) 
I- . (3) . Transp . D h . Prop 

#300-481. h:ReKe\ num id . v$ . D . (R \ = A . (R v ) dR 

Dem. 

Y . #300-32-48 . D Y : Hp . D . (i^), = A (1) 

r- . *300"43-32 . D h : Hp . D . (R v ) = I[ C'R V . 
[*121*322.#300-32] ^.{R v \dR (2) 

h.(l).(2).Dh.Prop 

#30049. Y : R e Rel num . A ~ e Pot'12 . D . C'R ~ e Cls induct 

r- .#121-5 . D Y :. Hp . D : i/eNC induct . D . g ! £„ . 

[#121-11] D . a J (* + 1) n CVC'R :. D K Prop 

#300-491. V : (&R) . R e Rel num . A ~ e Pot'i? . D . In fin ax [#300-49] 
#300-5. Y.U Y e Rel num [#300-15"44] 

#300-51. V . U eB,el num id [#30015-44] 

*300-511. Y.U„ = ( U^ [#300*21-22 . *263'491] 

#300-52. I- : jx, e NC ind - t<0 . D . U„ e Rel num [#300-1 544] 
#300-53. h.(x l)£C"(/eRelnumid [#300-325 .#113-621] 

#300-54. Y:Inftnax.fj,e~D'U-i l l.D.(x Q fi)t~D'UeRelnum 
Dem. 
Y. #120-51. Dh:Hp.D.(x o /*)tD'0'el-»l (1) 

I- . #126-51 . #113-621 . D h :. Hp . D : p {(x of i,) £ D'U} <r . I) . />>cr : 
[*ll7-47'42] D:{(x oA i)pD'ff} po GJ (2) 

Y . (1) . (2) . #300-3 . D I- . Prop 
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#300-55. hiRlR p nR < ,.D.R\( p + l)nt<C'R.p = <r [#121-11 . *120-31] 
#300551. \-:R\R p nR<r. = .±lR p .p = cr [#300-55] 

#300552. h : R e Rel num . D . (i2 f )„ G R tXtV 
Dem. 
K #121-36. Dh:Hp.f,v€NCind-i'O.D.(i2 f ) K = i2 fXe , (1) 

h . #300-481 .Dh:Hp.£ = 0.* + 0.D. (£*), = A (2) 

h . *300-32-.311 . #113-602 .Dh:Hp.f=0.^ = 0.D. (J?*), = R tXtV (3) 
h. #300481. #113-602. D h :Hp.£ + . v = 0. 3 .(-R^Gi^.,, (4) 
h. #300-47. Dh:Hp.~(fi/eNCind).D.(i2 4 ), = A (5) 

K(l).(2).(3).(4).(5).Dh.Pro P 

#300-56. h : ii e Rel nu m . g ! (R() v A (£,)„ . D . 

£x v = v x <s fi.(%x B v)nt<C i R€(I t U 
Dem. 

h . #300-552 . D 1- : Hp . D . a ! R iXoV A B„ Xtfl (1) 

h . (1) . *300-55 .Dh. Prop 

#300-57. \-:±l(U i ) v n(U r ,) ltL .D.Zx a veC<U.Zx„ v = v x otJ L 
Dem, 

h . #300-5-51 1-56-552 .Dh:Hp.D.£x i/ = 77X ,u.a! ^ XcV (1) 

h . (1) . #300-26 . D h . Prop 

By #30056, we have, with the above hypothesis, (£ x i>)n t'C'UeG-'U. 
But here the ?7 in CTJ7 is of higher type than the U in (£ x i>) n £<<7'£7 or in 
the hypothesis. In the type of the U in the hypothesis, we have %x a veC f U, 
not necessarily £ x v e (F U. 

#300-571. h :. £ rj € V'U. D : ± I (U t ) v A (#,)„ . = . £ x v eC<?7 . £ x * = 17 x c/4 
Dem. 

y.*3Q0-26.Dh:%x o veC t U.£x v = r 1 x o ti.D.(Zx a v){Ut x , v K tf„x eM j0 (1) 

l-.*121-36.Dh:Hp.Hp(l). /A + 0. l / + 0.D.tr f)<ol , = (f7- f ),.^ x ^ = (^ (2) 
f" . #30032 . D h : Hp . Hp(l) . v = . 3 . (#*)„= / f c ' u t • 

[#300-26] D.0{(^)„}0 (3) 

Similarly h : Hp. Hp(l)./* = 0.D . [( */„)„} (*) 

r*. #113-602 . D h : Hp . Hp (1) . v = . D . fi = (5) 

h.(l).(2).(3).(4).(5).3h:H P .H P (l).3.a!(r/ f )^(^ (6) 
f" . (6) . #300-57 . D h . Prop 

#300572. h:.£ cD'tf. D : a ! (i/f), . = ^x, V eC'(/ [#300-571 ^-" 



*301. NUMERICALLY DEFINED POWERS OF RELATIONS. 

Summary of #301. 

In this number, we have to exhibit the powers of a relation R, i.e. the 
various members of Potid'i?, as of the form R 9 , where a- is an inductive 
cardinal. We have already had R 2 — R\ R and R 3 = R 2 \ R. What we need 
is a definition which shall give 

Now R* is a function of R and a- ; thus we have to exhibit R* in the form 
S f <r, where S will be a function of R. That is, we have to define the relation 
S as a relation of R a to <r, and S must be such that, if it holds between 
R* and o-, it holds between i2 <r+o1 and a + 1. Thus we may take Sasa sum 
of couples, such that if one couple is R" J, a-, the next is (R*] R) I (a- + l), 
i.e. such that, if one couple is Q I a-, the next is (Q\R) I (a + e 1). Now 

(Q|B)i( < r+ l) = {(|B)||(-.l)}*«2;«r). 

Hence, since we want to have R° = I [ C'R, our class of couples is 

M[M{(\R)\\(- B l)U{(ItC<R) 10]]. 
Calling this class num (R), we may therefore put 

l^={s<num(ir))<<r Df. 
If we put (| R) || (- 1) = R p , the above definitions are 

num (R) = (Rpte'{(I T C'R) I 0} Dft, 
R*=ls<num(R)}'cr Df. 

But the above definition of R p requires some modification before it can be 
considered quite correct. With the above definition, we have 

22p*(Q 4 o-) « (Q | J2) 4 (o- + a 1 ) (1). 

Now since num(i2) is defined by means of (R p )%, and since the definition 

of R% contains the hypothesis R"/juC/j,, it follows that, if num (R) is to be 
significant, the relation — 1 which appears in the definition of R p must 
be homogeneous, so that, in (1), a and a + 1 must be of the same type. 
Hence <r, though typically ambiguous, cannot be typically indefinite ; 
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therefore, if the axiom of infinity is not true, we shall sooner or later arrive 

at <r = A as we travel up the inductive cardinals. In that case, we shall have 

R«-.i I ( a - c 1) e num (R) . (R*-' 1 \ R) I A e num (R) t 

(R°~ ^ | R | R) I A e num (R), etc. 

Now if (for example) R is a cyclic relation, such as that of an angle of 
a polygon to the next angle to the left, we shall not have 

i2»--«i = 22*-.i I R or 22*-oi R = £'-•» | 22 1 72. 

Hence s'num (R) will fail to be one-many, and -R ff will fail to exist. Hence 
it becomes desirable to restrict a to cardinals which exist in some assigned 

type, i.e. to replace — c 1 by (—„ 1) £ (NC induct — t'A), i.e. by t^. 

Thus we now put R p = (j R) J J7j Dft. 

But even this definition is not quite complete, because the type of U is 
not assigned. It makes some difference how the type of U is assigned, for 
if we take as the type of C'U a type lower than that of t f N c'('i2, we may 
find that our numbers become A before we have ceased to obtain fresh 
powers of R. 

For example, suppose the total number of individuals were four, and that 
these were a, x, y, z. Let us write x J, (a, y, . . .) for x I a u x I y u . . . . Then 
consider the relation R = x ], (a, y) a a I y o y ^ (x, z). Then 

R* = x I (x, y, z) a a I (x, z) a y J, (a, y), 

R 3 = x I (a,y,x,z)KJa I {a,y)vy | (x,y,z), 

R* = x l (y, x, z, a) a a I (y, x, z) a y | (a,y,x,z), 

R 6 = x 4 (a, x,y, z) a a ^ (a, x,y,z)vy \, (a,x, y y z). 

After this, R 6 = R s | R = R* \ R'*= etc. But up to i2 5 , each power of R is 
different from all its predecessors. If we take t'C'U ' = $'N c WiS, r" T r 
consists only of the numbers 0, 1, 2, 3, 4, and is thus inadequate to deal wiuii 
# B . Hence the type in which we take U must be a sufficiently high type, 
which must increase with the type of R. Hence we take C'U in the type of 
t'N c't'R, i.e. in the type of t 3 'R. This is secured by writing Utt 3( R in 
place of U in the definition of R p . Hence the final definitions for R" are : 

*301 01. R p = (| R) W&t t*'R) Dft [*301] 

*301 02. num (R) = (R P h'{(I f C'R) I (0 n *»12)} Dft [*301] 
*30103. R"={8'num(R)}'<r Df 

The two temporary definitions *301'01'02 are only to extend to the 
present number. 
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With the above definitions we have 

*30116. \-: t ieC'U*1? t R. = .'KlR> t 

#3012. \-.Ro = I[C'R.R' = R 

#301-21. h : v e (I<U n t*'R . D . R^ 1 = R"\R 

#301-23. \-:il+ v€C'U* t 3 'R . D . Rr + <» = Rr\ R V = R V \R* 

#301-26. H:PePotid' J B. = .(ao-).P= J R* 

7.e. the powers of J? are the various relations R". This proposition might 
have been not universally true if we had taken U in a lower type. 

#301-3. \-:RGI.<reC'Unt 3 'R.D.R" = R = R = ItC'R 

It is largely for the sake of this proposition that we require powers 
of relations in dealing with ratio, rather than finid'ii For we have 
R G 7 . <r 4= . D . R a = A, so that R a does not give what is wanted if 
R G 7. On the other hand (#301-41), if R e Kel num. we have R* - R a 
if c eC*U nt?'R. Thus as applied to numerical relations, R a may always 
replace R", 

We have, whatever R may be, 
*301-o04 1- : ft, v e G l U n P'C'R . v 4= . D . (R») v = R* x ° v 

The importance of this number will appear in connection with ratios. 



#301-01. Rp^dRmu^V'R) Dft [#301] 

#301-02. num (R) = (R^'{(I [ C'R) |(0fl PR)} Dft [#301] 

#301 03. R* = (s'num (R)} <<r Df 

#301-1. h : <r € a<(Ut t"R) . D . R P '{Q l<r) = (Q \ R) I \(<r+ c 1) a «-*12J 
[#55-61. (#301-01)] 

#301-101. h : <r e (I<( [7 £ f'J?) . = . a- e (I' J7 n t s 'R . = .<t eG'U .<r C V'R 
[#63-5] 

#301-102. I- : a- e d'( U I t 3 'R) . = . 

(gX) . X e CIs induct . g ! - X . R e < 'X . <r = N c'X 
[#300-14. #103-11] 

#301103. r:<re(I<( £7 ££"£). = . 

(gX) . X e Cls induct .g!-X. J ReX.o- = N c'X 
[#301-102. #73-71-72] 

#301-104. h:<re(l<(Ut #'&) - = .(<r+ e l)n P'R e NC induct - t'A 
[#301-101 . #300-14] 

#301-105. h:<re(l<(Ut t*'R) . = . (gX) . X e Cls induct . R e X . <r + 1 = N c'X 
r#301-104] 
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*301106. I- : a e (I<( U I &'R) . ~ . (gX) . X e Gls induct . i2 e £ 'X . a- + 1 = N c'X 
[#301-104] 

#301107. h : a e d'( Ul t 3 'R) . = . o- e NC ind . R e s<(a + 1) 
[#301106. #126-1] 

#30111. h : <r e d'(U t P'R). = . El R P '(Q I <r) [#301-1] 

#301-12. h:Menum(R).D.(>zP > <r).P€Votid'R.<TeC<Un1?'R.M=Pl ( r 
[#9o22] 

#30113. h:P I i)eunm(R).D.P = I\>C<R 

Dem. 

h . #90-31 . (#301-02) . D 

YiPlli€Wim(R)- 1*1(1 f C*R) i 0} . D . 

(Pi/i)t(i2p)*|i2p}l(/r^^)iO}. 

[*30-33.*301-l] D . (P I ^)(i2 p ) # (i2 | 1) . 

[#95-22] D.^^l. 

[#300-24] D.fi^O (1) 

h . (1) . Transp . D h . Prop 

#301-14. H : P Ifi, Q I p e num (i2) . D . P = Q 

Dem. 
K #120-124. #90-31. D 

f-:{Si(^+ c l)](^)*{(/r^^)4 0}.D. 

{5 4 0* +c 1)1 {Rp i («,)*} {(/ r &R) i °! (!) 

I- . (1) . (#301-02) . #301-12 . #300-14 . D 

H : 5 I (fi + c 1) e num (R) . D . S I (/* + c 1) € iJ,"num (i2) . g ! ^ + 1 . 

[#301-1] 

D,(aP,p).P|i;enum(i2).Sl(^+ l) = (P| J B)i(i/+ l).a!A*+ol- 
[*55-202.*120-311] 

=>-(aP)-Pi/xenum( J R).S|( / x+ c l) = (P! J R)|(^+ l) (2) 

f-.(2).Dh:.Pi^ ) Qi /A 6num( J R).D Pig .P=$:D: 

>Sfi( / t i+c l) ) T4( / x+ l)6num(^).D s<T .S=2 7 (3) 

H . (3> . #30112-13 . Induct . D H . Prop 

#301-141, h . d'a'nnm (R) = C l U* t 3 'R 
Dem. 

b . #301-1 . D 

I- : a e G.< U n t s 'R . a e d's'num (R) . D . (or + 1) e a's'num (R) (1) 

h . (1) . #300-14 . Induct . D I- . Prop 
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#301*15. b . s'num (P) e 1 -► Cls 
Dem. 

b .*30M4 .Db : M,N € rmm (P) . a ! d'itf" nd'N .D . M = N (1) 
h . (1) . #72*32 . D h . Prop 

*30ri6. b-.peC'Un t 3 'R . = . E ! P" [#301-141*15 . (#301*03)] 

#301-2, r-.P^/fC'P.P^P [*3ori3*16*l. (#301*03)] 

*301'201. h : v e C'U n t 3 'R .D.(R v lv)e num (R) 

Dem. 

b . #301-16 . (#301-03) . D b : Hp . D . P* (s'num (P)} v . 
[#41'11] D.(aM).ilf e num (P).P"ifi>. 
[#301-12] D . (aJlf,P, o-) . Me num (P) . ilf = P i <7 . P* . 
[#55-13] D . (P" j v) e num (P) : D I- . Prop 

#301*21. f- : v e d'U n P'R . D . P" 4 "- 1 = R"\R 
Dem. 

b . *301-1-201 . D f- : Hp . D . P"+ a I (v + c 1), {R v \R)l(v + 1) e num (P) . 
[#301*14] D.P'+'^P" IPO!-. Prop 

#301 22. 1- : E ! P" . D . R v e Potid'P [#301 -201-1 216] 

#301-23. h/i+.i'eC'Prt £"P . D . R» + < v = R»\R V = R*\R» 
[#301-21 . Induct] 

#301*24. 1- :. a- e NC ind : p ^ a . v < p . D M> v . P" -f P" : D . 

PK^./z^.P^P^+cl 
Pern. 

I- . #120442 . 3 h : Hp . p < o- . v < o- . P" = R" . D . fi = v (1) 
K(l). #73*14. #301*15. D 

b : Hp . D . Nc'P {(g^) . ^ < (7 . P = P"} = Nc<£ (^ < a) (2) 

h . (2) . #120-57 . D f- . Prop 

#301'241. b : Hp #301-24 . D . ex n J"P e (T(17 £ i 3 'P) . P^ 1 = P» | P 
[*301-24-104-21] 

#301*242. I- : aeC'UrsF'R . f i^a.v<fi.R» = R t '.D.R' T \R = P"-«»*+<"'+« 
Pern. 

h . *120-412-416 . D h : Hp . D . o- = (a- - /*) + c ^ . 
[#301-23] D . P- = R*-*» | P' 1 . 

[Hp.*301-21] D.R*\R = P— ^ | P" +cl 

[*301'23] = J?«r-c^+.v+d oh. Prop 
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*301'25. b :(>&*). P=R*. 3. {>&t).P\R^R [*30ri6'241*2421 

*30126. h : P e Potid ' R . = . (g«r) . P = R* 
Dem. 

r- . *301'25-2 . induct . D I- : P e Potid'^ . D . (gcx) .P = R? (1) 

l-.(l).*301-22.Df-.Prop 

*301-3. \-:RGI.<r € C t U*1?<R.D.R<' = R = R = I*C<R 
[*300312. #301*16-26] 

*301"31. b:RGI.<r^O.D.R a = A [#30048] 

The above proposition is ihe ^ame as #300*48, but is repeated here to 
show the relations of R a and R". 

#301*32. hi.RCI .a!J2.3:allk.= .cr = [#300-311 .#301-31] 

#301-4. h : i2 e Rel num . <r eC'U r\t 3 'R ."5 . R<, = R° 
Dem. 

V . #301-2 . #121-302 . D h : Hp . D . R a = i?° (1) 

K #30121. #121-332. D 

H : . Hp . a e d< U rs t"R . D : R a = R° . D . -^ + ci = R"^ 1 (2) 

h . (1) . (2) . Induct . D I- . Prop 

#301-41. I- : R, S e Rel num . g I R» n R" . D . /x = »■ . a I O + 1) « W.B 
[#301-4-16 . #300-55] 

#3015. l-: / xx c »;£C'C/'^t a 'i2.^4:0.y + 0. D . {R») v = R» x ' v 
Dem. 
V . #117-62-32 . Dr-rHp.^.^i/eC'tfnF'.K (1) 

r- . (1) . *301-162 . D h : Hp . D . (i^) 1 = i^ 1 (2) 

r- . #301 -23 . D I- : v + c 1 e C*U n ^ . D . (i^)" +* 1 = (i^)" | R" (3) 

K (3) . #301-23 . D 

I- : (/i x c v) + cH , e C'UnP'R . (R») v = R***" . D . ( J R")" +cl = ^ Xc ^ c " (4) 
K (4). #113-671. D 

I- :. (R*y = i^ x «" . 1 : ^ x (»- + c 1)€ C'Ur\ t 3 'R . D . (i2*) v+cl = i>x«<" +cl > (5) 
K #117-571-32. D I- : H .x (v+ l)eC t U r^t 3i R.D .f^x^eC'U nt 3i R (6) 
h . (5) . (6) . D h :. ft x c y 6 C tf ^ f< £ . D . (jfr)" = i^**" : D : 

/* x (v + e l)eC'UnP<R.D. (R*y+°* = i^^D (7) 

h . (1) . (2) . (7) . Induct . D h . Prop 

#301-501. I- : /i = . i> e C< U n <»'i2 . D . (i^)* = Br™ [*301"2*3] 

#301-502. t-i^veCUn P'C'R .D.fix c veC'Un t 3t R . (p x c v) n P'R £ C U 

Dem. 
H . #300-14 . #120-5 . D I- : Hp . g ! (p x v) n t»R ,3.(/.x e »)ft < 2 'i2 e C"^ (1) 
H. #300-14. Dh:Hp. 3 .(£a,P).a€i*. 0cv.cL,&€t f C'R. 

[#113-251] D.(aa,^8).ax/9e^ x c v. cL,/3et'C'R . 

[*113-17.#64-61] D . (go, £) . a x £ e 0* x c v) n *"J2 (2) 

h . (1) . (2) . #65-13 . I- . Prop 

17 
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*30r503. h : v e NC ind . v n t'C'R eC'U$. {VCR) . D . v nf'Re C'{Ut f'R) 

Dem. 

F- . #30014 . D h : Hp . D . (ga) .a € v* t'C'R . 

[*106-2] D . (a«, a) . I cc"a e v * t*'R (1) 

I- . (1) . #30014 . D h . Prop 

#301504. I- : fi, v e & U n f'C'R . v + . D . (£")* = iS"*" 
[*301'5-501'502'503] 

#301-505. h:.£eD'tf.D:a!{(+ c £)£<7'tf}'. = .£x i/eC'<t7 
Ztem. 

[#300-232] s.ftl(UiY.£eC'U (1) 

H.(l). #300-52. #301-4.3 

h:.n V .D:nll( +0 Z)tC<Uy^.±l(U i \.?eC<U. 
[#300-572] = . £ x c v e C'U:. D f- . Prop 

#301-51. h:.^,eD^.D:a[!{(+ c r)DC^} , '' ! »{(+c'7)D^^}' i - = - 

f X y € C" U. £ X c y = v X /i 

f- . #301-505 . #300-232 . #301-4 . D 

H:.Hp.D:a!{(+ f)tC'?7}^((+ ,)tC7»^. = .a!(Cro^(?7,) |l . 
[#300-571] = .£x c veC"C7'.f : x oI / = 7 ? x c /x:.D!-. Prop 

#301-52. r- : v e I>'Un F'R . D . (x ^)* = x (/*') 

-Dew. 

f- . #301-2 . #113-204 . #116-204-321 . D 1- . (x c fi) 1 = x c (^) (1) 

K. #301-21 .3\-:p e a'U*P'R. D .(x cH .y+'= 1 = (x eH .y\(x ct i) (2) 

K(2).Dl-: y ea'^^ J R.(x o/ *)''=x (^).D.(x oM )^ =Xo(/i , ) | (Xc/t4) 

[#116-52-321] =x c (^ +cl ) (3) 

h . (1) . (3) . Induct . D h . Prop 



*302. ON RELATIVE PRIMES. 

Summary of #302. 

The present number is merely preparatory for the definition and discussion 
of ratios. We want, of course, to give a definition of ratio which shall ensure 
that fijv = (/i, x c t)/(p x t). Hence in defining fi/v in any given type, we 
cannot exact that /x and v themselves should exist in that type, but only 
that, if p/a- is the same ratio in its lowest terms, p and er should exist in that 
type. Hence, if we are not to assume the axiom of infinity, it is necessary to 
deal with relative primes before defining ratios. 

The theory of relative primes is concerned with typically indefinite in- 
ductive cardinals (NC ind). It will be observed that we have three different 
sorts of inductive cardinals, namely NC ind, NC induct, and C'U. NC ind 
consists of typically indefinite cardinals, NC induct consists of all cardinals 
of some one type, and C'U consists of all existent cardinals of some 
one type. If the axiom of infinity holds, we have C f U = NC induct, and 
NC ind = sin"NC induct. But neither of these is true if the axiom of 
infinity does not hold. It will be found that, where we require typically 
definite cardinals, it is C'U or d'U or D'U that we require, not NC induct; 
that is to say, we almost always want to exclude A, and sometimes we want 
to exclude the greatest existent cardinal of the type in question, or to 
exclude 0. Thus "NC induct" will seldom occur in what follows. The 
cases in which C'U or D'U or (PET occurs are of two sorts: (1) where we 
are proving typically definite existent-theorems, (2) where we are concerned 
with series, as e.g. in #300, where we considered the series of existent 
cardinals, or in #304 below, where we shall consider the series of ratios. 
Wherever series are concerned, we must have typical definiteness, because 
the definition of "PeSer" involves C'P, and therefore only a homogeneous 
relation can be serial. This is a particular instance of the fact that when we 
require numbers as apparent variables (as e.g. in the theory of real numbers), 
typical definiteness becomes essential. Many propositions containing the 
hypothesis "fie NC ind " (where fi is a real variable) do not allow of p, 
being turned into an apparent variable, because this requires that /j, should 
be fixed in one type, and our original proposition may demand that the 
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type in which jj, is fixed should be a function of jm. For example, #300*17 

h : fie NC ind . D . ( a «) . jx e C\ U\ *"«). 
If we fix the type of (a, we thereby also fix the type of a, and the proposition 
becomes false unless the axiom of infinity is true. In fact, the proposition 
demands that, the greater p. becomes, the higher must the type of a become. 
" NC ind " is not a strictly correct idea, and the primitive proposition #9'13 
does not apply without reserve to propositions in which it occurs. We have 
introduced it because it immensely simplifies the expression of many proposi- 
tions, and because it is easy to avoid the errors to which it might give rise if 
used without remembering that it is a concession to convenience. 

It will be found that, when we are not concerned with existence-theorems, 
or with numbers as apparent variables, " NC ind " is almost always the notion 
required. This applies to all cases where we are only concerned with addition, 
multiplication, subtraction and division; it applies to ratios except when 
ratios are considered as forming a series, or when we are investigating their 
existence. As regards the use of an "NCind" as an apparent variable, 
there is a distinction between "all values" and "some value." If we have 
"pe NCind," "(gp)" will often be legitimate when "(/>)" is not. The 
reason of this is that, if we are to fix upon one typically indefinite cardinal, 
it will be possible to assign one definite type in which it exists; &g. there are 
at least two classes four classes of classes, sixteen classes of classes of classes, 
and so on. But if we are making a statement about all typically indefinite 
inductive cardinals, it will not be true unless there is a type such that our 
statement holds of all inductive cardinals in this type. 

In virtue of *300'17, if we have "pe NC ind," we may replace it by "peC'U" 
if we may take U in as high a type as we please, or if, on account of the rest 
of our proposition, p cannot be greater than some assigned inductive cardinal 
so long as the hypothesis of our proposition is true. 

The above remarks will enable the reader to test the uses of typically 
indefinite inductive cardinals as apparent variables, and the passage from 
propositions concerning NC ind to propositions concerning C f U. 

We define p as prime to a- when both are typically indefinite cardinals and 
1 is their only common factor, i.e. we put 
*30201. Prm = j5£{ p ,<reNCind:p = f x t. <r = ->? x t. D f>n>T .T=l} Df 

In this definition, £, rj, r may be taken to be typically indefinite cardinals, 
because, when p= £ x c r . a- = tj x c t, we must have £^ p. tj^ct . r-^.p. t^o-, 
so that £, t) f t cannot grow indefinitely (with a given p and er) while the 
hypothesis remains true. 

We define " (p, o-)Prm T (/A, v)" as meaning that p is prime to a, that r is 
not zero, and p. = p x t . v= a x c r, i.e. p/cr is fi/v in its lowest terms, and t is 
the highest common factor of fi and v. The definition is : 
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#302-02. (p, <t) Prm T (fi, v). = . 

p Prm cr.re NC ind - t f . ft = p x c t . v = cr x t Df 
We then put further 

#30203. {p,<T)^rm{ t i, v ). = .{^r).(p ) <T)Yvm 7 ( f i, i v) Df 

Here again there is no objection to t as an apparent variable, because t 
must be not greater than p and v. "(p t a) Prm (p,, v) " secures that pja is pfv 
in its lowest terms. 

We also define, in this number, the lowest common multiple and the 
highest common factor. 

Our definition of "Prm" is so framed that every inductive cardinal is prime 
to 1 (*30212), that 1 is the only number which is prime to itself (#302-13), 
and the only number which is prime to (#302-14). 

After a number of preliminary propositions, we arrive at the result that 
if fi and v are not both zero, and | and rj are not both zero, the existence of 
a couple p, <r which is prime both to p., v and to £ 77 is equivalent to 
p>x n y = vx 9 l;, i.e. 

#30234 !-:./a,jsf,t7eNCind.~(^ = i/ = 0).~(f = i) = 0).D: 

p, x c 7} = v x £ . = . (gp, o-) . 0, <r) Prm (p,, v) . (p, a) Prm (£ v ) 

We have also 
#302'36. h : p., v eNC ind . ~ {p. = v = 0) . = . (gp, <r) . (p, cr) Prm(p,, v) 
#302-38. h : (/>, <r) Prm (^ v ) . (£ ^) Prm (^, v) . 3 . p - f . <r = *) 

I.e. there is only one way of reducing a fraction to its lowest terms. 

We prove also (#302'15) that if p,, v are typically indefinite cardinals, which 
both exist in the type of \ (i.e. p>\, v k e C'U), then 

(p, a) Prm (p,, v). = . (p, a) Prm (ji k , v k ). 
This enables us, when we wish, to substitute typically definite cardinals for 
the typically indefinite p, and v. 



#30201. Prm = ^{p,o-€NCind:p = ^x c T.o- = i;x c T.Df,, )T .T = l} Df 

#30202. (p, a) Frm T (p. y v) . = . 

p Prm cr . r e NC ind — t'O . p, = p x a r . v = cr x c t Df 
Here p,, v are to be typically indefinite in the same way as p x c t and cr x c t. 
Thus if, in some one type, p x t and o- x t are both null, that does not justify 
us in writing (p, a) Prm T (A, A), because there are other types in which p x c t 
and <r x c t are not null. On this subject, cf. #126. 

#30203. (p, a-) Prm (/i, v) . = . (jjt) . (p, <r) Prm T (/a, v) Df 

#30204. hcf (/*, v) = (It) {(ap, cr) . (p, <r) Prm T ( M , v)} Df 

#302-05. 1cm (/*, v) « (i£) {(gp, o-, t) . (p, <r) Prm T (p,, v) . f = p x o- x c t} Df 
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#3021. H :. p Prni <r . = : p, a e NC ind : p = £ x c t . a = 77 x t . Df >n , T • t = 1 
[(#302-01)] 

#30211 • H : p Prm <r . = . <r Prm p [#3021] 

*30212.. K:pPrml. = .peNCind [#3021 .#117-631-61] 

#30213. V : p Prmp . = . p = 1 
Dm. 

h.*302'l2.D(-:p = l.D.pPrm / o (1) 

h . #3021 . D h :. p Prm p.D:p = lx c p.D.p = l: 
[*113621] D:p=l (2) 

h.(l).(2).Dh.Prop 

#30214. I- : Prm p. . = . p = 1 
Dem. 

H. #302-12. D h:^ = 1.3.0 Prm p. (1) 

h. #302-1. Dh:.0Prmp,.D:0 = 0x o p,.p,= l x p.D.p,= l: 
[*113-601*621] D:/i=l (2) 

h.(l).(2).DI-.Prop 

#302-15. h:.p,,v€~KCmd.n k ,v A €C<U.D: 

(p, <t) Prm (fi, v) . = . (p, o-) Prm (p A , v x ) 
Dem. 

h. #126-101. #300-14. D 

f- :. Hp . D : p Prm er . t e NC ind — t'O . p, = p x c t . v = er x c t . = . 

pPrm cr. TeNC ind — t'O . p A = p x t. i/ A = er x t (1) 

r- ■ (1) . (#302-02*03) . D I- . Prop 

#3022. b:p.,v€C'U.~(p, = v = 0).K = T{(Kp > <T).jj, = p x e T.v=crx e T}.D. 

E ! max ( U)'k . max ( U)'k e D' E7 
Dem. 

K #113-621. Dh:Hp.D.le/t (1) 

h . #117-62 .#113-602 . Transp . D 

h:.Hp.Te«;.D:T</i.v.T^i/ (2) 

h . (1) . (2) . #300-21-22 . #261-26 . #300-26 . D I- . Prop 

In the above proposition we write " max ( llftc " rather than " min ( C)'/c," 
because, since U arranges the natural numbers in descending order, " min (Uytc" 
is the greatest number which is a member of k, and therefore it is less con- 

fusing to speak of this number as " max ((7)**." 
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*302'21. I- : Hp *302"2 . r = max ( U)'/c . fi = p x c t ,v= a x c r .0 . 

{p,<T)¥rm T (fi )V ) 
Dem. 

b . *13-12 . D I- : Hp . p = p' x t' . <r = c' x t' . D . 

/* = p X c T X c T . V = O-' X c t' X T . 

[*1 1 3-602.Transp.Hp] D . t' x c t =|= . r x t < t . 

[*120-511.*117*62] D.t'=1 (1) 

H.(l).*302\L.Dh:Hp.D.pPrm<r (2) 

h . (2) . *302-2 . (*302-02) . D H . Prop 

*302'22. h :. p,,v e NC ind . ^ (/x = y = 0) . D : (gp, o-, t) . (p, o-) Prm T (jjl, v) : 

(gp, <r) . (p, a) Prm (/*, v) 
[*302-2-21 . *300*17 . (*302'03)] 

*302 23. \-:.p,,v€'D'U.D: (gp, <r) : p, o- e D'£7. /* x <r = v x c p : 

£ *7 € D' ft", /i x c rj = r x c £ . D f ,, . f > p . 11 > <r 

Dem. 

h.*30023.*l 13-27. D 

I- : Hp . k = D'CTn £ {(g<r) . fx x c tr = v x c p} . 3 . E ! min (&)<* Q) 

h . (1) . *30012 . D 

h :. Hp . D : (gp, a) : p, o- e D' U. p. x o- = v x p : 

£7 7 eD't7. /i x 7 ? = I /x f.:> f , n .£>p C2) 
h . *12051 . D 

H:Hp.p, o-eD'C. px cr = v x p./j,x 7} = v x c £. D .p x c t? = o- x c £ (3) 

h . *117-571 . D h : Hp (3) . £ 77 e D< tf. £ > p . D . f x o- > p x c <r (4) 

h.*12651. Dl- :Hp (4). <r> 77. D .p x o->p x c 77 (5) 
f- . (4) . (5) . D I- :. Hp (4) . I) : ex > 77 . D . £ x <r > p x c 77 : 

.[Transp] D : f x c o- = p x c 7; . D . 77 >= <r (6) 

I- . (2) . (3) . (6) . D h . Prop 

*302'24. h :./i, v,p, o-eNCind - t'O . p, x c <r = *> x c p : 

fi x c 7; = v x £ . £ V € D'U. D fi , .£>p.r;>j-:D.pPrm<r 
Dem. 
h . *302 1 . D 

h : p, o- £ D' C7". ~ (p Prm <t) . D . (g£, 77,T).T + l.p = £x T.<r = 77X c T 
[*113'203-602.*120-511.*117-62] 

3.(a?,^T).?,i7,T€D'?7-t'l.f<p.i7<<r.p = ?x T.(r«i;X o T (1) 
\~. *\20-5l. D h : p,, v t p, d e D' U.p,x <r = vx p. p = %x c T. a = v x t.D. 

p.x r} = px e i; (2) 

h.(l).(2).DI-:/t, v,p, o-eD ( [7./iX c o- = i/x c p.~(pPrmo-). D . 

h . (3) . Transp . *30017 . D H . Prop 
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*30225. \-:p,£eT><U.D.('za,P).aeC<U.I3<Z. P = (ax e Z)+ <t p 

D&m. 
h . *11762 . *120428 . D h : Hp . D . p< (p + 6 1) x f (1) 

h . (1) . *300-23 . D h : Hp . D . E ! min (U)'a {aeC*U.p< (« + 1) x £} . 
[*120'414-416] D . (g«) . a € C'U. p < (a + 1) x £ . p > a x f . 

[>117-31.*120-452] D.(g«,iS).a,y9eC'^. / )<(a+ 1)x f. J o = (ax f)+ j8. 
[*113-671] D.( a a,^).«,/3 e C'^. /0 <(ax f)+ ^.p = (ax f)4- /9* 

[*120442.*1 17561. Transp] 

D.( a a,^).a€0^.^<f. / o=(ax ^)+ oJ 9:Dh.Prop 

*302*26. h : Hp *30224 . D . <>, <r) Prm ^, i>) 

h . *30225 . D 

\-:R V .O.(na,J3 > v,S).f* = (ax p)+ e {3.v = ( 7 x a)+ e 8.&<p.S<<r (1) 

h . *11343 . D 

h : /* = (a x p) + c £ . v = (7 x a) + S • fi < p • S < a . ^ x <r = i/ x p . D . 

(«x c px <r)+ (£x <r) = ( 7 x px <r)+ (Sx p).£< p .a< -. (2) 
[*117-31.*120-452.*113-671] 

D . a x p x o- < (7 + 1) x p x <t . 7 x p x„ o- < (a + 1) x p x a . 

[*126'51] D.«<7+ 1.7<«+ol- 

[*120-429-442.*ll7-25] D . a = 7 (3) 

h . (2) . (3) . *120'41 . D h : Hp (2) . D . # x o- = 8 x p . £ < p . 8 < <r . 

[Hp] D . £ = . S = (4) 

h . (3) . (4) . D h : Hp (2) . D . /* = a x p . 1/ = a x a (5) 

h . (1) . (5) . *302-24 . D f- . Prop 

*30227. h : /i, »/, p, o-, £ »? e NC ind - t'O . /* x o- = v x a p . /ti x^i\ = p x e £. D . 

f X O-^=»?X p 

Dem. 

f- .*113'27 . D f- : Hp . D . f x i/ x <r = 97 x /i x 0< r 

[Hp] = »?x i/x p. 

[*126-41] D.fx o-=j 7 x o/3 :Df-.Prop 

*302'28. h: Hp*302'24.^» ? eNCind-t < 0./AX c 7 ? = vx f .D. 

(p, 0-) Prm (£, »?) [*302-26'27 . *30017] 

*302 29. h : Hp*30228 . £Prm v .3 .% = p .r} = a 
Dem. 

h . *302'28-l . D 

h :. Hp . D : (ga) .£=ax p.»? = ax a-:£ = ax p.»? = ax o-.D o .a=l: 

[*14122] D : £ = 1 x p . 77 = 1 x <r :. Z> f- . Prop 
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*302 3. h : p., v, £ 77 e NC ind - t'O . p, x cV = v x % \ D . 

(3p> o) . (p, <r) Prm (p,, v) . (p, a) Prm (£ ,7) 
Dew. 

h . *302'2324 . D 

h :. Hp . D : (gp, a) : p Prm a .p,ae NC ind — t'O . p, x a — v x p : 

[*302'26-28] D : (gp, <r) . (p, a) Prm ( M , i>) . (p, a) Prm (£ 77) :. D f- . Prop 

*302'31. I- : (p, <r) Prm {p,, v) . p, Prm v ."5 . p, = p ,v = <r 

7)em. 
h . *3021 . (*302-0203) . D 

hz.Hp . D: (3t)./a= p x t.i' = o-x t: /*=p x t . i/ = cr x t. D T . t = 1 : 
[*14122] D. M = px l.^-o-x l:.Dh. Prop 

*302 32. f- : £ Prm r> . p, Prm i/.^x v=^x /a.D.^ — p,.rj = v 
Dem. 

u . *3023-31 . D 

I- : Hp . D . (gp, o-) . p Prm o-.f = p./* = p.i? = o-.i/=o-:Df-. Prop 

*302 33. H./*,i/,£,i?eNCind-i'O.D: 

/* x i7 = »/ x f . = . (ftp, <r) . (p, a) Prm (p,, v) . (p, <r) Prm (£17) 
Dew. 

h. Id. (*302-02'03) . D h : (p, o-) Prm (/*, i/) . (p, o-) Prm (fc 77) . D . 

(31-, t') . T, t' 6 D'U. p. = p X T . 1/ = a X T . f «■ p X t'. 17 = <r X T. 

L*113'27] D.(3t,t')./ax 7/ = px <tx tx t'=i/X £ (1) 

r- . (1) . *302'3 . D h . Prop 

*302 34. r-:.^v,f,i7cNCind.~(^ = i/ = 0).~(f = i; = 0).D: 

,* x 77 = 1/ x f . = . (gp, <r) . (p, a) Prm (p., v) . (p, <r) Prm (£ 77) 
Dem. 

r- . *1 13*602 .Dh:Hp. /A = 0.i/=f=O.D.^ = 0.774=0 (1) 

r-.*113'602-621.D 

r-: A t = 0,v4=0.^ = 0.774=O.D./* = Ox i/.i/=lx i'.f = Ox »7.77=lx 77. 

[*302'14] D . (0, 1 ) Prm (/*, 1/) . (0, 1 ) Prm (£ 1;) (2) 

H ■ (1) . (2) . D f- : Hp . p, = . v + . D . 

(gp, <r) . (p, a) Prm (/*, i>) . (p, <r) Prm (£ 77) (3) 
Similarly h:Hp.i/ = 0./*=H0.D. 

(ap. *) • (p> ff ) Prm (/*» ") ■ 0>> ff ) Prm (fc ^) ( 4 ) 
K (3) . (4) . #302-33 . D r- . Prop 

*302'35. V :. p,,v e NC ind . ~ (p, = v = 0) . p Prm a . 3 : 

/* X <r = v x c p . = . (p, <r) Prm {p,, v) [*302'34"14-31] 

B. & W. III. 
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#30236. h : p., v e NC ind . ~ (p = v = 0) . = . (ftp, a) . (p, a) Prm (p, v) 

Bern. 
V . #30214 . D V :. (p, a) Prm (ft, v) . D : 

p, o- e NC ind . ~ (p = a = 0) : (g-r) . t e NC ind - t'O . ^ = p x t . v = a x t : 
[*120'5.*113-602] D:/a, i/eNC ind. ~ {p, = v = 0) (1) 

h. (1). #30222. DK Prop 

#302 37. h : (p, o-) Prm (p., v). = . 

p, v e NC ind . ~ (fM = . i/ = 0) . p Pnn a . p x a = vx e p [*302'3536] 

#30238. h : (p, a) Prm (^ „) . (fc ^) Prm (/z, i/) . D . p = £ . a = 17 

Bern. 
h . *302"37 . D h : Hp . D . p Prm <r . £ Prm 7? ,/ix (r= v x p . /* x 77 = »> x f . 

~O=0.i/ = 0) (1) 
h . (1) . #302*14 . #113-602 . O h : Hp . ,* = . D . p = . f = . <r = 1 . 77 = 1 (2) 
h . (1 ) . #30214 . *113'602 .Dh:Hp.i/ = O.D.p = l.^ = l.o--0.7 7 = (3) 
I- . #302-27 .Dh:Hp./x=j=0.i>4=0.D.px 77 = o -x o £. 
[(1) . #302-32] 3.p = Z.<r = v (4) 

h . (2) . (3) . (4) . D h . Prop 

#302-39. h : (p, <r) Prm (/*, y) . D . p > p , v > o- 

Dew. 
h . #302-23-36 . D r- :. /*, 1/ e D'tf. D : 

(HP» °") : (P> <r) p r m (a*, " ) : £ *? e D ' *?■ /* x *? = * x o £ ■ ^,, ■ f > P • V > <* '• 
[*1 13-27] D : (gp, o-) . (p, o-) Prm (/a, y) . /* > p . f > <r : 

[#30238] D : ( P> <r) Prm 0*,v).D.^>p.v>«r (1) 

h . #302-37-14 . D h : p = . (p, <r)Prm <>, v) . D . 1/ =f= . p = . a = 1 (2) 

Similarly h : v =0 .(p, o-) Prm (,*, i>) . D .^0 .p= 1 .<r = (3) 

h.(2).(3).D \-:.(p > a)'Prm(fi >v ):p, = 0.v.v = OiD,p,^p.v^a- (4) 
r- . (1) . (4) . #302-36 . #300-17 . D h. Prop 

#302-4. h : ft, v e NC ind . ~ {p, = v = 0) . D . E ! hcf (p,, v) 

Dem. 
h . #302-22 . D h : Hp . D . (gp, <r, t) . (p, <r) Prm T (p,, 1/) (1) 

h . #302-38 . (#302-02-03) . D 

f" : (p,<r) Prm T (/A,f) . (^17) Prm w (/*, v) . D . p = £ . <r = 7? . /^ = p x t . /a= ^ x zr . 
[#126-41] D.t=w (2) 

h . (1) . (2) . (#302-04) . D h . Prop 

*302'41. h : p,, v e NC ind . ~ {p, = v = 0) . D . E ! 1cm (p,, v) 
[Proof as in *302'4] 
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*302'42. h : p,, v eNC ind . ~ (p, = v - 0) . D . hcf {p., v) x lcm (p,, v) = px v 

Dem, 
h . *302-4-41 . (#302-04-05) . D h : Hp . D . 

(ftp, a, t) . ft = p X e r . v = tr X t . hcf (p, v) = t . 1cm (/*, v) = p x a x t . 
[*113-27.*116'34] D . (ap, a, r) . p x v = p x a x t 2 . 

hcf (^, v) x 1cm (p, v) = p x c <r x t 3 : D h . Prop 

#30243. (- : (p, <r) Prm (p,,- v).7>.px e hcf (p,,v) = p.a x hcf (>, i/) = v 
[#3024 . (#302-02-04)] 

#302*44. h : (p, tr) Prm (ji, v) . D . p x v — 1cm (p, v) = <rx p, 
[#302-41 . (#302 0205)] 

#302-45. h : (p, a) Prm {p,, v) . £, rj e NC ind . ~ (£ = tj = 0) . p. x c 17 = v x £ . D . 

lcm(f > i 7 ) = pX,t = <rx c 7; 

h . #302-37 . D h : Hp . D . (p, a) Prm (£ 77) (1) 

h . (1) . #302-44 . D h . Prop 



*303. RATIOS. 

Summary of *303. 

In this number, we give the definition and elementary properties of the 
ratio fi/v. Most of the important applications of ratios are to numerical or 
identical relations, i.e. to relations which may, in a certain sense, be called 
vectws. Neglecting identical relations for the moment, let us consider 
numerical relations, and to fix our ideas, let us take distances on a line. 
A distance on a line is a one-one relation whose converse domain (and its 
domain too) is the whole line. If we call two such distances R and S, we 
may say that they have the ratio jijv if, starting from some point cc, 
v repetitions of R take us to the same point y as we reach by /* repetitions 
of S, i.e. if xR v y . aaSty. Thus R and S will have the ratio pfv if g ! R v r\ S". 
In order, however, to insure that ixjv = pja- if (p, a) Prm (ji, v), it is necessary, 
in general, to substitute a ! R? *S S p for gli^A/SK (In the above case 
of distances on a line, the two are equivalent.) Thus we shall say that R has 
the ratio fi/v to S if (gp, <r) . (p, a) Pr.m (/*, v) . g ! R* A S e . 

If we apply the above definition to identical relations, we find that, 
if Rdl .SGI, R has the ratio p/v to S provided g; ! R f\ S, i.e. provided 
g ! C'R n C'S. This application is required for dealing with zero quantities 
and zero ratios. 

Thus we are led to the following definition of ratios : 

*303'01. /i/p = ^{(a/j,o-).(p,<r)PrmO*,i/).g!i2'A^} Df 

This definition, as it stands, requires justification in two respects: (1) we 
commonly think of ratios as applying to magnitudes other than relations, 
(2) we should not commonly include as examples of ratio certain cases included 
in the above definition. These two points must now be considered. 

(1) In applying our theory to (say) the ratio of two masses, we note that 
the idea of quantity (say, of mass) in any usage depends upon a comparison 
of different quantities. The "vector quantity" R, which relates a quantity m^ 
with a quantity m,, is the relation arising from the existence of some definite 
physical process of addition by which a body of mast m 2 will be transformed 
into another body of mass m,. Thus <r such steps, symbolized by R", 
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represents the addition of the mass. <r (m, — m^. Similarly if jS is the relation 
between M a and M 1 which arises from the process of addition turning a body 
of mass Mi into another body of mass if 2 , then S p symbolizes the addition of 
the mass p (if a — Mj). Now g ! R° h S p means that there are a pair of masses 
m and m', such that mR'rri and m&rri. In other words, if we take a body A 
of mass m and transform it so as to turn it into another of mass m + <r (tw, — m 1 ) t 
we obtain a body of the same mass tri as if we proceeded to transform A into 
a body of mass m + p (M, — M x ). Hence a (m^ — m^) = p (M t — M^) ; that is 
(m a — m^KMz — M x ) = pja. But in our symbolism the addition of m^ — m 1 is 
represented by the vector quantity R, and that of .Af a — Mi by the vector 
quantity 8; so in onr symbolism R has to 8 the ratio of p to a. 

Thus to say that an entity possesses p. units of quantity means that, taking 
U to represent the unit vector quantity, U* relates the zero of quantity — 
whatever that may mean in reference to that kind of quantity — with the 
quantity possessed by that entity. 

It can be claimed for this method of symbolizing the ideas of quantity 
(a) that it is ^always a possible method of procedure whatever view be taken 
of it as a representation of first principles, and (j9) that it directly represents 
the principle " No quantity of any kind without a comparison of different 
quantities of that kind." 

Furthermore analogously to our treatment of cardinal and ordinal numbers, 
we can define any definite quantity of some kind, say any definite quantity of 
mass, as being merely the class of ail "bodies of equal mass" with some given 
body. The zero mass will be the class of all bodies of zero mass ; and if there 
are no bodies with the properties that a body of zero mass should have, this 
class reduces to A in the appropriate type. 

Thus the application of our symbolism to concrete cases demands the 
existence of a determinate test of " equality of quantity " of different entities, 
and a determinate process of " addition of quantity." The formal properties 
which the process of addition must possess are discussed in the numbers 
concerned with vector families. 

(2) Having now shown that cases apparently excluded by our definition 
of ratio can be included, we have to show that no harm is done by our inclusion 
of cases which would naturally be excluded. In order that ratio may agree 
with our expectations it is necessary that the two relations R and S, whose 
ratio we are considering, should have the same converse domain. Otherwise 
we get such cases as the following : Let P, Q be two series, and suppose* 
B'P = B'Q, 5 P =6 Q> 11 p = 9q, 13 P = 25 e , but that P and Q have no other 
terms in common. Then we shall have, if R = P t .8= Q lt 

(B'P)R i 5r.(B<P)S*5p, 

* For notation, cf. *12l. 
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whence it follows that R has to S the ratio 5/4, ie. we have 72 (5/4) & But 
we shall also have JB (8/10)5 and R (24/12) S s ie. R (4/5)5 and 12(2/1)5. 
Thus our definition does not make different ratios incompatible. In practical 
applications, however, when R and S are confined to one vector-family, 
different ratios do become incompatible, as will be proved at the beginning 
of Section C. And so long as we are not concerned with the applications 
which constitute measurement, the important thing about our definition of 
ratio is that it should yield the usual arithmetical properties, in particular the 
fundamental property 

jj.jv = pftr . = ./iX (r = yX p J 

which is proved, with our definition, in #30339. Thus any further restriction 
in the definition would constitute an unnecessary complication. 

In virtue of our definition of fifv, pfv = A if p, and v are not both inductive 
cardinals, or if p = v = (*303-iri4). We have (*303'13) h . p,\v = Cm^v/p), 
i.e. the converse of a ratio is its reciprocal. If /a = 0, and R (p/v) S, R must 
have a part in common with identity (which we may express by saying that 
R is a zero vector), and S may be any numerical or identical relation whose 
field has a member which has the relation R to itself (#303'15). Thus if v, a 
are inductive cardinals other than 0, 0/v = 0/o\ The common value of ratios 
whose numerator is is the zero ratio, which we call q (where "q" is intended 
to suggest "quantity"). The definition of q is 

*30302. g = s'0/"NC induct Df 

In like manner, if p and p are inductive cardinals other than 0, we have 
ya/0 = p/Q. The common value of such ratios we call oo 9 , putting 

*303 03. oo q *= s'/0"NC induct Df 

The properties of ratios require various existence-theorems, and in estab- 
lishing existence-theorems without assuming the axiom of infinity, the question 
of types requires considerable care. We have 

*303-211. f- : (p, a) Prm (p,, v) . D . p.\v = p/a 

so that the existence of p\v does not depend upon p and v, but upon p 
and 0% where pja is pjv in its lowest terms. We may, therefore, in consider- 
ing existence-theorems, confine ourselves, in the first instance, to prime 
ratios. 

To prove the existence of (p/cr)^ t'R, when p Prm <r, we take two relations 
R and £ both contained in identity. These have the ratio pfa provided their 
fields have a member in common and E ! J?'. E ! S p . By *301-16, this requires 
p, a e C'( VI t*'R). Thus we have 

*30325. h:.pPrm<r.D: 

3 ! {pla) I t'R . = . p, a € C'( U I V'R) . = .p (R), <r (R) e C< U 
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But this existence-theorem, which is obtained by supposing R and 5 
contained in identity, is not much use in practice : what we require is the 
existence of a ratio between numerical relations. For this purpose, assuming 
p^a and 0-4=0, let X be a class of such a type that Hc't'X ^ p + 1. (Such 
a class can always be found in some type, by *30018.) Then we have 
pxeQ'U^ and we can construct a series Q such that C l Q is of the same type 
as X and Nc'C'Q = p + 1. (This is proved in #262'211.) We can then choose 
out of Q a series P having the same beginning and end, and consisting of 
o"+o 1 terms. We then have 

(*'Q) (Q>Y (B'Q) . (B'Q) (P,)' CB'Q). 

Hence P x and Q 5 have the ratio pja. A similar argument applies if <r^p 
and p 4= 0. Thus we arrive at the proposition : 

*303 322. h : p Prm a. p K , <neT>'Un <I<U. D . 3 ! {pja)l (Rein urn n t^X) 

I.e. if p is prime to <r and "neither is 0, and p + 1, o-+ 1 both exist in the 
type of X, then there are numerical relations having the ratio pja- and having 
their fields of the same type as X. 

The case when either p or a is requires separate treatment. If R has 
to S the ratio O/o-, R must be partly contained in identity (*303 - 15); hence 
we have to find a hypothesis for g ! (O/o-) f* Rel num, since 3 ! (0/o-)£ Rel num 
is impossible. Since O/o- = 0/1, we only require the existence of 2 in the 
appropriate type, i.e. we have 

*303 63. r- : g ! 2* . D . 3 ! q [ (Rel num r> t^X) 

It will be remembered that g ! 2 A is demonstrable except in the lowest 
type. 

In the above propositions, p. and v and p and o- have been typically in- 
definite. Ratios of typically definite inductive cardinals are dealt with .by 
means of #302"15, which gives at once 

*303'27. h : ft, v e NC ind . p K , v K e C U. D . pfv = p,Jv K 

I.e. a ratio may, without changing its value, have its numerator and 
denominator specified as belonging to any type in which both exist. This 
enables us to take p and a as typically definite cardinals in #303*322, thus 
obtaining the proposition 

*303'332. h :. p Prm a . D : 3 ! {p}o)t (Rel num n t n 'p) .5 . p, v e T>' U n <I< U 
The above existence-theorems are useful in proving 
a/# = 7/$. = .ax $ = #x c 7. 
We proceed as follows: We first show (*303'34) that, if p, <r are inductive 
cardinals other than 0, and p + 1, a + 1 exist in the type of X, we can find 
numerical relations R and S such that g ! R" r, # p , but rj > a . D . ~ g I K*. 
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This is done by taking two series P and Q having the same beginning 
and end, and having C'P e a + 1 . C'Q e p + 1. Then if R = P x and 8 = Q u 
we have 

(B'P) i2" (B'P) . (5'P) #> (B'P) :r)><r.J.K> = A > 
whence the result. From this proposition it follows immediately that if 
pPrm a . f Prm 17 . rj > a, and if p*, <r\eT>'Ur\ (F£7, we can find an R and 
an $ such that R (p(a-) S .~[R (Z/rj) 8}. A similar argument applies if tj < cr 
or £ > p or £ < p. Hence we find, by transposition, 

#303 341. h:px,o-A€D < C/'na t C/ r ./!)Prm -.fPrm7 ? .(p/o-)^ oo a = (l/'7)^oo r ^-^- 

p = g.a=v 
From this point on, the argument offers no difficulty. For if we have 
a/ ft = y/8 . (p, a) Prm (a, £) . (£, v ) Prm ( 7 , S), 
we have, by #303-341-211, p = f.<r = 7/. Hence, by #302*32, we have 
a x 8 = ft x y. What is approximately the converse, i.e. 

#30323. 1- : fi, v, f , v e NC ind . 

~ (p = „ = 0) . ~ (f = i? = 0) . /* x ij = p x f . D . ^/i/ = f/17 
follows at once from *303'211 and #302'3. Hence, after dealing with 
special cases, we find 

#303-38. h : . a, ft, y, 8 € NC ind : 

a K ,ft k ea<U.v.y K ,8i6(I<U:~(a = ft = 0).~(y = 8 = 0):3: 
(«//8)D k'X = (y/S) £ O- ■ s . « x S = ft x 7 
It will be observed that a/ ft is typically indefinite, like Nc'f. But in 
order to insure that a/ft = 7/8 however the type may be determined, it is only 
necessary to insure that this equation holds in a type in which (a/ ft) £ Rel num 
exists. When we write simply " a/ ft = y/8," we shall mean that this equation 
holds however the type may be determined ; in other words, that it holds in 
a type in which («/$)£ Rel num exists. (There always is such a type, if 
a, ft e NC ind - i'O, in virtue of #303322 and *300\L8.) Thus we have 
#303-391. h :. a, .ft e NC ind . a k> # x e d< U. ~ (a = ft =, 0) . D : 

(«lft)tt W) <\ = (y(8)tt <xl <\.= .aift=:y[8. = .ax 8 = ftx c y 
and, in virtue of #30338, we have 
#303-39. h :. a, ft, y, 8 e NC ind . ~ (a = ft = 0) . ~ (y = 8 = 0) . D : 

i/ft = y/8. = .ax 8 = ftx y 
This proposition is, of course, essential to the justification of our definition 
of ratios. 

The remaining propositions of #303 consist (1) of applications of the 
theory of ratio to powers of a given numerical relation, (2) of properties 
of g and 00 q , (3) of a few properties of the class of ratios. This last set 
of propositions depends upon two new definitions, which must be briefly 
explained. 
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We have already explained that pfv is typically indefinite. Thus if we call 
/j,/v a "ratio," ratios are, like "NCind," not strictly a class, because every 
class must be confined within some one type. Nevertheless it is convenient, 
just as in the case of NC ind, to treat ratios as if they formed a class; and, 
with similar precautions, we can avoid the errors into which we might be led 
by treating them as a proper class. We therefore put 

*30304. Rat = X {(ftp, v) . p, v e NC ind. v^O.X = pjv) Df 

(The condition v =}= is only introduced because it is usually convenient 
to exclude oo q .) It will be observed that fi/v is still typically indefinite if p 
and v are typically definite. This results from #303'27. But we often want 
typically definite ratios. We want these defined in types in which there are 
numerical relations having the ratios in question. Hence we put 

*303 05. Rat d ef = X {( a/ *, v) . /*, v e D< Un <P U. X = (p/v) £ t^'ft] Df 

Here "def" stands for "definite," and p, v are typically definite inductive 
cardinals. The desired properties of "Rat def" result from #303-322. It 
should be observed that, besides consisting of typically definite ratios, 
"Rat def" differs from "Rat" by the exclusion of 9 . This is merely for 
reasons of convenience. 

The properties of "Rat" and "Rat def" follow immediately from previous 
propositions. We have 

*303 721. I- : X e Rat - i% . D . (g/u) . X £ t n l p e Rat def 

*303 73. h : X e Rat def . D . 3 ! X £ Rel num 

By #303322; and by *303391, 

#30376. h :. X, 7 e Rat . Xttfp e Rat def. D : XI t 11 'p= 7£ t n 'p . = . X= Y 

If the axiom of infinity holds, every member of " Rat " except g becomes 
a member of " Rat def" as soon as it is made typically definite. Hence 

#303 78. h : Infin ax . D . Rat def = Rat - 1% 

The uses of " Rat " and " Rat def" differ just as the uses of " NC ind " and 
"NC induct" differ. The distinction is only important so long as the axiom 
of infinity is not assumed. 



*303 01. fi/ v = RS {(gp, <r) . ( p> <r) Prm (n, v ).±lR*n 8"} Df 

In the above definition, p, a, /*, v are typically ambiguous, but p, a must 
(by #30116) exist in the type of t l R, while p, v need not do so; jm, v cannot 
however, be null in all types, by #300-17. 

#30302. ? = s<0/"NC induct Df 

*303-03. x> , = s70"NC induct Df 

18 
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#303-04. Rat = Z{(a/* > r). / i,veNCind.i;=t=O.X = / i/^ Df 

#30305. Ratdef = X {(a/*, v) . ^veD'U nd'U . X = (^/V)D <iiV} Df 

#3031. h -: 72 fa/v) S. = . (a/j, a) . (/j, a) Prm (^ ») . g ! 72" " # [(#30301)] 

#303 11. h:~( M) ^NC ind) . D . ^/i; = A [#3031 . #30236] 

#30313. h . fi/v = Cnv'(v//*) [#3031 . #30211] 

#30314. K 0/0 = A [#3031 . #302-36] 

#30315. h:72(0/i/)£. = .i>eNCind-t'0.a!72nirC'£. 

= . v e NC ind - t'O . g ! C'S n £ (a?i2«) 
Dem. 

I- . #30214-38 . #3031 . D 

h :R(0/v)S.= . v eNC ind - t'O . a ! 12 1 n S a . 

[#301-2] = . v e NC ind - t'O . a ! 72 A / f OS : D I- . Prop 

#303151. \-:.R,S€ Rel num id . D : 72 (0/V) £ . = . 

v e NC ind - t'O . 72 e Rl'i" . 5 e Rel num id . a ! C'72 n OS 
[#30315 . #300-324-3] 

#30316. f-:72(/i/0)£. = . /i eNCind-i'0.aI£A7rC f '72. 

= . /ueNd'nd- t'O . g ! C<Rrs£(xSx) [#3031513] 

#303161. h :. 72, S « Rel num id . D : 72 (a*/0) £ . = . 

/i eNCind-t'0.72eRelnumid.£eRl'/.a!C , '72^<7''S 
[#30315113] 

#30317. h :. /*, v € NC ind - t'O . R, S e Rel quid id . 72 (p/p) S . D : 

72, S e Bl'I . v . R, S € Rel num 

h . #303-1 . #113-602 . D 

h :: Hp . D :. 72, Se Rel num id : (gp, <r).p,tre NC ind - t'O . a I R" * £ p :• 

[*30O-33.#301-3] 

D :. £ e Rel num id :. 72 e Rl'J : (g p ) . p e NC ind - t'O . a ! 72 * £ p : v : 

72 e Rel d um : (gp, a).p,a€ NC ind - t'O . g ! 72' n #> :. 
[#3003] D:. Se Rel num id :. 7? eRl'/. 3! /*£,„. v . 72 e Rel num .3! ^^^ :. 
[*300'333] D:.R,Se R\'I .v.R,Se Rel num :: D h . Prop 
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#30318. \- :. p,v eD*Utl?<R . R,S eRl'1 .0 : 

RWp)S. = .R(0I V )S. = .R(rlO)S. = . a ! C'RnC'S 
[#303115116. *301'3] 

#308181. I- : a ! (p/v) . = . (ftp, <r) . (/>, <r) Prm (p, v) 

Dem. 
V . •3031 . D h : a ! (,*/>/) . D . (g/>, <r) . (/>, «r) Prm (^ y) (!) 

V . #301-3. #300-32517 . D h :(/>, a) Prm (p, v). D. (aa>).(a4 ^(W^W «) (2) 
f-.(l).(2).Dh.Prop 

In the above proposition, if p/v is typically indefinite, so that "a I p/v" 
only asserts existence in a sufficiently high type, p, <r may also be typically 
indefinite. But if pjv is to be taken in a definite type, p and a must be taken 
in the corresponding type, and must not be null in that type. This is proved 
later. 

#303182. h :. 0/0 = /i /y.= :^(/i,i/eNC ind) . v . p = v = 

Here the equation 0/0 = p/v is assumed to hold in a sufficiently high type. 

Dem. 

h . #303-14 . D h :. 0/0 = p/v . D : pjv = A : 

[*303181.*302-36] D : ~ (p, v e NC ind - t'O) . v . p = v = (!) 

h. (1). #30311 14. Dh. Prop 

#303-19. h : R (p/v) S.-.R (p/v) S [#303"1 . #12126] 

#303-2. h :. (p, <r) Prm (/*, v) . D : 22 (pjv) S. = .&lR°nSf> 
Dem. 

r . #3031 . D h : Hp . a I R° * <S p • 3 • R O/") 8 (1) 

h . #302 38 . #303-1 . D h : Hp . R (p/v) S .3 .^IR' nS> (2) 

K(l).(2).DKProp 

#303-21. H :./> Prm <r.D: R(pj t r)8.= . a lR°*S<> [#30231 . #3031] 

#303-211. h : (p, a) Prm (ji, v).^.pjv = pftr [*3032'21] 

#303-22. V : p Prm (r./i.ye NC ind . ~> (/a = v=0). px a=vX p.D. p/v- p/a- 
[#302 37. #303-211] 

#303-23. h : /a, j/, f , t; e NC ind . ^(^ = ^=0). ~(f = v = 0). px eV = v x c £.D. 

^ = fl v [*302-3 . #303-211] 

#30324. h : /a, i> € NC ind . ~ (p = v = 0) . D . (a?, <r) . /> Prm <r.p/v = p/<r 
T*303 211. #302-22] 

The following propositions give typically definite existence-theorems for 
ratios. 
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#30325. b:.pYrma.3i>3 L \(pl<r)tt<R. = . P ,o-eC'(Utt?'R). = .p(R),<r(R)eC t U 

I.e. if p Prm a, there are relations of the same type as R and having the 
ratio pja when, and only when, the number of relations of the same type as R 
is at least as great as p and at least as great as a. 

Dem. 
t-.*M32l.D\-:.H.p.D:>3 L \(pl<r)tt i R.3.(nS ) T).ElS<'.ElT'>.S,T € t<R. 
[#30116] D.p.ae&UtV'R (1) 

h.*30116-3.Dh:.Hp.D: 

p t aeC'Ut t 3 'R .xeto'C'R . D . {so I x}> = (x I x)' = x^ x (2) 

h. (2). #303-21. D 

\-:.Hp.D: P> <reC<Utt 3 'R.xet 'C<R.D.(xlx){p/*)(xlx) (3) 

h . (1) . (3) . #63-18 . D h . Prop 

#303-251. \-:iA t veG'UtP t R.~(p = v = Q).O.Rl(p/p)tt t R 
Dem. 

h . #302-36-39 . D h : Hp . 3 . (ftp, a) . (p, a-) Prm (p,, v) . p, >/> . z/> a- . 
[#117-32] D . (ftp, a) . ( P> a) Prm (p,,v).p,ae CU^ ?<R . 

[#303-211 25] D . ft ! O/^D £'i? : D H . Prop 

#303-252. h : ^ */ e NC ind n £« tf£ F'C'R . ~ (/* = v = 0) . D . ft ! (/*/*) £ <<i2 
.Dem. 

h . #64-51-55 . D h : /i = Nc'a . a e t'C'R . » e i/0'5 . D . | a"a e /* n t 2 'R (1) 
h . (1) . #300-14 . D (- : Hp . D . ^ y e (W £ £"£ (2) 

r- . (2) . #303251 . D h . Prop 

In the above proof, p., v are assumed to be typically indefinite. If they 
are typically definite, sm"/i and sm"y must be substituted for p. and v on the 
right-hand side of (1) and (2). The hypothesis "fi,ve NC ind n C'Ut t 2i G l R " 
is a convenient abbreviation for 

>, v e NC ind . ft n t'C'R, v n t'C'R e CU^PCR . " 
By #6513, 
ttnt<C<R€C t Utt*<C'R. = .ftCt'C t R.p J eC i Utt 2t C i R, = .ft € C<Utt*<C i R. 

But " peC'U^t^C'R" requires that p, should be typically definite, whereas 
"/K-eNCind" requires that p, should be typically indefinite. Hence the 
hypothesis of #303"252 is only defensible as an abbreviation, meaning 
" p,, veNCind, and if p., v are given the suitable typical definition, they 
become members of C'UtP'C'R." 

#303-253. h : p., v e NC ind o C< *7£ t*\ . ~ (p, = v = 0) . D . ft I (p./v) £ 1^\ 
[#303-252] 

#303-254. h : p,, v e NC ind . p, Kt v k e C<U. ~(ji = v= 0) . D . ft ! (p-fv^t^X 
[#303253 . (#65-01)] 
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#303 26. h : ,., v e NC ind . ~ fa = v = 0) . 3 . ( a \) . a ! fafv) 1 1»'\ 
[#303-254 . #30017] 

#30327. h : fi, v e NC ind . ^ , v K e C< U . D . pjv = fi K jv k [*302'1 5 . #303-1] 
#303-3. V : p Prm <r . g ! P" x ° ff . D . P* (p/<r) P* 

f- , #301-16 . #14-21 . D I- : Hp . D . p x o- e 0' tf ^ V'R (i) 

I- . (1) . #301-5 .DhrHp.p + O. o-^0.3. (P»y = Pe*** = (P*)p . 

[#303-21] O.Pp( p /<r)P* ( 2 ) 

K #301-2. Dh:Hp.p = O.D.P' = /rC<P=Pe*c-.gup C ffp ( 3 ) 

h . #30214 .3h:Hp.p = 0.:>.<r=l. 

[#301-2] D.P« r = P (4) 

h . (3) . (4) . D h : Hp . p = . D . a ! (J*)* n (P*>> . 

[#303-21] 3.P*fal*)P' (5) 

Similarly h : Hp . a = . D . P" <>/<r) P* (6) 

K(2).(5).(6).DKProp 

#30331. V : p Prm <r . /> + . 0-4= . fa x c <r) ^ i'\ ed'Z7 . D . 

(gP) . P e Rel num * ^'X . P? fa jo) P° 
Dem. 

f- . #30046 . #301-4 . D h : Hp . D . (gP) . P e Rel num . (B'P) P»*<=* (B'P) (1) 
h. (1). #303-3. Dh. Prop 

#303-311. H:px,irxea«tr-t'0.p>ff.D.(aP,Q).PeO»+ l) r .Qe(ir+ a l) r . 

P,Q«CA-.QCZP. J B'P = J B r Q. J B'P = 5'Q 

h . #262-21 . D h : Hp . D . a ! (/> + l) r n t*'\ (1) 

h . #117-22 . D h : Hp . P e (/> + l) r . D . (got) . a C C'P . a e <r + 1 (2) 
h . #261-26 . #205-732 . D 
h : Hp . P«0» +o IV • «C C'P . aea + c 1 . 

£ = (a - t'miu P 'a - l'max P 'a) w t'5'P u i'B'P. D . £ e tr + 1 . 
[*250141.*202-55] D.Pt/3efa+ a l) r (3) 

h . (1) . (2) . (3) . #205-55 . D h . Prop 

#303-32. h : p Prm o- . p ^ <r . <r =j= . />* e d'tf . D . 

g ! (/>/<r)£ (Rel num n t^X) n fl£(£po G 5^) 
Dem. 

H. #303-311. Dh:Hp. D . (gP, Q) . P € (p + l) r . Q e fa + a l) r . P,Qe t w <\. 

QQ.P.B<P = B'Q.B<P = B<Q (1) 
h. #300-44-45. #301 -4. D 

r : Hp . Pe(/> + l) r . £= P x . D . Se Rel num . (B<P)S»(B<P) (2) 
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Similarly 

h:Hp.Qe( ( r+ l) r .JR = Q 1 .D.i2eRel num. (B'Q)R<>(B<Q) (3) 

h.(l).(2).(3).*26r35'212.D 

h : Hp . D . (>&R, S).R,S € Rel num nt 00 '\.R vo <LS po .<&lR<' nS* (4) 

I- . (4) . #303-21 . D r . Prop 

«303'321. h : /> Prm o- . p =j= 0. <r =j= 0. />a, <r A e a' XT. D . g Kpl*)t ( Rel numn^'X) 
[*3033213] 

#303322. \- i pPrm a . p k> <r K e~D'U nWU .3 .R\ (pl<r)t(Re\mxm ntoo'X) 
[#303-321] 

#303 323. h : /*, */ e NC ind - t'O . D . (gX> . g ! (/a/v) £ (Rel num n ^'x) 

[#303-322] 
#303 324. I- : fi, v e NC ind . p, K , vk e D< *7 . ~ (p Prm */) . D . 

3 J (/*/*)£ ( Rel num ft *oA) 

h . #3022.2 . D h : Hp . D . 

(ap»^T)./>Prmo-.p=|=0.o- + 0.T + 0.T + l./i = />x c T.i;=o-x o T.a: , ./Ax.a!vA. 

[*303'2-21] 

D . (g/), «r) . p Prm <r . p =j= . <r + . /*/i; = p/cr . g ! (/> + c 1)a . a ! O + 1)* • 
[*303321] D . g ! (/*/*)£ Rel num : D h . Prop 

In order to the existence of i^jv)^ Rel num in any given type, it is 
by no means necessary to have faveD'U in the corresponding type. If 
pVvma.p, a eD'?7r»G'£7 } (p x„ t)({c x t) will exist, however great t may 
be, because (p x t)/(ct x t) = pja-. 

#303 33. h : a ! (/*/") D ( R el num n k'X) . = . 

(^p ) a).(p,<r)?vm( f ,,v).p fi ,a; € T> t Una t U 
Dem. 

h.*303322-211.D 

f- : (/>, o-)Prm (^ v) . p x> <r K eD ( Un <1<U. D. a ! (W»0D ( Rel num n *«/X) C 1 ) 

h.*303-181'15-lf)-211.D 

h :. a ! 0*/")D( Rel nu ™ « C>") ■ 3 = (ap, <0 ■(/>, <r) Prm (/*,»>)./> 4= 0.^4=0. 

3 ! (p/tr) £ (Rel num n « M 'X) : 
[*303'21] D : (gp, <r) . (p, <r) Prm (/*, „) . p $ . <r + : 

(3-R, JSf) . #,£ eRel num n « M <* . 3 ! 5* A # j 
[♦301-41] D : (gp, <r) . (p, *r) Prm 0», i/) . p + . cr 4= . 

g!0>+ o lW <X.g!(<r+ o lW <X (2) 
h . (1) . (2) . Z> h . Prop 

#303331. h :. p Prm <r . 3 : g ! 0>/<r)£ (Rel num r\ < M 'X) . = . p K , <r x e D'tfn d'U 
[#30333 . *30231] 
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*303332. h :. p Prm a . D : g ! (p/er) £ (Rel num n t^p) . = . p, a e D'U n d*U 
.[*303'331] 
In this proposition, p, a are typically definite cardinals, whereas in 
#303"331 they are typically indefinite. 

#30334. h: p> o-eNCmd.p K> o- k eV'Una'U. v ><r.3. 

(gi2, S).R,8e Rel num n * M *X . g ! R" n #» . ^ {g I Rn n £f J 

Note that ~ {3 ! JJ^ n #} does not imply E ! R?> or E ! SK 

Dent. 
h . #303-311 . D h : Hp . D . (gP, Q, jR, £) . P e (p +, l) r . Q e (<r + c 1), . 

P,Qet 00 '\.B<P = B*Q.B'P = B<Q.R = P 1 .S = Q 1 (1) 
As in *30332 Dem, 
h.(l).DH:Hp.D.( a P,Q,E,^).P6(p+ c l) r .Qe(o-+ l) r .^ = P I .7i=Q 1 . 

E, £ e Rel num . (B'P) (R° n S") (B'P) . 
[*121-48.*20218l.*301'4.*300-44] 

D . (gE, S).R,Se Rel num n ^'X . g ! E* n £<> . ~ (g ! #*) : D h . Prop 

#303341. H: p K , <r A eD'*7n(T tf.pPrm <r . £ Prm V . (p/a) £ *oA=(£A/)C 4A- D. . 

p = % .a-- v 
Dem. 
h . *30334'21 . D h : p A , <r A e T)'U n (T?7 . /> Prm <r . f Prm v . v > <r . D . 

W<r)DCx + (£/i|)tCx (i) 

h . (1) . Transp . #3021 . D h : Hp . I> . 7/ < <r (2) 

h . (2) . *303\L3 . Dh:Hp.D.f<p (3) 

h . (2) . (3) . *H7-32 . D h : Hp . D . &, <r A e d'ff (4) 
h . #303-322 . D h : Hp . D . g ! (f/77) £ Rel num . 

[*303111516] D.f + O.Tj + O (5) 

h . (2) . (4) . (5) . D I- : Hp . D . & , fix « D' ff « d' CT . 

"(2).(3).t^£l D. *<„.,<£ (6) 

p, a-, £7^ 

r . (2) . (3) . (6) . D h . Prop 

#30335. h : lx e(T tf . £Prm 7, . (0/l)£ C* = (^)D C* ■ 3 . f = . r; = 1 

Dem. 
r- . #30014 . D h : Hp . D . (aa?,y) . a? + y ■ x,y et '\ . 

[#30315] D . (a«,y) . a? + y . (a> 4 *)(0/l) (x \,y) .x \,x,x lyet^'X. 

[Hp] D . ( a »,y) . aj + y . (« I a?) (£/*)(« 4 y) • 

[#303*1 6- 17. Transp] Z> . £ = . (1) 

[#302-14] 3.77 = 1 (2) 

r . (1) . (2) . D h . Prop 
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*303-36. bi.p k ,tr K ea t U.v.^, VlL ea t U:pFTmff.^'PTm v :Di 

(pl<r)t tto'X = {%{v)t *»'*• . = -/> = f ■ * = V 
Dem. 

h . *30014 . *302-14 . D 

I- :. p K , <r K ed ( U. p Prm <r . ~(p x , <r A e T>'U) . D : p = . <r= 1 . v . p = 1 . <r = : 

[*3033513] D : £Prm*;.(/>/ff)t C* = (£AOD*oA . D ./)= £■ <r = V (I) 

h.(l).*303-341.Dh.Prop 

*30337. I- :. «,£ eNCind n (T(tft t 2i X) . ~(or = £= 0) . v . 
7,8 eNC indn(I'(tf £ r\). ~( 7 = S = 0) : D: 

(«/^)DCX=(7/^)DCX.3-«x c S = ^x o7 

h .*302-36 .*303211 . D h : a,/3 eNC ind . a A ,£ A ed'tf. ~(a = j3 = 0) . D . 

(3P, cr) . (p, «r) Prm («, 0) . p]a = af{3 (I) 
h . (1) . *303-254-181 . D h : Hp (1) . (a/0) £ t^X = (7/8) £ <oA . D . 

(a?.?) -(ft*) ***(%«) (2) 

h . (1) . (2) . *302'21'22 . *303-211 . D 

h : Hp (2) . D . (ap, a, f, ,,) . (p, <r) Prm (a, 0) . (fc 77) Prm (7, 8) . ,, o- 6 Ct'tf . 

p/er = a//8 = 7/8 = ^/1/. 
[*303-36] D . (gp, a) . (p, <r) Prm (a, £) . (p, cr) Prm (7, 8) . 
[*302-34] D.ax S = ^x o7 (3) 

Similarly 

h:7,S6NCind.7 A .S A ea r ^.~(7=S = 0).(«/y8)tCX = (7/8)^oo^-3. 

ax S = £x 7 (4) 
h . (3) . (4) . D h . Prop 

*303'371. \-:a t /3,y,$emmd.a x ,P K ,y k ,S Ji €O t U.~(aVrm/3.yVrm$). 

(o/j9) D C* = (7/S) D C* .3.ax 8 = j3x o7 
[Proof as in *303-37] 

*30338. h:.o J /8, 7 ,SeNCind:o x ,iSxea't7'.v.7A,Sxea'0 r : 

~(a = £ = 0).~(7 = S = 0)O: 
(«//8)D *oA = (7/^)D *oA . s . a x c 8 = y8 x 7 [*303"37-23] 
*303"381. h :. a, £, 7, 8 e NC ind . a x , £ A , 7A) 8 a e C" CT . ~ (a Prm £. 7 Prm 8) » D : 
(«/£)D C* = (7/8)D C* ■ = . a x c 8 = £ x e 7 [*303-37 1-23] 
*303 39. h :. a, 0, 7, 8 e NC ind . ~ (0 = £ = 0) . ~ (7 = 8 = 0) . D : 

a/£ = 7/8 . = . a x c 8 = £ x c 7 [*303'3* . *300 18] 
*303391. h :.a,£eNC ind. «x,jSxe(I'tf. ->(« = £=■ 0).D: 

(«/£)£ <«>'*. = (y/S)D *oA ■ = ■ «/£ = 7/8 . s . « x 8 = /9 x o7 
[*303'38-254-1114] 
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Thus when a/ ft is used as a typically indefinite symbol, we obtain the 
same results as if we supposed it defined as of a type t^X, where a+ l and 
/8+ l both exist in the type of X, ie. Nc%'\>a. T$c < t a t \>/3. 

#303-392. h :. a, fied'U. ~(a = £ = 0). D : (a/£)fc £„'a = (7/S)D t^a . = . 

a/£ = 7/8 . = . a x $ = £ x 7 [*303'391-27] 
This proposition differs from #303391 by the fact that a, /? have become 
typically definite. It will be observed that even when a and j3 are typically 
definite, a//3, HVe ax yS, remains typically indefinite. 

#303*4. bi.p Prm a . P e Rel uum . D : P p (pja) P ff . = . 3 ! P pX(ir 
[#303-3-21 . #301-4] 

#30341. h::/4»yeNCind.~0*=»0.v = 0).D:. 

P e Rel num . £ = 1cm (ji, v) . D : R^ (p/v) R„ . = . g !-p{ 
Pern, 
r. #303-2. #300-4.4. ^ 
h :. Hp . fjt^O .v^=0 . Re Rel num . (p, <r) Prm T (/a, v) . D : 

P M (/*/z/) P„ . == . g ! P MXo „ n P„ XeP . 
[#302-37] =.g!^ Xoff (1) 

h.(l).*302-44.Dh:.Hp(l).f*lcm(/* > v).D:J2 M 0*/v)12 r .s.a!i2f (2) 
K (2). #30222. D 

h:.Hp. /A =f0.i;=t=O.JReRelnum.f=lcm( / i,i;).D:JR M ^/j/)K. = .a!ief (3) 
h. #302-44. D 

h :. Hp . fi = . Re Rel num . £ = 1cm (fi, v) . D : £ = : 

[#303-15] D :J2„ (/*/?)£„. = . a !U* ( 4 ) 

Similarly 

r- :. Hp . p = . PeRelnum . £ = 1cm (/*, p).D: P^O/") #„ . = .3 ! P t (5) 

h . (3) . (4) . (5) . D h . Prop 

#303-42. h :. Hp #303*41 . £ = 1cm (^ *) . D : ^ M (/*/") ff„ . = • 1cm <>, v)eC'U 

[#303-41 . #300-26] 
#303-43. h :. Infin ax . D : fi, v e NC ind . ~ (ja. = v = 0) . D ft „ . 0; (/*/?) *7„ 

[#303-42 . #30014] 

#30344. h :. Hp #30342 . P * Ser . D : P M (/*/i/) P r . = . 3 ! P* 
[#303-41 . #300-44] 

#303-45. h : P e n in fin . ft, v e N C ind . ~ (p = . v = 0) . D . P„ (/*/*) P * 
[#300-44 . #303-44] 

#30346. Y\.(p,a) Prm (/a, e) . f , 77 e NC ind . 72 e Rel num . D : 

Pf Qi/p) R n . = . £ x c cr = ?; x p . a ! P t Xc <t 
Dem. 

h. #303-2 11.3 

H :. Hp . D : P f (W*)^, . = . Ri(pj<r)R, ■ 

[#303-21] =.g!ii; fXcff <SE, XcP . 

[#300-55] =.fx c( r=^x o/J .a! P f Xc<r :■ 3 h . Prop 

E. & W. III. 
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♦303461. h :. fi, v, £ v *NC ind . ^ 0= v = 0) . ~ (£ = y = 0). R e Rel num.D : 

72 f (/i/i>) i2, . = . £ x c v = r; x /* . a ! Acmtf,,,) 
Dem. 

h . *302'45 . D 

h:Hp.O»,«r)Pnn(f,i|).>.fx.«r = lcm(f l ^) (1) 

h . #302-35 . D 

h : Hp . (p, a) Prm (fi t v) . £ x c cr = 77 x /, . D . (p, <r) Prm (£ 77) . (2) 

[♦302-34] D.%x a v^ v x cf i (3) 

h . ♦302-35-37 . D 

h : Hp . (p, 0-) Prm (ji, v) . f x c v = 77 x c p . D . £ x <r = 77 x p (4) 

h . (1) . (2) . (3) . (4) . *303-42 . D h . Prop 

♦30347. r : . Hp *303461 . A ~ e Pot' JR . D : i£ f (/*/*) #„ . = . f x 1/ = v *c ^ 

[♦303-461] 

♦303-471. I- :. ft, v, £ 77 eNC ind . ~(> = v = 0) . ~ (£ = 7; = 0) . P e n infin . D : 

P f (fi/v) P n . = • f x ir = 77 x /* 
[♦303-47 . ♦300-44] 

♦303-48. h :. /*, 1/, £ 77 e NC iad . ~(^ = i> = 0) . ~ (f = 77 = 0) . D : 

*7 £ (W") CT,. = -?x c i/ = i7 x /A.lcm(^i7)€ClT 
[♦303461 . ♦30026] 

♦30349. h : : Infin ax . D :. ft, v t f , 77 e NC ind . ~ (^ = v = 0) . D : 

t7f (/*/*) 0, . = . £ x v = 77 x 0/ * 
Z>em. 
h . #30315 . D h : . fM, v, £ 77 e NC ind . /* = . v 4= . D : 
0* {fi.lv) U v .= .U ( e Rl'I . U n e Rel num id . 
[♦120-42] =.£ = 0. 

[♦113-602] s.fx „ = 77X c/ i (1) 

Similarly 

h:./i,i/ > f l i/eNCind. M =t=0.i/ = O.D: U i (p/v)U,.~.^x v = v x of i (2) 

h . (1) . (2) . *303'48 . D h . Prop 

♦3035. h : p, (r e NC ind - t'O . g ! (p + c cr)x . D . 

( a P ) Q).Pe( /J + c l) r .Qe(o-+ l) r .P,Q e C^. 

£<P = B'Q . B'P = 5<Q . C'P n G"Q = t'B'P u t'5'P 
Dem. 

[-.♦110-202. ♦120-417. D 

h:Hp.D.(aa J ^).a,y8eC^-«e/,+ l./9€ < r- c l.anyg = A (1) 
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h . *262-2 . D 

h:Hp.a,^e^A,.ae / 3+ l./3eo-- l.an i S = A.a-=| i 2.D. 

(ftP t S).P,Setlf\t n t \.C t P=a.C'S>=0.ars0 s .A m 
[♦261-131-141] D . (gP, S,Q).P t S t Qeiln t^X . C'P = a . OSSf = £ . 

Q = B t P<±S-t>B t P.C'PnC<Q = i<B t Pvi<B<Q (2) 
h . *262*2 . D h : Hp . a, /3 e t '\ . a e p + 1 . # = l'# . #~ e a . tr = 2 . 1) . 

(&P,Q).P,Q*t» t \-PeQ.C'P = a.Q = (B'P)lvfrBfP (3) 

h . (1) . (2) . (3) . Z> h . Prop 

*303'51. h :. p Prm o- . p =j= . a =j= . g ! + a) K . D : 

(g72, £) : #, £ e Rel num n * w '\ . R (pja-)8: £/*?+p/<r . D f> , . ~R(f:( v )S 

Devi. 
h.*300-4445.*301-4.D 
h:Hp.Pe(p+ fl lV.Qe(ij+ a l>.iSf=P I .J2 = Q 1 . 

B*P = B'Q . B'P = B'Q. C'P n C'Q^i'B'P u t'5'P . D . g ! JR* n £<> (1) 

h . *30r4l . D h : Hp (1) . ~ (f « p . t? = <r) . D . #> n S* = A (2) 

I- . (1) . (2) . *303-21 . D 

|-:.Hp(l).D:P( / ,/ ( r)*S 1 :^Prm7 ? .~(f = p.7 ? = cr).Df >n .~i2(f/» ? )*Sf: 

[*303'36] 0:R( P i<r)S:ZFrmv.Z!v*pl<?.3t,v~R(Zlv)S-- 
[*302-22,*303211] 

O'.R(pl*)S:lr,cG'U.~{Z = V = 0).SIv*pl<r. , }t.,.~R(Z/v)Si 
[*303182] D : fl (p/<r) £ : f/, 4= 9 \<x .?t, n .~R (£/,) <S (3) 

h . (3) . *300-44 . #303-5 . H . Prop 

*303 52. h :. /1, 1/ e NC ind - t'O . g ! (/* + c *) x . D : 

faR t 8)iR t Set n '\.R(j*lv)StZl v $pl v . , }t,,.~R(Zfa)S 
Dem. 

h . *303-24 . *302-39 . D 

h : Hp . D . (ftp, <r) . p Prm <r . pjv = pja- . p 4= . a =J= . g ! p + cr (1) 

h . (1) . *30351 . D h . Prop 

*303 6. h : v e NC ind - i'O . D . 0/v = g [*303'15] 

*303 61. h : * e NC ind - i<0 . D . i//0 =00 q [*30316] 

*303-62. h . q = Cnv'oo g « M(g ! JR A / f C<£) [*3036-61-1315] 

*303 621. h . 0, f Rel num id = Cnv'(Rel num id 1 00 g ) 

= M(R G / . S e Rel num id . g ! C'E r» C'S) [*303-6'6ri3-151] 
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•30363. hra^x.D.alO^B^lnumntfoA) 

Dem. 

h .#30315-6 . D I- :a?+y. D .70,(^4 y) Oh. Prop 

#303631. h : a ! 2x . D . g I (Rel num n t w '\) 1 oo q [*30363-62] 

#303 65. h : a I 2 A . D . fl t *oA + *> » t C* 
Bern. 

V .#303-62 . D I- : x^y . D . I0 q (x ±y) . ~> {/« ^J, y)} : D h . Prop 

#30366. h :. a ! 2 X . D : (^/v) £ tf ro '* = 0, . = . ^ = . v e NC ind - t'O 

Dem. 
h. #3036. Dh; M = 0.v€NCind-t'0.D.^/j/ = ? (1) 

I- . #303-615 . D 

>- : /*/* = q .'2.fi/v = RS(Rem t I. 8 eRel num id. Rl C'Rc\ C'S) (2) 

h . #300*3 .31-: Hp . D . (g/r, y) . «4* y * * -i y e ^ e * num ° *»'*• * 
[#10-24] D . a I (Rel num id - Rl'Z) r> tn'X (3) 

I- . (2) . (3) . #303-11-17 . Z> 

h :: Hp . D :. (/i/v) £ *„A = 4 i D : fi, v e NC ind : p, = . v . v = (4) 

I- . (2) . (3) . #303-16 . D 

h:.Hp.D:Ou/v)£C* = Og.:>.~(M + 0.i/ = 0) (5) 

h.(4).(5).Dh:.Hp.D:0*/i/)t« w '\ = ff .D./*-O.i/eNCind-t'O (6) 
V . (1) . (6) . Z> I- . Prop 

#303-67. h:.a!2 x .D:( M / J /)^ ro ^ = «>g. = .»' = 0.^€NCind-t'0 
[#303-66-62] 

#303-7. I- : X <■ Rat . = . (g/t, *) ./t, i> € NC ind . v + . X=/t/v 
[(#303-04)] 

#303-71. h : XeRat def . = . (g M> v) . ^, i/eD'Pn d'tf. X = (/*/*) D *nV 
[(#30305)] 

#30372 I- : X <? Rat . D . (g^) . a I X fc ^ > [#30326] 

#303721. I- : X € Rat - t<0 ? . D . (g^) . X £ ^ V e Rat def 
[#300-18 . #303-7-71] 

#30373. I- : X e Rat def . Z> . a ! X £ Rel num [*303'322324] 

#303731. hi.p Prm a . D : (p/a) £ t n f p e Rat def . = . p, a e D'Un CE' U 
[#30371. #302-39] 
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#30374. \- !. p?rm<r . X=(j>l<r)tt n ' P .'}:'&lXtB.e\num. = .p,<reI>'Una t U 
[*303-332] 

#303*75. I- : X e Rat . g I X £ {t^p n Rel num) . D . X £ t n 'p, e Rat def 
[#303-74-71] 

#30376. h :. X, FeRat . X fc *„*> e Rat def . D : X £ tu'p^Y^^'p . = - X=7 
[#303*391] 

#303-77. h :. Iofin ax . D : a, *> <? NC ind - i'O . 3 . j*/i/ <■ Rat def 
[#30014 . #303-71] 

#30378. h:Infinax.D.Katdef=Rat-t'0 9 [#303-7-771 

The above two propositions assume that fifv in the first, and " Rat " in 
the second, have been made typically definite, but thev hold however the 
type may be defined. 



*304. THE SERIES OF RATIOS. 

Summary of #304. 

In this number we consider the relation of greater and less among ratios, 
and the series generated by this relation. We need two different notations, 
one for greater and less between typically indefinite ratios, the other for 
greater and less between ratios of the same type. The former is more 
useful where we are dealing merely with inequalities between specified ratios, 
but the latter is necessary when we wish to consider the series of ratios in 
order of magnitude, since a series must be composed of terms which are all 
of the same type. We put 

#30401. X < r Y. = . (g>, v, p, a) . ft, v, p, a e NC ind . a =J= . p x a < v x p . 

X=filv.Y=p/<r Df 

This definition is so framed as to include 9 but exclude oo q . For the 
relation " less than " among rationals of given type (excluding q \ we use 
the letter H, to suggest rj (defined in #273), because, if the axiom of infinity 
holds, the series of rationals of a given type is an ?/. The definition is 

*304-02. H = 1 Y {X, Y e Rat def . X < r Y) Df 

When we wish to include q in the series, we use the notation H' ; thus 

*304'03. H' = tt{X, Ye Rat def w. i% . X < r Y] Df 

(It will be observed that here i ( q acquires typical definiteness through 
the fact that it must be of the same type as "Rat def" in order to make 
"Rat def w 1%" significant.) 

If the axiom of infinity does not hold, H and H' will be finite series : 
if v + 1 is the greatest integer in a given type (v > 1), the first term of H 
is \jv and the last is v/1 (#304 - 281). In a higher type, we shall get a larger 
series for H, but at no stage shall we get an infinite series. If, on the other 
hand, the axiom of infinity does hold, H is a compact series (#304*3) without 
beginning or end (#30431) and having K terms in its field (#304 - 32), 
i.e. H is an v (#30433). In this case, C' J H r =D t fl' = Rat-i'0 9 (*304'34), 
i.e. any rational other than q , as soon as it is made typically definite, belongs 
to C l B. 
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Under all circumstances, H is a series (*304'23), and H exists in the 
type t^X if 3 exists in the type t'X (#304-27). In the same case 
C"ff=Ratdef (*30428). Similar propositions hold for H'. 

C f H' consists of typically definite ratios, and if X is any ratio, there are 
types in which X belongs to C'H' (#304*52). If the axiom of infinity holds, 
every ratio is a member of C'H n every type (#304'49). 



#30401. X < r F . = . (a/i, v, p, <r) .jj,,v,p t tr€ NC ind . <r 4= . /a x c o- < i/ x p . 

X = fi/v.Y=p/ t r Df 

#30402. H = XY{X, FeRatdef.X < r F} Df 

#30403. H' = XY{X, Fe Rat def v i% . X < r Y] Df 

#3041. h : X < r Y . = . (g/i, v, p, a) . ft, v, p, a e NC ind . p, x <x < v x p . 

X = ftfv. Y=pl<r [(#304-01)] 

#30411. Y\(ijv< T pl<T.= . <r/p < r v\p [*304'1] 

#30412. h:X< r Y.= . Y< r X [#30411 .#30313] 

#30413. h : X < r Y. Z> , X, Ye Rat . F+ q 
Dem. 

\- . #1175 .Dh:/iX o ff<i/x o /).D.j'X (! j[)=(=0. 

[#113-602] D.j/^O.p + (1) 

h . (1) . #3041 . #303-7 . D h . Prop 

#30414. r-:Xfl r F. = .Z,FeRatdef.Z< r F [(#30402)] 

#30415. h : XHY. = . (g^, v, p, <r) . /a, i/, p,a eT>'Ur> d'U . 

X « (/i/j/) fc ^ . F= (p(<r) t t xl 'n .fix a<vx p 
[#304141 . #30371] 

*304161. I- : XHY. = . (gJf, N,p).M< r N.Mt t» >, JV £ V/* « Ra* def . 

X=if"t* u V Y = Nt t n 'fi [#304-15] 

#304152. h :. p Prm v . /> Prm <r . Z> : {(/V*) fc tn'/i] H {(p/a) £ t n 'p) . = . 

^/j/ < r p/a .p,v,p,<r€'D i Una'U [#304151 . #303731] 

#30416. r : <ji/v)H(pfa) . = . (a/p) H(v/p,) [#304'15] 

*304 161. I- : XHY. = . YHX [#30412151] 

#304-2. \-.HGJ 

Dem. 
I- . #303-37 . D 

h/i.i/^.creD^Aa'tr. Qi/y) I t n 'p. »■ (p/a) I t n 'fi .D.fix Q a = vx c p. 
[#30415] D.~{fafv)H(pl<T)} (1) 

I" . (1) . Transp . D h . Prop 
*304'201. h . ~ (X < r X) [Proof as in *304'2] 
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*304'21. h.He trans 

Bern. 
h.#30415.Dr:XHT. YHZ.3. 

(a^.J'.p.o-, £*?)*/*> ">/ 3 >0",f>»? eD'ff n a t U*ftX <i <r< v X p . 

p M <«rx,f.I = (/*/*) t *uV* • F = 0»M D «u'« ■ ^ = (*/*) D ^V* C 1 ) 
I-. #117-571, #120 51. 3 
h:/i,j/,/),ff,^fD'{/n <PJ7./i x <r < j/ x oP . px r) < a x c £ . D . 

p x o- x 7} < v x p x t) < i/ x tr x £ . 
[#126-51] D.^x i/<vx <l | (2) 

I- . (1) . (2) . D I- . Prop 

#304-211. 1- : X < r Y . Y < r Z . D . X < r Z [Proof as in #304-21] 

#30422. 1- . H € connex 

Dem. 
V . #126-33 . D h :. p, v, p, a e D' 17 n <F U . D : 

^ x c ff<cx p .v./iX <r = vx c p .v.ptX o-> vx p (1) 
h. (1). #3041 5. Dh. Prop 

#304-221. h:.X, 7 € Rat.D:Z< r F.v.Z=F.v.F< r X [Proof as in #30422] 

#304-23. h . H e Ser [#304-2-21-22] 

#30424. !- : /*, p e D'C n d'tr . v+ 1 . D . (/*/i/) # {/i/(i/- l)} 
Dem. 

(- . #120-414-415 416 . D h : Hp . Z> . v - 1 e D'Ur* (F U (1) 

h . (1) . #304-15 . D h . Prop 

#304-241. (-:/*eD'Z7./*+ e lea'Z7.D.(/*/l)fl'{(^+ € l)/l} 
Dew. 

h. #300-14. Dr:Hp.D. M ,l<r<I'l7 (1) 

h . #30014 . #120-124 . D h : Hp . D . p + c 1 e D' U (2) 

h. (1). (2). #30415. Dh. Prop 

#304-25. h: / x,i/€D'Crrta^.~(/ i + l = J B f [7.i/ = l).D.M/i'eD' J H'.»// M ea'H 
[*304-24-241-16] 

#304-251. h : p, + 1 = JS'ET . D . ^/l ~ e D'tf 

Dem. 

h. #300-1 4. D 

h : Hp . p, a- 6 D'*7n a r ?7 . D . p < ^ . 1 < <x . 

[#117-571] D.px,K/iX,(r (1) 

h . (1) . #30415 . D h . Prop 

#304 26. I- :. fi Prm v.Dip./ve B'H ,= .i///ie d'# . 

= ./i.,veD'tfna'fl'.~(/*+ l= J B'C/".i/=l) 
[#302-39 . *304-25'251-15-16] 
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♦304261. h . D'fl"= % {(g>i, v) . n, v e D*Un a*U.~(ji + 1 = B'ZJ . v = 1) . 

X = Ctt/OD *nV) [*304-25-25M5] 

♦304-262. h.a^=x|(a^i/). M ,i/eD'0"na i O".^(^+ i = £'^. J/ =i). 

X = (*//*)£ <,iVl [*304-261-16] 
♦30427. h:g!ff.s.g!3 
Dem. 

h.*300-14.D 

h:.a!3.D: / i = l. I / = 2.D. jU)1 /eD'^a < [f.~( M + c l = £'t/. J ; = l). 
[♦304-25] D . g ' H (1) 

h . #304-261 . :> 

h : . g ! F . D : ( a/ *, i/) : p,, v e D< U * a' ?7 : p + e 1 e d' U . v . y =f 1 ; 
[♦30014] D : (a*) . M ^ 1 . g I /* + c 2 . v . (a*) . v > 1 . g ! „ + 1 : 
[♦117-32] D: a !3 (2) 

h.(l).(2).Dh.Prop 

♦30428. h : a 1 3 . D . G l E= X {(a M> v).ft,veD<Un(I'U.X = (p/v)t ta'fi) 

= Rat def 
D&m. 

h . ♦30014 . D 1- :. Hp . D : /* + c 1 = B'U . D . p > 1 (1) 

h.(l).Dh:Hp.D.~(a A i, v ). A *+ e l = S'D'. v = l.i/+.l= J B'tr. A » = l (2) 
h . (2) . ♦304-261-262 . *303'71 . D h . Prop 

♦304281. h:.Kl3. 3 :filv = B<H.~.fi=l.v+ e l = B'U. = .vjfi = B t H 
[♦304-28-261262] 

♦304-282. h.0 g ~eC"jy [♦304-27-28 . #303-66] 

♦30429. h : (fifv) H (p/<r) . p + c p, v + a e <I<U . D . 

0*/*) £T {(/. + p)j(v + <r)} . {(/• + />)/(* +c »)} # 0»M 
Z>em. 

h . *3041 . D h : Hp . D . /a x <r O x p . 

[♦126-5] D. /A x (i/+ <r)<i/x c ( /4 + fl p). 

(^ + c p) x c <r < + o-) x c p . (1) 

h . (1) . *304-l . D h . Prop 

♦304-3. h : Infin ax . D . H e Ser n comp [*304'29'23] 

♦30431. h : Infin ax . D . ~ E ! £<# . ~ E ! 5<F [♦304281 . #300-14] 

♦30432. h : Infin ax . D . C'H e N 

h . ♦3041 5 . ♦303-211 . ♦30222 . D 

h . Nc'C<#< Nc'X {(a/», <t) . p Prra <r . p, a e D'Un d'U . X = pja) 

[♦303-36] < Nc'M {(gp, a) . p Prm <7 . p, <r e D' CT n Q* U . M = p I <t) 
[♦33-161] <Nc'CfrZ7x e Nc*C"£T (1) 

19 
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h . (1) . #123-52 . #300-21 . Z> I- : Hp . Z> . Nc'C'ff < K (2) 

I- . #304-28 . Z> 

I- : Hp . Z> . Nc'C'tf^Nc'l {(a*) . v e D'Cn d*U. X = v/l] 
[#303*36 J > Nc'(D' Und'U) 

[#300-21] >K (3) 

h. (2). (3). #117-23.31-. Prop 

#304-33. h : Infin ax . D . H e v [#304-331-32 . #273' 1] 

#30434. I- : Infin ax . D . C*H = V'H = Rat - i'0 g [#303 78 . #30428] 

#3044. h : XH'Y. 2 . X, FcRatdef v 1% . X< r Y. 

- • (a/*» v t p,tr),fi,v,p,(re(I t U.v$0.tr^0.fiX e tr<vx p. 
X = (n( v )l « U V . F= (pfaft^'fL [#303-71 . (#304-03)] 

#304401. h :. Infin ax . D : X< r Y . = . Xtf'F [#3044 . #30378] 
#304-41. h.I>'H'-lt{faft,v).p,pea t U.v$Q.~(tt+ c l = B t U.v-l). 

[Proof as in #304261] 

#304-42. h.a' J H"'=l{(a^ v ).^i/ e a r Z7. M 4=o. J /4o.x=(^/ J /)^ 11 v} 

#304 43. h: a !#'.H. a !2 [#30442] 

#304-44. h:%\2.5.C t H' = X{(<3_fi,v).fi,ve(I<U.v^0.X = {filv)tt n 'fi\ 
[#304-41-42] 

#304 45. h : 3 ! 2 . D . £'#' = 9 [*30441'42 . #3036] 

#304-46. h: a !3.D.iT = g «f tf [*304-45'4-271] 

#30447. h : Infin ax . D . #' e 1 + v [*304-4633] 

#30448. h.H'eSer 
Dem. 

h . #304-4 .Dh: a !2.~ a !3.D.#' = g ! (1/1) (1) 

h . (1) . *304-43-46-23 . D I- . Prop 

#30449. h : Infin ax . D . C'H' = D'H' = Rat [*304-3446] 

*3046. h : X e C'H . D . 3 ! X £ Rel nura [#30373 . #304-1 4] 

#304-51. h : X e C'H' . D . a ! X \ Rel mirn 

h . #30363 . #304-43 . D h :-Hp . D . 3 ! q [ Rel num (1) 

h . (1) . #303-73 . #3044 . D h . Prop 

#304-52. h : X e Rat . D . ( a/i ) . X £ ^V e C"#' [#30444 . #30018] 

#304-53. h : X e Rat - 1% . D . ( a ^) . X £ Cm e C'H [#304-28 . #300-18] 



*305. MULTIPLICATION OF SIMPLE RATIOS. 

Summary of #305. 

The ratios hitherto considered are called " simple " ratios in opposition 
to "generalized" ratios (introduced in #307), which include negative ratios. 
We deal with multiplication and addition first for simple ratios, and then 
for generalized ratios. In this number we are only concerned with the 
multiplication of simple ratios. 

In defining multiplication of ratios, we naturally frame our definition so 
as to secure that the product of p,jv and pjcr shall be (fi x e p)}(v x <r). This 
is effected by the following definition (where " s" stands for "simple"): 

#30501. X x, 7= M[(gA*. v,p, <r) . ft, v,p, a e NCind . v + . <r + . 

X = nlv.Y~ P l<r.R {(fi x p)l(v x a)} S] Df 

which gives us 
#305142. l-:^, / ?eNCind.i/=i=0.<r + 0.D./*/j/x, / 3/o- = (/AX p)/(i'X c <r) 

and 

#305144. h : a ! (ji/v x g pjar) .D.fijv x g p\a - <ji x„ p)l(v x <r) 

The reason for the hypotheses in these propositions is that, if p> is a 
cardinal which is not inductive, while p = and v, a are inductive and 
not 0, ft/v = A and fi/v x t pj<r = A, but (fi x e p)((v x <r) = q . 

For the applications of the multiplication of ratios, it is essential that we 
should have, if R, S, T belong to a suitable vector family, 

R {fijv) S . S (p/a) T.3.R(nlvX t pj<r) T, 

e.g. we want two-thirds of five-sevenths of T to be (2/3 x,5/7) of T. It will 
be shown in Section C that our definition satisfies this requirement. 

We prove in this number 
*3053. h:X, FeRat.s.Xx, FeRat 
*C05 22. h :. X x. 7 = % . = : X, Ye Rat : X = q . v . 7 = 0, 

i.e. a product only vanishes when one of its factors vanishes ; 
#305 301. h : X, Ye Rat - i'0 9 . = . X x, Ye Rat - i% 
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#305 25. h : p, v, p, a- e D< U o WU . D . (fijv x, p/a) £ t^p. e C'H 

Thus a product of two ratios which both exist in a given type exists in 
the next type, i.e 

*30526. h : X, Ye Rat . X£ ^V, F fc ^'p, e Rat def . D . (X x, F)fc Cm * C'tf 

The formal laws offer no difficulty. We prove the commutative law 
(#305'11) and the associative law (#30541); we prove that Ix,l/l = I 

(#305-51) and that Ix,I=l/l (#305-52). Division results from 
#305*61. \-:.AeBAt-i%.A'eB&t.D:Ax t X = A'. = .X = A'x t A 

and the axiom of Archimedes is given by 
#3057. h : X, Ye Rat - i'0 q . D . (g«) . a e NC ind . Y< r (a/1 x, X) 



#30501. Ix, F =R§[(<&fi, p,p,<r). p,v,p,<r eNC ind. v$ 0.<r^0. 

X = p,jv.Y=plv.R{{pX p)l(vX <r)}S] Df 

#3051. r-: J R(Zx,F)5. = .(a^i/ > p, ff ). M , J /,^ < reNCind.i/ + 0.cr + 0. 
X**rlv.Y=pf<r.R[(jix p)Kpx a o)}S [(#305-01)] 

#30511. h.Ix,F=Fx,I [#3051] 

#305-12. I- : X, F~ e i'0 9 u i< a> 9 . Cnv'(X x ( F) = Ix,7 [#3051 . #30313] 

#30513. h : ^ v, p, a- e NC ind - 1*0 . /*/i/ = /// . />/<r = ///</ . D . 

0* x p)/(v x c <r) = (// x ^/(j/ x </) 
Dem. 

V ■ #30339 . D h : Hp . Z> . ^ x i/ = v x // . p x </ - />' x <r . 

[*120'51] D . p x /> x v x c </ = / x p' x 1/ x a . 

[*303'39] D . <ji x p)/(* x <r) = (// x p')/^' x. «0 = 3 •" ■ Prop 

#305131. I- : v, p, a- e NC ind - 1<0 . 0/i/ = fijv . p/<r = /»'/</ . D . 

(0 x p)l(v x <r) = (**' x p')!(v' x </) 
Dew. 
r- .#303-66 . 3 h : Hp. D. /i' = . v eNC ind- t'O (1) 

I- . (1). #303-6 . D V : Hp. D. (0 x p)/(i/x.r) = 9 = (// x.p')/(i/x fl «r') : D h. Prop 

#305132. h : M , *>,/>, <r eNC ind . j/ + . <r + . pjv^pjv . p\* = p'\<T . D . 

(^ x p)/(v x <r) = (/*' x e ?')/(*' x e <0 
[#30513131] 
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#30514. \-ip,$Q.p$0.v$0.<r$0.3.plvx t pl*~(jtx c p)l( v x 1t <r) 

Dem. 
h . #3051132 . D 

h :: Hp . D :.R(fi/v x p/<r)b . = : 

(S[/*' t v\ p', a') . p, v, p', a' e NC ind . pjv « //V . p/<r « p'/<r' . v' + . </ =f= : 

^ {(/*><•/>)/(" x.<0}£ (1) 
h . #303181 . #30236 . #120-512 . D 

h : Hp . i2 {(/i x p)/0 x c o-)} 5 . D . /i, v, p, <r <? NC ind (2) 

h . (1) . (2) . D h . Prop 

The condition p =j= . p 4= is required in the above proposition because if, 
e.g. p = . pe NC infin, we shall have (if v,<re NC ind— 1*0) pjv = q . p/a = A, 
whence p,jv x c p/<r = A, but (p x p)/(v x <r) = g . If we assume p, p e NC ind, 
it is not necessary to assume p,^0. p^O. This is stated in #305142. 

#305141. h :.v=0.y.a=0:D.pfv x,p/<r = A 
Dem. 

I- . *303'6711 . Z> h : v = . p.', v eNC ind . p/v = yu'/i/' . D . v = (1) 
h . (1) . #3051 . D r . Prop 
#305142. I- : p, p e NC ind . v 4= . a =f= . D . /*/*/ x, p/<r = (p x p)/(v x <r) 
[Proof as in #30514] 

#305143. h : g ! (^/v x,p/<r) . D . /*, v,p, <r e NCind . j/ + . <r + 

Dem. 
r . #305-1 . D h : g ! (^/ v x t pfa) . D . (g^', i/') . /, v' € NC ind . v' + . /*/ v = /a'/i/ . 
[*303-l82-67] D.^veNCind.v + O (1) 

Similarly h : g ! {pjv x s pjcr) . D.p, <re NCind . cr^O (2) 

I- . (1) . (2) . D h . Prop 

#305144. \-:nl(p/vx g pl<r).D.p/vX t pl<r = (px p)l(vx c <r) [#305 143142] 
#30515. h :. ~ O, v,p,ae NC ind) .v.j/ = 0.v.ff = 0O. j u/vx,p/ff=A 
[#305143 . Transp] 

#30516. h:.^, i/, / 3,o-eNCind: / A = 0.v./3 = 0:i/ + 0.<r4=0:D. 

/i/i/ x. p/<r = ? [#305142 . *303"6] 

#30517. h . X x, oo q = A [#305141 . #303*67] 
#305-2. h : a ! X x a F. D . X, Fe Rat 

Dem. 
K #305-1.3 

I" : Hp . D . (g ^, v, p, <r) . ijl, v,p,ae NC ind . v + . a 4= . X = /i/v . Y = p/<r ■ 
[#303-7] D . X, Fe Rat : D h . Prop 
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*305 21. h-.Xx.Ye Rat - 1% . D . X, Ye Rat - 1% 

Dem. 

h . *303'72 . *305'2 . D h : Hp . D . X, Ye Rat (1) 

h . *30516 . Transp . h : Hp . D . X+ 0, . 7+ ? (2) 

h . (1) . (2) . D h . Prop 

*30522. h:.Xx,7=0 g . = :X,7eRat:Z=0 g .v. 7=0 3 

Dew. 
K*305T2\L42.*303'66.:> 
h :. X X, 7= Og . = : (g/A, i>, p, a) . X = fi/v . Y= p/a . /a, v, p, a e NC ind . 

/iX o /3^0.i/x B (r=t=0: 
[*30366] = : (g/A, i>, /a, a) : X = /*/* . 7= p/a .fi } v,p,<Te NC ind . 

v =f . a 4= : /a/v = ? . v . p/a- = g : 
[*303'7] =:X, Ye Rat: X = ? . v. 7=0 ? :. D h . Prop 

*305 222. h : X x g 7e Rat . D . X, 7e Rat [*30521-22] 

The following propositions are lemmas designed to show that if X, 7 are 
ratios which exist in a given type, X x, 7 exists in the next type. 

*305 23, l-: At eNCind.D.(2x oAt )+ l<2' i+ « 1 [*1 17-652. *12(H29] 

*305231. h.(/i+ fl l) J = /i J + l2x c /i)+ o l [*11634.*1 13-4366] 

*305 232. I- : /* e NC ind . D . ^ < 2*+« 1 

I- . *116-311-321 . D h . a < 2 +« 1 (1) 

h . *305-231 . D h : Hp . ^ < 2"+.' . D . (^ + 1)* < 2*+.' + (2 x c p) + 1 (2) 
I- . (2) . *305-23 . 3 h : /* e NC ind . ^ < 2** 1 . D . (/* + 1)* < 2> 1 +' 1 + 2*+'* . 
[*113-66.*1 16-52] D.(fjL+ lf< 2^ a (3) 

h. (1). (3). Induct. Dh. Prop 

*305 24. h : /i, », />, <r e D'ff n CI'0\ D . 

(/a X />) n Pp, (v X a) nt'fie'D'Urxa'U 
Dem. 

h . *11672 . D h : Hp . D . (2^ n t'^eCU. 

[*305'232] l.fi.int'pea'U (1) 

h.*116'35. Dr^Hp.D.^ni'/ieD'tf (2) 

Similarly h : Hp . D . v a n *V>? a rt 'VX rt f^eD'tln d'U (3) 

h.*117-571.D 

h.Hp.D:/iX /3</i J .v.fiX (!)<p , :yx ff<v ! .v.j;x (I (r<o- !1 (4) 

h.(l).(2).(3).(4).Dh.Prop 



SECTION A] MULTIPLICATION OF SIMPLE RATIOS 287 

*305'25. K> ) i/,/) ) (r«D'[/Aa , tf.D. (/*/*> x, pja) £ t^p. * C'H 
Dem. 

V . *30514 . D I- : Hp . D . p.\v x, pja = (p. x p)/(v x a) (i) 

I- . (1) . *304-28 . *305 24 . D h . Prop 

*305 26. h : X, Fe Rat . Z£ *,//*, H Va « R at def. D . (Z x, F)t t^p. e C<# 
[*30525 . *304-28] 

*30527. h : Z, Ye Rat - t'0 g . D . (a/*) . (X x, F) £ t^p, e C'H 
[*305-26 . *303'721] 

*305 28. h : X, Y e Rat . D . fa) . (X x, 7)^ « M V e Cff' [*305-27'22] 

*305'3. I- : X, Ye Rat . = . X x, Fe Rat 
Dem. 

h . *305'142 . *3037 . D h : X, Y e Rat . D . Z x. Ye Rat (1) 

h.(l).*305'222.Dh.Prop 

*305301. h : X, Ye Rat - t'0 g . = . X x s Ye Rat - i'0 q 
[*305142 . *303 7 . *305*21] 

*305 31. h : fa) . X t t n % Y £ t^'p. eC'H. = . fa) . (Z x, F) £ *„'i/ e C*# 
[*305-301 . *304-53] 

*305 32. h : fa) . X t *»>, Y £ ^p. e C'H' . = . fa) . (X x s F) t t n 'v e C'H' 
[*305-3 . *304-52] 

*3054. I- : \, v, a e NC ind . p. + . p + . t 4= . D . 

(\//i x,i///)) x,((7/T) = (\x y x (r)/(/iX |3 x T)=\//i x,(p/p x,ff/r) [*305'142] 

*305'41. K(Ix, F) x,Z= Z x ( (7x, Z) [*305-4'2] 
*305-5. h: M + 0.D.(\//*)x,(l/l) = \//i [*30514'142-15] 
*30551. I- : Z e Rat . D . Z x g (1/1) = Z [*3055] 

*30552. h : Z e Rat - t<0 ? . D . Z x g X = 1/1 

I- . *30514 . *30313 . D 

h : Hp . D . (a/i, i/)./i,i/(NC ind -i'0.Ix,I = (^ x *)/(* x p.) . 

[*303-23] D . Z x g Z = 1/1 : D h . Prop 

*3056. I- :. A e Rat - i'0 q . X e Rat . D : A x 8 Z = A' . = . X « A' x, 4 
.Dew. 

h.*3041*4.*305'32-222.D 

h : Hp . D . (a/A, i/,,p, <r, £ T)).p.,v,o-e NC ind - t'O ,p,%,r\e NC ind . 

A=p/».X = pl<r.A' = Sl V (1) 
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h . *305142 . D h :. p, v, a e NC ind - 1<0 . p, £, v € NC ind . D : 

fi(v x g pfa = £/ v . = . (p. x p)l(v x o-) = f/77 . 
[*303'38] = .px px Q r) = vx o ax o ^. 

[*303'38] =. p/o- = (vx a &/(p, x ^) 

[*305'142.*303'13] =ih^ Gnv t (p,jv) (2) 

h . (1) . (2) . D h . Prop 

*30561. h:.^eRat-t'0g.A' e Rat.:>:4 x,Z = ^'. = .Z = A'x g 4 
[*305'6-222-32] 

*3057. h : Z, Fe Rat - t'0 g . D . (ga) . a € NC ind . T< r (a(l x g X) 
Dem. 

\- . *117'571 . *120-oll . *11762 . D 

Y\ p.,v,p,a-€ NC ind — t'O . f > v . D . 

/* x o P x 1 X o ff > * X c P ' 
[#3041] D . (p/a) < r (p. x p x £)/„ . 
[*30514] D . (p/rr) < r {p/v x t (p x 0/1} (1) 

h . (1) . *3041 . *120-5 . D h . Prop 

*30571. h :. Ze Rat - t<0 9 . D : Z < r Y . = . X x g Z < r Y x s Z 

Dem. 
h . *305-142 . D h : Hp . X < r Y. . 

(3/*, ",p> a - , |,t;) . /u, v, p,<r, %, v e NC ind . v =f . o- + . £=}= . tj 4=0 . 

X = p/v. Y- pja. Z= ^(T).p,x a<Cv x p. 

Xx s Z = (px %)l{v x oV ).Y X, Z= (/3 X £)/(<7 X 7?) . 
[*304-l.*126-51]D.Zx g ^< r Fx,Z (1) 

\-.(l).D\-:Kp.Xx g Z< r Yx g Z.3.Xx g Zx g Z< r Yx g Zx 8 Z. 
[*305-51'52] D.X< r Y (2) 

I- . (1) . (2) . D h . Prop 



*306. ADDITION OF SIMPLE RATIOS. 

Summary of #306. 

The addition of simple ratios is treated in a way analogous to that in 
which their multiplication is treated. We wish to secure that the sum of 
\/v and fijv shall be (\+ fjb)/v, and that the sum of fi/v and pja shall be 
[(fj. x <r) + a (v x p)}/(v x o-). This is secured by the definition 

#306*01. Z+,F*5S[(a^,i/ l/ »). / i,i/, / [>«NCind.i/ + 0. 

X-t>fr. Y= pjv . R {(ft + p)(v) S] Df 
whence we obtain 

*30613. h : v =f= . D . pjv +, pjv « (p. + p)/v 

#30614. h : v 4= . o- + . D . fijv + g p/o- = \(p x c <r) +„(* x c p)}/(i> x o-) 

Our definition is so framed that oo q +„ oo q = A. This is on the whole 
convenient, though we could, of course, frame our definition so as to have 

In applications, if R, S, T are members of a suitable vector- family, we 
want to have 

R (fi/v) T . S {pf a) T.0.(R\S) 0*/„ + 8 pi a) T, 
e.g. if a vector R is 2/3 of T, and a vector S is 5/7 of 2\ we want the vector 
which consists of first travelling a distance R and then travelling a distance 
S to be (2/3 +,5/7) of T. We shall show in Section C that our definition of 
addition fulfils this requirement. 

As in the case of products, the sum of two ratios is a ratio (#306'22), and 
the sum of two ratios which exist in a given type exists in the next type 
(#306-64). A ratio is unchanged by the addition of q (#30624), and a sum 
of two ratios is only q if both the summands are q (*306'2). No difficulty 
is offered by the formal laws: we prove the commutative law (#306"11), the 
associative law (#306'31), and the distributive law (#30641). 

An important proposition is 
*30652. I- :. X < r Y . = : X e Rat : faZ) . Z e Rat - i% .X+ t Z=Y 

When the axiom of infinity is assumed, this proposition becomes 
XH'Y. s : X e C'H' : faZ) .Z eC'H .X +,Z=* Y. 

E. <fc W. III. 
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We prove also the proposition upon which subtraction depends, namely 
#306 54. h :. X, Ye Rat . D : X + t F- X + 9 Z. - . F = Z 



#306 01. X + s F = AS [(a^, v, p) . /t, », p e NC ind . v + . 

X = ,*/,. F= p/v. A k>+ p)/*}£] Df 

#306 1. r : A (X + f F) fif . = . ( 3/Lt , v, p).p t v, p€ NC ind . i/ + . 

X = fjLJv. Y = pIv.R{{vl+ oP )Iv}S [(#306-01)] 

#306 11. r . X + s Y = F + f X [#306-1 . *110"51] 

#30612. h : a ! (X +, F) . D . X, F e Rat [#3061 . *303'7] 

#306-121. h : p> = ft'fv . p/v = p'\v . D . (p. + p)/ w = (/ + p')/z/ 

Bern, 
b . #303-39 . D h : Hp . p, v, p, p,v',p e NC ind . v + . v + . D . 

fi,X i/ = p x v . p x v' = p' x e v. 
[#113-43] D.(p+ p) x *' « (,/ + c p') x 1/ . 

[#303-39] D . 0* + />)/* = 0*' + P')}v (1) 

r- . #303-131 . #302-36 . D 

I- : Hp . ~ (p, v, p, p, v, p e NC ind) . D . (p -f c p)/i> * A . 0*' + p)/v = A (2) 
h. (1). (2). #30367. Dh. Prop 

#306-13. h : v + . D . p/v + g pjv = (p. + p)/* 

h . #306-1 . D r : Hp . D . (p + p)/v G ^/v + 8 p/v (1) 

(-. #306*121.D 

h^/^^'.p/^pVv'.ZKM'+c^/^l^-^.^K^+c^Hi 7 (2) 
h. (2). #306-1. Dh./i/v+.p/* GO* +„/>)/* (3) 

h.(l).(3).Dh.Prop 

#306-14. h : v + . a- 4 . D . p> + 8 p/<r = {(p x <r) + („ x p)]/( w x <r) 

Dem. 
r . #30339 . D 

h : Hp . p., v, p, cr e NC ind . D . j*/i> = (^ x «r)/(v x cr) . pja - (v x p)/(v x <r) . 
[#306-13] D.p/p+ 8 p/<r = {(p x o0 r) +„(„ x„p)J/(* x c <r) (1) 

(-. #30612. #303-11. D 

h : ~ (/*, *, p, a- e NC ind) .^ . p/v + g p/<r = A . \(px e a) + c (i>X p)}j(v X <r)= A (2) 
h.(l).(2). DKProp 

#306 141. I- :. v = . v . a ■= : D . /x/i» +,p/<r = A [#306-12 . Transp . #3037] 
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#30615. I- : fifv +, pja = g . = . p = p = . v, a e NC ind - t'O 

Dem. 
h . #30614 . #30366 . D h : p. = p = . v, a e NC ind - t'O . D . pjv+ s pl<r=0 q ( l ) 
h. #30612. Dh : p/v + s pja = q . D. p,v,p, a eNC ind (2) 

h. #306-141. Dhr^+.p/o-^Oq.D.w + O.ir + O (3) 

I- . (3) . #30614 . D I- : Hp (3) . D . {(,* x a-) + (* x ,)}/(„ x <r) = g . 
[#303-66] D.( / *x ofl -)+ o (i/x o ^) = 0. v x o «r + 0. 

[*110-62.*1 13602] D. / * = / B=0.i' + 0.o- + (4) 

h.(l).(2).(4).3h.Prop 

#30616. I- . X +, F = &§[(g>, v,p, a) . p, v ,p, a- e NC ind . * + <) . ff + . 

X = p/v. Y~pj<r. R{(px o cr+ c vx c p)/vX <r}S~] 
[#306-1412] 

#30617. h : /* « O.i/, ^.o-e NO ind. v + 0.<r + 0. D. /*/v+ f /3/o- = /3/o- 

I- . *303'6 . D h : Hp . D . /a/k= 0/<r . 

[#30613] D . p> +, p/o- = (0 + p)/a : D h . Prop 

#306 2. h:X+,F=0 g . = .X = ? .r = 3 [*306-1512] 

#306 22. h:X+,FeRat.E5.X, FeRat 

h . #30616 . #3037 . D h : X +, Ye Rat . = . 

(gp, »/, p, <r) . p., v, p, a e NC ind . X = p/v . Y = p/a . v x cr =f . 
[#113-602]= . ( 3/ i, „, p, <r) . /*,*,?, <r e NC ind . X = p/v . F = pja . v + . a- ^ . 
[#3037 ] = . X, Y e Rat : D h . Prop 

#306 23 I- : X +, Y e Rat - t<0 ? . = . X, F e Rat . ~ (X = F= g ) 
[#306 22 . #303*7 . *306'2] 

#306-24. I- : X e Rat . D . X + s ? = X [#3061711] 

#306-25. h : X +, Ye Rat . = . g ! (X + a F) . = . X, Ye Rat 
[#306-12-22 . #30326 . #30614] 
Here X -f, F must be taken in a sufficiently high type, otherwise X +„ F 
may be null when X, Ye Rat. 

*306 3. h . (\/p + s vjp) +, o-/r = \jp +, („//> +, o-/t) 

Dem. 
^ • #3061 4 .Dr:^0.p=t=0.T=|=O.D. (x//* + g i>/p) +, <r/r 

= {O Xc P) +c (/* X c *)}/(> X .p) +, or/T 
[*3061+]={(\X c pX T)+ ( Ai X c „X o T)4 c (/iX o pX cO r)l/(/ i X pX c r) 

[*U3-43] = [(Xx c (px e T)l+ c l/xx c (( l ,x (J T)+ c (px c <r)))]/{/ A x (px T)| 

[#306-14] = X/p + g {(„ x c T ) + (p x <r)}/(p x c r) 

[*306-14] = X/p + g ( v /p +, «r/r) (1) 

*-.(l).#30612.Df-.Prop 
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#306 31. I- . (X +, Y) + 8 Z = X + 8 ( Y + 8 Z) 

Dent. 

h . #3063 - D h : X = X//* . 7= *>//>.£= o-/r . D . 

(X+ g Y)+,Z = X+ g (Y+,Z) (1) 

I- . *306'25 . D h : ~ (g\, p., v, p,a,r).X ^\/p,.Y^v/p .Z= a/r.D . 

(X+ 8 Y)+ 8 Z = X.X+ 8 (Y+ 8 Z) = k (2) 
h.(l).(2).Dh.Prop 

♦3064 I- . \//* x, (vjp +, <//t) =* (X/ju. x, v/p) +, (X/fi x, <t/t) 

h . #30614 . D h : \ tf i, p, P> a, tc NC ind . /u=j=0 . i/=fO . <r=f . D . 

V/* x » (W/> +« °'/ T ) = V/* x * K* x o t) + (p x a)}/(p x t) 
[#30514] ~ [X x {(v x t) + (p x <r))]/(/i x p x t) 
[*303"23] = [X x ^ x {(> x t) + c (/> x c <r)]]/(> x p x /* x c t, 
[*1 13-43] = {(X X o/A X V X C T)+ (X X,/iX ( /)X c (r)|/^ x c p x cA i x c t) 
[♦306-14] = (X x *)/(> x c p) +, (X x a)/(p. x t) 

[♦305-14] = (X/fjL x 8 v/p) + 8 (X//i x, <t/t) (1) 

I- . ♦305'2 . ♦306-22 . D h : g ! X//x x, (*//> + g o-/t) . D . \/p, t vjp, a/r e Rat . 
[♦303-7] D.Hp(l) (2) 

I- . ♦306-12 . ♦305-143 . D 

•" : a ! {(*//■> x * "/W +* frit* x « °"/ T )l - ^ ■ V/*» *V/>> °"/ t e Rat ■ 

[♦303-7] 3.Hp(l) (3) 

h.(2).(3).D 

h : ~ Hp (1) . D . \jfx x, {vjp + 8 a/r) = A = (X//a x g vjp) + 8 (X//a x g a/r) (4) 

h.(l).(4).Dh.Prop 

*306 41. KIx,(F+,Z) = (j:x,F)+,(Ix,Z) [♦306-4-25 . #305*2] 

♦306-51 h . X +, (>/l x g X) = (v + 1)/1 x, X 

Dem. 
h . ♦306-12 . J h :. a ! {X +, (w/1 x, X)} . D : X ; v/1 x, X e Rat : 
[#305'3.«303-7] D : v e NC ind : (ftp, a) . p, a e NC ind . a 4= . X = p/a (1) 

I- . ♦305-2 .Dh:.g!((y+ e 1)/1 x, X} . D : (v + p 1)/1, X e Rat : 
[#303-7.*126-31] D : j/ e NC ind : (ftp, <r) . p, a e NC ind . a =j= . X = p/o- (2) 
I- . #305-142 . D t- : y, p, a e NC ind . a + . J . v/1 x 8 p/a = (v x p)jcr . 
>30613] D . p/a + 8 (v/1 x s p/a) = [p +„ {v x c p)}/<r 
[#113-671] =.{(*•+, l)x c p]/<r 

[#30514] = (v+ l)/lx g p/a (3) 

I- . (1) . (2) . (3) . D h . Prop 
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#30652. I- :. X < r F. = : X e Rat : faZ) . Z € Rat - 1% .X+.Z=Y 

Dem, 
h. #30613. #119 34.3 
(- : fi, v, p, <r € NC ind .p^O . <r=|=0 .X = p,(p . F= p/<r . \i x <r < p x p . 

f -(1/ X / i»)- (/iX o-).Z=f/(i;X o-).D.Jr+,^=(»'X B /,)/(». x it) 
[#303-23] = p/o- 

[Hp] = Y (1) 

h.(l).*304'l'13.D 

I- :. X < r F. D : X e Rat : (g£) . Z€ Rat - t'0 g .X+ t Z=Y (2) 

h . #306-14 . D 
' h : p,, i>./>, o- eNC ind . v + . /3=f . c + . Z =*njv . Z= p(a . Y= X + t Z. D . 
Y= {(/M X a) + c (v X ^/(v X a-) . [{(ft X <r) + c (p X !»)} X i/] > /* x (v X a) . 
[#304-1] D . X < r Y (3) 

I- . (3) . #304-1 . D r : Z <? Rat . Ze Rat - t'0 g . Z + g Z = F . D . X < r Y (4) 
h . (2) . (4) . D h . Prop 

The above proposition requires that X and F should be taken in a 
sufficiently high type, namely at least in a type in which, if X=fj,jv and 
Y = p/a, where p,Prmp and pPrmcr, (px c p)+ l and (/ax o-)+ 1 are not 
null. Otherwise there may be no Z such that X + S Z=Y. 

#306-53. h:. /A ,veNCind.v=|=0.a-=|=0.7;4=0.:>: 

ixjv +, pi a = fi/v +, £/»?■=■ pi* = %h 
Dem. 

h . #306-12 . h . Hp . fijp+ t pl<r = fjLlv +,f/ij . ~(/j,o" eNC ind) . D . 

p-lv + g %lv = A . p/ff = A . '1) 

[#306'25] D . ~ [nfv, %( n e Rat} . 

[Hp.#303-7] D . ~ (£ v e NC ind) . 

[#30311.(1)] O.ZI v = pl<r (2) 

^ .#306-25 . D h : Hp . /*/» + t pja-~p.lv + s £jr) . p, o- e NC ind . D . 

£*>«NCind (3) 

H. (3). #30614. #303-39. D 
!-:Hp(3).D.{0ix o «r>+ c (vx o ^)(x o vx i7-«{(/*x i7)+ o (i'X o f)}x o »'x c o-. 

[#113-43] 

D . (fJL X O" X c v )' c I?) +c ("' Xc P Xc 17) = (/* X c ff Xc " Xc *?) +c (^ X c £ *c *) • 

[#126-4] D . „• Xo (p x c ,,) = 1* x c (t x c «r) . 

[#30339] ^.pl<r = £l v ( 4 ) 

K(2).(4). D h :. Hp. D i^+'Pl^^^+^h ■ D ■ ^/ ffss! ^ < 5 > 

^ ■ #306-1 . D h : />/«■ = %/ v . D . /i/p +, p/cr = n/v +, £/i| (« > 

•• ■ (5) . (6) . D h . Prop 
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*30654. h:.X,FeRat.D:X+,F=X+,Z. = . Y = Z 
Dem. 

h . *306-25 . D h :. Hp . D : X + g Y € Rat : 

[*306-25] 0:X+ g Y=X+,Z.O.Z€~Ra.t (1) 

I- . (1) . *30653 . *3037 . D h . Prop 

*306-55. r : F< r X . D . ~(g£) . X + s Z= Y 

Dem. 
h . *1 17291 . *304-l . D h : Hp . D . ~ (Z < r F) . 

[*306*52] D.~(aZ).Z e Rat-t'O s .X+,Z=F (1) 

h . *306'24 . *304-l . D h : Hp . D.~(X+,0 9 = F) (2) 

h.*306-25. Dh:Hp.Z+ g Z=F.3.ZeRat (3) 

h.(l).(2).(3).DI-.Prop 

The following propositions are concerned with the existence of X +, F in 
definite types. It will be shown that if X, Y exist in a given type, X + S Y 
exists in the next type, i.e. if X £ t n f p. and F£ ^'/a exist, then (Z+, F)£ <ooV 
exists, where 2T, F are rationale. 

*306'6. hi/A^eD'^nCI'^.D.^+o^A^eD'Crna't/" 

Dem. 

h . *305'23 .Dh:Hp./x<^.D./A+ p< 2*+« 1 (1) 

Similarly h : Hp .p </a. D ./a+ o/ o < 2^+« 1 (2) 

h. (1). (2). #1 1672. Dh. Prop 

*306'61. I- : ji, i/, p e D' 0" n d' tf . D . (/*/* +, /?/*) a ^ '/* e Rat def 
Dem. 

h.*306'13-6Oh:HpO.^+,/j/j/=(/t+ /3)/i'.(/A+ /3)A*V^A*VeD'f/'na'?7. 
[♦30371 ] D . Qi/p + 8 pfv) r\ tn'fi e Rat def Oh. Prop 

*306 62. h : /*, i/, p e D' tf n d'U . D . (/i/y +, pip) n C/* € Rat def 

Dem. 

h . *303-39 . D h : Hp . D . ^ + g p/p = ^/v + g i//i/ (1) 

h . (1) . *306:61 Oh. Prop 

*306 621. h : <r e NC hid . D . a 3 - a- + 1 < 2' 
Dem. 

h.*l 16-301-311. Dh.0 8 - O 0+ O l<2° (1) 

h.*116-321-331. Dh.l«- 1+„1<2 1 (2) 

I- . *l 17-55 . *126-5 O h . 2 2 - c 2 + 1 < 2 s (3) 

h . *305-231 . D I- : Hp . a > 1 . a 3 -„ a + 1 < 2' . D . 

( <r + l) i '- o ( < 7+ o l)+ o l<2'+ o (2 Xo a). 
[*H7-652.*116-52] D . (o- + 1) 8 - (<r + 1)+ 1 < 2"+« 1 (4) 

I- . (1) . (2) . (3) . (4) . Induct . D h . Prop 
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*306'622. t- : p. e NC ind - t'O . D . O - l) s = p* - (2 x o/i ) + c 1 
2)em. 

r.*305231^=^. Dh:Hp.D.( ylt - o l)» +0 {2x (> t - o l)} +0 l = ^ (1) 

h .*11343 . *120-416 . D V : Hp . D . {2 x (/* - 1)} + 2 = 2 x ^ (2) 

h.(l).(2). Dh:Hp.D.( /( - o l)»+ c (2x oAi ) = ^+ l (3) 

h.(3).*119-32.3h.Prop 

*306'623. I- : /*, v, p e NC ind . v < /* . p </(* . D . (p. x /-i) + (* x c p) < 2^+* 1 
Dm. 

h.*120-429.Dh:Hp.D.(^x o/A )+ ( v x o/3 )< /A a + ( ytt - iy. 
[*l20-429.*306-622] D . (/* x o/A ) +„(„ x p) < (2 x of S) ~ (2 x ^ +0 2 
[*306-621.*126"51] < 2" +' 1 : D h . Prop 

*306 624. h i p., v, p, a- e NC ind . v < p. . p < p. . a < p, . D . 

( /A x o-)+ ( I ;X ^)<2^« 1 [*306"623] 

*306 63. h : p, v, p t a e D' U n <!' U . D . (/*/* + s pja) £ t^'p, e Rat def 
Dem. 

V . *306-62 .Dh:Hp.v = ^.D. (**/* + g /j/c) £ ««,'/* e Rat def (1) 

V . *306624 . *305-2* . *30371 . D 

r-:Hp.i/<j*./3<yu,. o-</A.3.(/A/y+ g ^/o-)^C/AeRatdef (2) 

Similarly 

h:Hp.v</i./i</3.(r</i.D. {pjv + 3 pja-) £ t^p. e Rat def (3) 

h.(2).(3).D 

h : Hp . v < p. . a ^ p. . D . (/a/v + t pja) £ i,//* e Rat def (4) 

Similarly 

h: Hp./4>y. o-^/i. D. (p,/v +„ /a/o") £ io//* e ^ at def ( 5 ) 

h . (1) . (4) . (5) . D h : Hp . o- < p. . D . {p.fv + e p\a) I t^p, e Rat def (6) 

Similarly h : Hp . /a < <r . D . (/-i/v + g pja) £ t^'p, e Rat def (7) 

h . (6) . (7) . D h . Prop 
The following propositions are immediate consequences of #306'63. 
*306*64. h : (pjv) fc t u 'p., (p(a) £ t^p. e flat def . D . (ftfv + s pja) I Wp. e Rat def 
*306'65. h : X, Ye Rat def . D . (X + B Y) £ t^CCX e Rat def 
*306 66. h : X, Y e C'H . D . (X + e Y) £ t n 'C"C'X e C'H 
*30667. h : X, Y e C l H ' . D . (X + g Y) £ t w 'C"C'X e C'H' 



*307. GENERALIZED RATIOS. 

Summary of *307. 

In this number we introduce negative ratios. If X is a ratio, what would 
ordinarily be called — X is X j Cnv. This may be seen as follows. Suppose we 

have RXS. We then have R (X \ Cnv) 8. Now if R and 8 are vectors winch 

carry us in the same direction, R and S are vectors which carry us in 
opposite directions, Le. their ratio is negative. Hence calling the class of 
negative ratios "Rat„," we may put 

*30701. Rat n =|Cnv"Rat Df 

The sum of "Rat" and "Rat rt " we will call "Rat ? ," where "g" stands 
for " generalized." Thus we put 

*307011. Rat ? = Rat wRat„ Df 

If fijv<i r plcr, we have {(fijv)\ Cnv} ( | Cnv» < r ) {(p/(r)\ Cnv}. Hence 
we put 

*307-02. < n =[Cnv»< r Df 

*307021. > w = Cnv'< n Df 

If X and Y are generalized ratios, we consider X Jess than Y if either 
X, Y are both positive and X < r Y, or X, Y are both negative and X >„ Y, 
or X is negative and 1 is positive or zero. Hence we put 

*307 03. < g = (> n ) u « r ) a (Rat n - 1'0„) t Rat Df 

On the analogy of <„ and <C g , we put 

*30704 H n = \Cnv'>H Df 

*30705. h g ~H n $H' Df 

We prove in this number that if X is a ratio, X \ Cnv = Cnv j X, and 
Cnv'(X | Cnv) = X | Cnv (*307-21'22). We prove also 
*307 25. V . C'H n C'iT n = A 

We prove that Q q and qo 9 are their own negatives, but are not the nega- 
tives of anything else (*30726"27-31). We prove Nr'# n = Nr'# (*30741) 
and Infin ax . D . ff^ei7(*307"46). None of the propositions of this number 
offer any difficulty. 
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#30701. Rat n = |Cnv"Rat Df 

#307011. Rat ff = RatwRat n Df 

#30702. < n = | Cnv;< r Df 

#307021. > n = Cnv'< n Df 

#307-03. < g = (> n )v« r )Kj(R&,t n -i'Q q )'fRiit Df 

#307031. > g = Cnv'< g Df 

#307-04. H n = \Cnv'>H Df 

#30705. H g = H n $H' Df 

#3071. \-:R(X\Cnv)S.~.RXS [#71-7] 

#307-11. \-:R(\ CnvJZ) S. = . RXS [#307*1] 

#30712. KZlCnvlCnv = Z [#307*1] 

#307-13. h : X | Cnv =* T | Cnv . = . X = Y [*30712] 

#30714. V : Y= X j Cnv . == . X = Y\ Cnv [#30712] 

#30715. h : a ! Z £ * . = . a U 1 (Z | Cn v) f (Cnv"*;) [#307-1] 

#307-16. I- :. k = Cnv"* .3 -.frlX £ * . = .±l(X\ Cnv) £ « [#307-15] 

#307*2. h . (^/*) | Cnv = Cnv | (p/v) [*307l . #30319] 

#30721. h:Z<?Ratut'oo v .:>.Z|Cnv = Cnv!Z [#307-2 .*30:V7'G7] 

#307-22. h:Z€Ratvi'oo ? .D.Cnv'(ZjCnv) = Z|Cnv [#30721] 

#307-23. I- . Cnv"C"# n = C*H n [#304*28 . #30313 . #30722] 

#30724. V : fi, v, p, a e G' U . p. Prm v . p Prm o-.p>o-,o-=t=0.D. 

^l(p/a)-(fi/v)\Cnv 
Bern. 
I-. #303-32. D I- :. Hp. D:(aP,Q).P,QeRel num. i^poG^po.P^MQ: 
[#303-21] D : ( a P, Q).P y Qe Rel uum . P p0 C Q^ . a ! P* n #> : 

[#300 3] D : (aP, Q) . P.QeRel num . a I P a * Q". P* A Q* = A : 

[#303-21] D : ( a P, Q) . P (p/<r) Q . ~ {P W») Q) :. D I- . Prop 

#307 25. r . C'H n C ( H n = A 

Dem. 
I". #307-24. #303130 

•" : ft, v, p, a e Q ( U . p, Prm v . pPrmu. D . p/v ^(pj a) \ Cnv (1) 

r- . #302 22 . #303-211 . #304-27*28 . D »- : Z, F e G'H . D . 

(Qp J ,v,p,cr}.p,,v,p,cr€<l f U'.p,J > x:r i cip.p Prm a . X - p,jv . Y = pj<r (2) 

H . (1) . (2) . 3 I- : X, Y e C'ff . D . X + F| Cav : D r . Prop 

20 
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*307'26. K0 9 |Cnv = g = Cnv|0 9 
Dem. 

K#307'2. 3h.O g jCnv=Cnv|O g (1) 

h . #303-615 . *3071 . D h : R (O g \ Cnv) 8 . = . g ! R * 1 \ &S . 
[#33-22] ^.RlRrsIt&S. 

[#303-15] = . R0 q S (2) 

K (1) . (2) . 3 K Prop 

#30727. h . oo g j Cnv = oo q = Cnv | oo q [#307 26 . #30362] 

*307'3. hie C'H . 3 . g ! (Z | Cnv) £ Rel num [#3045 . #30716 . #300-4] 

#307-31. h : X e Rat - l'0 g . D . X j Cnv 4= g . X | Cn v =(= oo 9 
[#307 3 . #304-53 . #30362] 

#3074. h : XH n Y. s . (X | Cnv)#(F| Cnv) [#15041 . (#30704)] 

*307'41. V . Nr<#„ = Nt'H [#307' 13 . (#307 04)] 

#307 42. h : Infin ax . 3 . Nr'#„ = Nr'H n = v [#30741 . #304*33] 

#30743. h : Xe <?'#„.:>. & !X£ Rel num [#307 -3] 

#30744. h . Q g , oo q ~ e C'# n [#307-31] 

#30745. H . Nr<# ? = Nr'i/ + 1 + Nr'i/ [*307-2541 . (#30705)] 

#307 46. I- : lnfin ax . 3 , H g e v [#30745 . #30433] 

This proposition requires rj + i + rj =-7, which is easily proved. 



*308. ADDITION OF GENERALIZED RATIOS. 

Summary of #308. 

In this number we have to extend addition so as to include negative 
ratios as addenda, and for this purpose we have to define subtraction of 
simple ratios. This is defined as follows: 

#308-01. X~ t Y = RS{(^Z):X, Y,Z € Ra.t:Z+ s Y=X .RZS .v . 

Z+,X=Y.RZS\ Df 

That is to say, if Y < r X, X — g Y is the ratio which must be added to Y to 
give X, while if X < r Y,X— s Y is the negative of the ratio which must be 
added to X to give Y. Thus we have 

#30813. h:. Y< r X.v.Y € -R&t.Y=X:3.X- g Y=(iZ)(Z+ s Y=X) 

#30814. h :. X < r F. v. X e Rat. F = X:D.X-,F= {(?£)(£ +*X=F)}[ Cnv 

We have, of course, X-,0,, = X (#308-22), <? -,X = XjCuv (#308-23), 
and X- g X = q (#30812). Existence-theorems for X~ S Y are closely 
analogous to those for X + S Y and X x, Y. Also we have 

*308'2. r- : X, Y e Rat . = . X -, Y e Rat 9 

We define the sum of two generalized ratios by means of the sums and 
differences of simple ratios, as follows : 

#30802. X+ g Y=(X+ g Y)v{X- t Y\Cm)K> 

(F-,X|Cnv)u(X|Cnv+,F|Cnv)jCnv Df 

Of the four relations which occur in the above definition, all but one 
must be null if neither X nor Y is q . Thus if X and Y are positive, 
X-.FjCnv, F-^YjCnv, and X|Cnv+,F|Cnv are null; if X is positive 
and F negative, X+,Y, F-,X|Cnv, and X| Cnv+, Y\ Cnv are null; if X 
and Fare both negative, X + s F, X -, F|Cnv, and F-,X Cnv are null. 

If X is q and F is positive, 
X +, F= Y-, X | Cnv . X -. Y\ Cnv = (X | Cnv +, Y\ Cnv) | Cnv = A. 
If both X and Fare q , all four relations are q . 
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Hence we find 
#308 32. h : X, Ye Rat . D . X + g Y- X+, Y 
#308 321. HZeRat. FeRat„ . D . X + g Y = X- B Y\ Cnv 
#308 322. h : Y e Rat . Z e Rat n . D . X + g 7= F-, Z j Cnv 

*308 323. I- : X, Y e Rat„ .D . X + g Y=(X\Cnv + g Y\ Cnv) | Cnv 

The existence-theorems for X -i- g Y are closely analogous to those for 
X + g Y, and the formal laws offer no difficulty. We have 
#30852. I- : . X, Y e Rat, .D : X + g Y= X + g Z . = .Y= Z 
*308 54. h : Z, F e Rat,, . D . (gZ) . Z e Rat,, . Z + ff Z= F 
#30856. I- :. Z <„ F. = : Z <■ Rat, : (gZ) . Z e Rat - t'0, .X+ g Z=Y 
#30872. H : (Z + ff Z) < g {X+ 9 Z').~.Xe Rat, . Z < g Z' 



#30801. Z -, F = ££ {( 3 Z) : X, Y, Z e Rat : Z + t F = Z . £Z£ . v . 

Z+,X=F.JRZ£} Df 
*308 02. Z -h, F= (Z + g F) u (Z -, F | Cnv) u 

(F-, Z j Cnv) Ki (Z | Cnv 4, F j Cnv) | Cnv Df 

#308 1. I- : Y< r X . D . X -. F= RS {(gZ) . Ze Rat . Z+, F= Z . RZS] 

Dem. 

h.*306'55 .Dh: Hp . D . ~(g£) . Z + g X= Y (1) 

K (1). (#30801). DK Prop 

#308-11. I- : X < r Y. D . X -. F=M{(gZ) . ZeRat . Z+ g X= Y . RZS] 

Dem. 

r- . #306-55 . D I- : Hp . D . ~ ( a £) . £+ g F= Z (1) 

(-.(1). (#308-01). Dh. Prop 
#308 12. I- : Z e Rat . Z = F . 3 . Z - f F= q [*306'54-24] 

#30813. I-:. Y< r X.v. FeRat. Y= X :D . X - g Y= (iZ)(Z + g Y= X) 
Dem. 

h . #306-52-24 . D h : Hp . D . (gZ) . Z + s Y= X . Z e Rat (1) 

r.*306 54. 3 h : Hp . Z + g F = Z . Z' + s Y= X . D . Z= Z' (2) 
h.(l).(2).*308-l-12.DI-.Prop 
#30814. h :. Z< r F.v. Z e Rat. Z=F: I). Z- S F= {(?£)(£ +,Z=.F)]| Cnv 

[Proof as in #308-13] 
#30815. h : ~ (Z, F e Rat) . D . Z -, F= A [(*308'01)] 
#30816. r:Z, FeRat. F+„Z = Z. D . X - s F= Z 

h . *306-55 . #304-221 .D r-s.Hp.D: F < r X . v . FeRat. F = Z (1) 
h.(l).*30813.Dl-.Prop 
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#30817. h:X,FeRat.X~K#-F.:).X-,F=£]Cnv [#306-55. #308-14] 

#30818. h: F< r X.D.X-, FeRat-i'O,, 
Bern. 

V . #306-52 . D I- : Hp . D . faZ) . £eRat-t<0 9 . F-t-,Z=X (1) 

I- . (1) . *30813 . D I- . Prop 

#30819. hZ< r 7J.I-, FeRatn-i'O, 
Dew. 

I- . #30652 . D h : Hp . D . (#Z) . Ze Rat - i% .X+ t Z=Y (1) 

h.(l).*308-14.3h.Prop 

#3082. h:X, FeRat. = .X- g FeRat p [*308-1218'19'15] 
#308-21. h:X-„F=(F-,X)|Cnv = Cnv|(F-,X) 

h. #308-13-14. D 

h:.X< r F.v.Xeftat-i'0<,.X=F:D.X- jr F=(F-,X)|Cnv (1) 

h.#30813l4. #307-12. D 

h:. F< r X.v.FeRat-i'0 g .F = XO.X-, F=(F-,X)|Cnv (2) 

H . (1) . (2) . #304-221 . Z) h : X, Fe Rat . D . X -, F= ( F-, X) | Cnv (3) 

[#307-21. #308-2] = Cnv|(F-,X) (4) 

h . (3) . (4) . #308-15 . 3 K Prop 

#308*22. h:XeRat.D.X-,0 g = X [*306"24 .#30813] 

#308-23. I- : X e Rat . D . 9 -, X = X j Cnv [#308-21'22] 

#308-24. I- : (vjp) < r (X/p) .D.Xlfi - t vjp = {(X x p) - (^ x c !/)}/(/* x c p) 

Dem. 

(-.#304-1 .DH:Hp.D.\x oA )>^x y (1) 

K #303-23. #306-13.(1)0 

h : Hp . Z) . {(3i x p) - (ft x 1/))/(^ x p) +, v/p = 

[{(X. x p) - (^ x v)} +o (/* Xo ")3/0 x c p) 

[#303-23.*119'34] = 3v/^ ( 2 ) 

h. (1). (2). #308-16. Dh. Prop 

#308-241. I- : {XI ft) < r (vjp)^ . X/fj, - g vjp = [{{ h x„ v) - (X x ,)}/(/* x p)]\ Cnv 
[#308-24-21] 

#308-25. h : 3v, fi, v, p € D< tf n (I< C . ^ < r X/^ . D . (Xfp, -, v/p) £ £«> € C'H 
Dem. 
\- . #305-24 . D 

h : Hp . D . f(7v x p) ~ (fi x v)) n t'p, (p x p) n t'» e D' U n (T U (!) 
\- . (1) . #308-24 . #30428 . D h . Prop 
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#308 251. h : \, p, v, p e D' U n (I'U . \jfi < r v/p.D. (Xjfi -. vjp) I t„'p e C'H n 
[*30524. #308-2+1] 

#308 252. h : A, /*, i/, p e Tf'U n d' U . D . (Xjp -, vjp) £ tjp, e &Hg 

[*308-25-25H2] 
#308-26. h : X, Y e Rat . X £ £ n y, Y £ t u 'p, e C'H' . D . (X -, F) £ U*fi e C'H, 

[#308-25 2. #304' 28] 

#308-261. h : X, Ye C'H' . D . (X -, F) £ t w t C tt C t X e C'H g [#30826] 

#308-3. h : a ! (X -„ F | Cnv) . D . X e Rat . F e Rat n 
[#30815. #307-12] 

#308-301. I- : g ! (X \ Cnv +, Fl Cnv) . D . X, Fe Rat n [#306-1 2 . *307-23"12] 

#308-31. h : a I (^ + g Y ) . D . X, F e Rat,, [#30612 . *308-3301 . (*308'02)] 

#308 32. h : X, Ye Rat . 3 . X +„ F= X +„ F 

h . #308-3-301 . #307-25 . (#30802) . D 

h:X, FeRat-i<0 9 .:>.X+,,F=X+ )( F (1) 

h . #306-24 . *308-22-3-301 . D 

h : A r e Rat - t<0 ? . F= 0, . D . X + g Y= X = X +, F (2) 

I- . #306-24 . ¥308-3-301 . D h : X = 0, . Y= q . D . X + g F= g = X +„ F (3) 

h.(2).(3).D 

h :. X e Rat . F= 9 . v . Ye Rat . X = 0, : D . X +, F= X + t F (4) 

h.(l).(4).Dh.Prop 

#308-321. h : X e Rat . Ye Rat n . 3 . X + ff F= X -, Y\ Cnv 
[#306-12 . #308-3-301 . #30725 . (#308-02)] 

#308-322. h : Ye Rat . X e Rat n . D . X +, F= Y - 9 X | Cnv 
[#306-12 . #308-3 301 . #307-25 . (#30802)] 

#308-323. h:X,Ye Rat n . D . X +, F= (X j Cnv +* Y\ Cnv) j Cnv 
[#306-12 . *308-3-301 . #307-25 . (#30802)] 

#308-33. h : X +,, Y e Rat, . = . X, F e Rat,, 
[#306-22. #308-2-32-31] 

#308-4. I- . X + -7 Y= Y+ g X [#30611 . (#308-02)] 

#308-41. I- . X + g F= (X | Cnv + 3 F{ Cnv) j Cnv 
Devi, 

V . #307-12 . #34-26 . (#308-02) . D 

V . (X ; Cnv + 7 F j Cnv) j Cnv = (X | Cnv 4, Y\ Cnv) j Cnv w (X | Cnv -„ F) | Cnv 

d(F|Cdv- X)|CnvD(X+, F) 
[#308-21] =(X|CnvDF|Cnv)|CnvD(F-,X!Cnv) 

o(X-,F|Cnv)o(X+,F) 
[(#308-02)] = X + 9 Y. D h . Prop 
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*308 411. I- . (Z + g F) | Cnv = X | Cnv + g 7\ Cnv [*30841 . *307'12] 

*308 412. \-:X\ Cnv + g Y\ Cnv = Z\ Cnv . = . X + g Y= Z 
[*308-411.*307-13] 

*30842. h- : X, FeRat . D . (X - s Y)+ g Y=X 

Dem. 
V . *30812'32 . *30624 . D h : Hp . X = F. D . (X - 8 Y) + g Y= X (1) 

h . *308-18-32 . D h : Hp . F < r Z . Z> . (Z -* F) + g F= (Z -, F) +, F 
[*308-13] =Z (2) 

I- . *308-19-322 . Z> h : Hp . Z < r F. D . (Z - F) + p F = F-,(Z-, F) j Cnv 
[*308-21] =F-,(r-,Z) (3) 

r . *30813 . D r : Hp (3) . D . X +, ( Y- 8 X) = Y . 
[*3081618] D.Z=F-,(F-,Z) (4) 

r . (3) . (4) . 3 I- : Hp . X < r F. D . (Z - s F) +, F= X (5) 

I- . (1) . (2) . (5) . *304-221 . D h . Prop 

*30843. I- : Z, Fe Rat . D . (Z+^ Y) - s Y = X 
Dem. 

I- . *308-32 . 3 I- : Hp . D . Z + ? F= Z+, F . 

[*30816.*306'22] D .(X + g Y)- $ Y= X :D\- . Prop 

*308'44. h :. Z, ZeRat . Z> : Z - S Z = Y-,Z. = . Z= F 

I- . *3081314 15 . D h : Z = F. 3 . Z - Z = Y- g Z (1) 

h.*3082. Dh:Hp.Z- J ^=F-,Z.D. FeRat. 

[*308-42] D.(F~,2)+,Z=F. 

[Hp] D.(X- S Z)+,Z=Y. 

[*308-42] D.X=Y (2) 

r.(l).(2).Dh.Prop 

*30845. h :. Z, Ze Rat . Z> : Z-,Z = Z- g Y. = . X= Y 

[*308-44-21 . *30713] 

*308 46. h : X, Ye Rat . F=j= q . D . (Z -, F) <„ Z 

Dem. 
I- . *30819 . D h : Z < r F. D . (Z- e F) e Rat n - i<0, . Z e Rat . 
[(*307-03)] D . (Z -, F) < ff Z (1) 

I- . *30812 . D h : Hp . Z = F. D . Z - F= g . 

[*304 46.(*30703)] D • (Z -, F) < ff Z (2) 

I- . *3081318 . D h : Hp . F< r Z . D . (Z -, Y)+ g F= X . Z-, Ye Rat- 1%. 
[*306-52] D.(X- g Y)< r X . 

[(*307 03)] D.(X- t Y)< ff X (3) 

K(t).(2).(3).DI-.Prop 
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#30847. h : Z e Rat . Y, Z e Rat - 1% ,D.X- s Y^X+ t Z 
Dem. 

V . #30652 . #30846 . D h : Hp . D . (X -, F)< r (X + 8 Z) . 
[*304201] Z> . X -, F+ X +»Z : 3 h . Prop 

#30851. H-ZeRat^DiZ+j F=Z. = .F=0„ 

K #30833. Z)h:.Hp.D:Z+ ? F=X.:>. FeRat^ (1) 

(-.#30832. DHrZeRat. Y=0 q .D .X + g Y= X + g Y 

[*306'24] = X (2) 

I- . *308-322 .Dhle Rat„ . F= q . D . X + ff Y= Y- s X j Cnv 

[*308 23.*30712] = Z (3) 

h.(2).(3). Dh:.Hp.D:F=O g .D.Z+,F=Z (4) 

i- . #308-32 . D h : X, Ye Rat . X + g Y= X . D . X +, F= Z . 

[#306-24-54] Z> . F= g (5) 

I- . #308-321 . D h : X e Rat . Ye Ratn . Z + ? F =* Z . D . X -, Y\ Cnv = X . 

[#308-22-45] D.FjCnv = 9 . 

[#307-2] D.F=0 9 (6) 

h . #308322 .Dhle Rat n .FeRat.Z+ ff F=Z.D.F-,Z|Cnv = Z 

[#308-23.#307l2] =0 g -,Z|Cnv. 

[#308-44] D.F=0 9 (7) 

I-. #308323. #30714. D 

I- : Z, FeRat n . Z +, F=Z. 3. Z| Cnv +,Fj Cnv = Z| Cnv. 

[(5).*307-26] D.F=0 9 (8) 

K(l).(5).(6).(7).(8).Dh:.Hp.D:Z+ !7 F=Z.D.F=0 ? (9) 

h . (4) . (9) . D V . Prop 

#30852. \-:.X,YeR&t g .D:X+ g Y=X+ g Z. = .Y=Z 

Dem. 

\- . #308 321-47 . D h : Z, Fe Rat . F4= 3 . Z + p F= Z + g Z . Z) . Z~ e Rat n (1) 

I-. #308-51. Dh:ZeRat f? .F=0 g .Z+ ff F = Z+ ff Z.:).Z=0 g (2) 

K ( 1) . (2) . #308-33 . D H : Z, F e Rat . Z + ? F= Z + p Z . D . Z e Rat (3) 

I- . (3) . #308-32 . 3h :Z, FeRat.Z+ ff Y=X + g Z .5 . X + t Y= X + S Z . 

[#30654] 5.Y=Z (4) 

h. (4). #308-323. #307-13. 3 I- :Z, YeR&t^. X + g Y= X + g Z .D . Y=Z (5) 

K*308-321-32-47.D 

HZeRat. FeRat„. X + g Y=X+ g Z. 3 . Z~ eRat - i<% (6) 

Z F 
I- . (2) ~-y . Transp . D 

h:ZeRat. YeBat n - i%. X + g Y= X + g Z .D . Z$0 q (7) 
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K(6).(7).*308-33.Z> 

HXeRat. YeB*t n -t'0 q .X+ g Y=X+ g Z.O.Z€B.&t n (8) 

h . (8) . *308-321 . D h : Hp(8) . D . Z -, Y\ Cnv = X-,Z\ Cnv . 

[#308 45.*307*13] D . Y= Z (9) 

K (9) . *308'411 . #30713 . D 

H:XeBat n .FeRat.Z+ J? F=JC+^O.F=Z (10) 

|-.(4).(5).(9).(10).DI-:Hp.Z+ J7 r=Z+^.3.r=^ (11) 

K(ll).(*308-02).3h.Prop 

#308'53. > : Z, Y e Rat„ . Z> . Z +„ ( Y +, X | Cnv) - F 

Dew. 
I- .#308321 . *307-12 . 3 h : X, Ye Rat . D .X + g (Y+ ii ,X\Cw)=X+ g (Y- 8 X\ 
[#308-4-42] = F «., 

h . #30832 . D 

|-:ZeRat n .FeRat.3.Z+ J? (F+ ff ZiGnv) = Z+ g (F+,ZjCnv) 
[*308-4-321 .#30622] = (F+ t Z | Cnv) -, Z | Cnv 

[#308-43-32] = F (2) 

h. #308323. #3071 2. D 

hsXeRat.FeRat B .D.Z+,(7+,Z|Cnv) = Z+ ff (F|Cnv+,Z)|Cnv 
[#308-321. #306-22] =Z-,(F|Cnv+ g Z) 

[#308-l7.*307-12] =F (3) 

h.(l).Dh:Z,FeRat n .D.Z|Cav+ ff (F|Cav+ !7 Z|Cnv|Ciiv)=F|Cnv. 
[#308-411] 3 . Zj Cnv + g (Y+ g X\ Cnv) | Cnv = Y\ Cnv. 

[#308-41 2] D . Z + ? ( F + ff Z | Cnv) = F (4) 

K(l).(2).(3).(4).DI-.Prop 

#308-54. h:X,Y€ Rat p . D . ( a Z) . Z e Rat p . Z + p £= F [#308-53-33] 

#308-55. h:.Z, F,ZeRat p . D :Z+^= F. = . Z= F+„Z|Cnv 

Dem. 
I- . #308 53*524 .Dh:Hp.Z+ p Z=F.D. F+ ? £| Cnv = Z (1) 

I- .#308-53-4 . D h : Hp . Y+ g Z\ Cnv-Z . 3.X+ g Z=Y (2) 

K(l).(2).DKProp 

#308-56. h:.I< ff F. = :Ie Rat^ : (gZ) . Ze Rat - t'0 g . Z + P Z = F 

*■ . #306-52 . #308*32 . Z> 

K-.Z< r F. = :ZeRat:(a#).£6Rat-t'0 g .Z+^=F: (1) 

[♦306-52-25] D : Ye Rat : (g£) . Ze Rat- i'O, . Z + p Z= F (2) 

K(2) FlCnv,ZjCnv D 

A, 1 

I- :. Z > n F. D : Z € Rat„ : (gZ) . ZeRat- t'0 9 . F| Cnv + g Z = X\ Cnv : 
[♦308-55412] D : ZeRat„ : i$Z) . ZeRat - 1% . Z + ff Z = F ^3) 

R. *W III. 
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(- . *308-32'53 . #306-23 . D I" : X e Rat n . Ye Rat . D . 

Y + g X | Cn v € Rat - 1'0, . X + s ( Y + g X j Cnv) = Y (4) 
h. (1). (2). (3). (4). (#307-03). D 

b :. X < ff Y .D : X €Rat g ;(RZ) . ZeRzt- i% . X + g Z= Y (5) 

I- . #35-103 . (#307-03) . D h : X e Rat n - t'0, . Fe Rat . D . X <, Y (6) 

I- . #308-5 5 -41 2 . D 

I- : X, Fe Rat» . ZeRat - t<0 9 . X + g Z = Y. D . X | Cnv = Y\ Cnv + g Z . 
[#306-52] D . X > n F (7) 

H.(6).(7).Dt-:.XeRat n :(a^).ZeRat-^0,.X+ !7 Z=F:D.X< ? F(8) 
(- . (1) . (8) . D I- :. X e Rat, : (gZ) . Z<f Rat - t'0 ? . X +^= F: D . X < ff F (9) 
h.(5).(9).Dh.Prop 

#308-561. h:.X<^F. = : Fe Rat,,: (gZ) . ZeRat- i%. X+ g Z = Y 
[#308-56-33] 

#308-57. I- : X <, F. = . X e Rat, . Y+ g X \ Cnv <? Rat - i% . 

= . FeRat,. F+^XlCnveRat-i'Og 
Dem. 

h.*308o5-56-4.D 

(- :. X <, F. = : X e Rat ff : ( a £) . Z<? Rat - i% .Z=Y+ g X.\ Cnv (1) 

h.*308-55-561-4.D 

h :. X < g Y . = : Y e~Rat g : (%Z) . Z e~Rat- i%. Z = F+^XjCnv (2) 

K(l).(2).Dh.Prop 

#3086. h : X, F, Ze Rat . D . (X+, F) + g Z~X + g (Y+ g Z) 
[#30832. #306-22-31] 

#308-601. h : X, F, Z e Rat n . D . (X + ff F) +, Z= X + g (Y+ g Z) 

Dem. 
h. #308-323. #30712 

H : Hp . D . (X -f , F) + ff Z= (X I Cnv +, F| Cnv) j Cnv + g (Z\ Cnv) | Cnv 
[#308-411] = {(X | Cnv + g Y\ Cnv) +, Z\ Cnv} j Cnv 

[#308-6.#306-22] = {X | Cnv + g ( Y\ Cnv +, Z| Cnv)} j Cnv 

[#308-411] = X + ff (F| Cnv + g Z\ Cnv) | Cnv 

[#308-323] = X+ ff (F+,Z):Dh.Prop 

#308-602. (- : X, p, v, p,a,T€ NC ind . p, p, r ~ <? t'O . D . 

(X//* +, y/p) -, ct/t = (X./> -„ <rjr) + g vjp 
Dem. 

h . #308-24 . D I- : Hp . o-fr < r V/* ■ 3 . 

(VM +* v/p) ~, CT/T = {(X X c p X c T) 4 (fji X c J/ X c t) - (|t x c jo x <r)}/V x c p x c t) . 

(V/w -. t/t) + 4 !///> = {(\ x c p x t) - c (/* x c p x c cr) + c (ft x c v x t)}I(/i x c p x c r) (1) 
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h . *30824l . D h : Hp . X/fi +, vjp < r <t/t.D. {Xjfi +, vjp) -, <r/r 

■■= [((A* x o P x c^)~ O x c px c r)- fa x c v x r)}/(ji x c p x c T )] | Cnv . 
(K/fi -, tr/r) + g vjp = [[(ft x t) -, (X X c <r)\j(ji x c r)] j Cnv + g vjp 
[♦308-322-21] 

= [((/* x c /ix e ff)- (X x c /» x t) - (** x c v x t)}/0 x c p x c t)] I Cnv (2) 
h . #308 24241 . D h : Hp . X/^ < r tr/r . <t/t < r X/^ +, */p . D . 
(\/p +, »-/p) -„ «t/t = {(X x c p x c t) + c (p x c y x c T ) - c (ft x c p x c 0")]/(/i x c p x T ) 
(X/fi -, «t/t) +«, v/p = [((a* x c <t) - c (X x c t)}/(^ x c t)] | Cn v + g v/p 
[#308-322 21] = {(X x c p x c T ) + c (fi x v x c t) - (ft x c p x <r)}/(fi x c p x T ) (3) 
h. #308-1 6-1 2. D 

I- : Hp . X//J, - «t/t . D . (X/^ +, v/p) -, (t/t = w/p = (X/fi -, a-fr) + g vjp (4) 

h. #308-1 2-53-1 7. D 

I- : Hp . \/fi + c vjp = <t/t . D . (\//» +, y/p) - s a-JT = O q = (X/fi -, <r/ T ) + tf v/p (5) 
K(l).(2).(3).(4).(5).DI-.Prop 

#308-61. h : X, F,ZeRat . D . (X+<, 7) -,£=(X -,£)+, F 
[*308-602'32] 

#308-62. h:X, F 6 Rat.^eRat n .D.(X+ fr F)+^=X+^(F+ ff Z) 

Ztem. 
(- . #308-33-321 . D h : Hp . D . (X + g Y) + g Z = (X + g Y) - t Z | Cn v 
[#308-4] =(Y+ g X)- s Z\Cnv 

[#308-61] =(Y- g Z\Onv)+ g X 

[#308-4] =X+ g (Y- s Z\Cnv) 

[#308-321] = X+ g (Y+ fl Z):D\-.Frop 

#308 621. (-:X > F e Rat n .Z € Rat.D.(X+ ? F)+^Z=X+ i ,(F4- £ ,Z) 

Z>era. 
*-. #308-62. D 

I" : Hp . D . (A r j Cnv + g Y\ Cnv) + ff ^| Cnv «X j Cnv +, (F| Cnv + ? £| Cnv) . 
[#308411] D . (X +, F) j Cnv + g Z\ Cnv = X j Cnv +, (F+„ Z)| Cnv 
[#308-411] = {X+ ff (F+„£)}|Cnv. 

[#308-41 2] D . (X +, F) + g Z = X + g ( F + ff Z) : 3 h . Prop 

#308-63. K(X+„F)+,£ = X+,(F+,,Z) 
Dem. 
h, #308-6-601 -62-621. D 

t-:X t F,Z e Rat ff .D.(X+ ff F)+,Z=X+,(F+ 3 Z) (1) 

K #308-31-33. D 

h:~(X,F,^ e Rat ( ,)0.{X+< 7 F) + ^=A.X+,(F+ ff Z) = A (2) 

K(l).(2).Dh.Prop 
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•30871. b:X€B*t g .Z< g Z'.3,(X+ g Z)< g {X+ g Z') 
Dem. 
V . #308'57 . D I- : Hp . Z> . Z + g Z\ Cnv eBat- 1% . 
[#30856] D . (X + g Z)< 9 {(X + g Z)+ g (Z+ g Z\ Cnv)} . 

[*308-63-53] D .(X + g Z)< g (X + g Z):3\- . Prop 

•30872. b :(X + g Z)< g (X + g Z) ,~ .X e R*t g . Z< ff Z' 

Bern. 
\-.m&33.3\-:(X+ g Z)< j ,(X+ g Z).D.X,Z,Z'e'Ra.t g (1) 

h . «308-57 . 3 

\-:(X+ Z)< g (X+ g Z').D.{(X+ g Z)+ g (X+ g Z)\Cnv}6Bat-i%. 
[*308-41 1-63*53] D.(Z+ g Z\ Cnv) € Rat - i% (2) 

\-.(l).(2).*W8-57.3b:(X+ g Z)< g (X+ g Z , ).3.Z< g Z (3) 

h. (1). (3). #30871. 3 h. Prop 

#308-8. \-:X,Y € U S Lt g .Xtt n '^Ytt 1 StxeC<H e .l.(X+ g Y)tt w <f Jl ,eC<H (l 
[*308-32321-322-323 . #306-04 . #30826] 

*308'81. h : X, Fe C'ZT, . D . (X + g Y) t t^'CCX e C t R g [#308-8] 



*309. MULTIPLICATION OF GENERALIZED RATIOS. 

Summary of #309. 

The subject of this number is simpler than that of #308, because it 
requires nothing analogous to the consideration of subtraction. The product 
of two generalized ratios is defined as follows : 

#309-01. X x g F=(X x, F) vy (X | Cnv x t Y\ Cnv) 

vy(Xx g FlCnv)|Cnvvy(X|Cnvx,F)jCnv Df 

As in #308, three of the four products concerned in this definition will 
be null in any given case (unless X-Q q or Y—0 q ). Hence 

#30914 I- : X, Y e Rat . } . X x g Y = X x, Y 

#309141. I- : X € Rat . Ye Rat„ . Z) . X x g F= (X x, Y\ Cnv) | Cnv 

#309142. h : Ye Rat . X e Rat n . D . X x g F = (X j Cnv x, Y) \ Cnv 

#309143. (- : X, F e Rat„ . D . X x g F=X | Cnv x g Y\ Cnv 

The propositions of this number are merely generalizations of those of 
#305. The proofs of the formal laws are straightforward, but the proof of the 
distributive law (#309-37) is long, because of the multiplicity of different 
cases. 



#309-01. X x g Y=(X x, F) vy (X | Cnv x 8 Y\ Cnv) 

vy (X x 3 Y\ Cnv) | Cnv vy (X | Cnv x, Y) | Cnv Df 

#3091. I- . X x g F = (X x s F) vy (X | Cnv x, F] Cnv) 

vy (X x, F| Cnv)| Cnv vy (X| Cnv x s F) | Cnv [(#30901)] 

#309101. h : X e Rat - i% . D . X | Cnv x, F= A [#305 2 . #30725] 

#309102. r:XeRat n -t'0 g .:>.Xx, F»A [#3052 . #307-25] 

#30911. hrglXx^F.D.X.FcRat, [*305'2.#3091] 

#30912. r.Xx ff F=Fx,X [#305-11 .#3091] 

#309121. r . X x ff F= X | Cnv x ff F| Cnv 

= (X x g Y\ Cnv) | Cnv = (X | Cnv x g Y) | Cnv [#3091 . #30712] 
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*309122. h . X x, Y\ Cnv = X j Cnv x, Y= (X x g Y) | Cnv 
[#309121. #30712] 

#30913. \-:X,Ye'R&t-i'O q .D.X x g Y=X x,Y [*309 1101 12] 
#309131. h :. X =* 0, . Ye Rat - i% . v . F= 9 . Z e Rat - t'0, : D . 

h. #309101 .D 

h : Z = 0, . Y e Rat - L<Q q . . X x g F= (X x, Y) v (X \ Cnv x s Y) | Cn v . 
[#307-26.*305-22] D . Z x, F=Z x, F=0 g (1) 

h.(l).#309-12.Dh: Y=0 q . ZeRat-t<0 3 . D . Z x g Y=X x, F=0 9 (2) 
h . (1) . (2) . D h . Prop 

*309133. h:Z = 0,.F = 9 .D.Xx,F=Zx,F=0 g 
[#3091 . #307-26 . *305'22] 

#30914. h:Z, Fe Rat. >.Zx,F=Z x,F [#30913131133] 

#309141. I- : Z e Rat . Fe Rat n . D . Z x, F = (Z x, Fj Cnv) | Cnv 
[#30912114] 

#309142. h : Fe Rat . Z e Rat n . D . X x g Y= (Z | Cnv x, F) | Cnv 
[#309-14112] 

#309143. h : Z, F e Rat n . D . Z x, F= Z | Cnv x, F| Cnv [#30914121] 

#30915. h : Z, Fe Rat, . = . Z x g Ye Rat, 
Dem. 
h. #3053. #309141 43. Z> 

I- :. X, Ye Rat . v . X, Ye Rat n : D . Z x, Fe Rat (1) 

h . #305-3 . #309-141142 . D 

h :. Z e Rat . Fe Rat n . v . Z e Rat„ . Ye Rat : D . Z x, Fe Rat n (2) 

h . (1) . (2) . Z> h : Z, Fe Rat, . D . X x g Ye Rat, (3) 

(- . #30372 . (#307-01 -Oil) . D h : X x g Ye Rat, . D . g ! Z x g Y (4) 

h . (4) . #309-11 . D I- : Z x, Fe Rat, . 3 . X, Fe Rat, (5) 

h . (3) . (5) . D h . Prop 

#30916. K(Zx, F)x,Z=Zx,(Fx,£) [#305-41 . #3091] 
#30917. h : Z, F ~ e t'0, w i'qo 9 . D . Z x, F= Cnv'(Z x, F) 

I- .#3091 ,^V.Xx g Y = {Xx t Y) iy (Z | Cnv x, Fj Cnv) 

a (X x 8 Fj Cnv) | Cnv vy (Z j Cnv x„ F) | Cnv (1) 
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h . *305-12 . Z> h : Hp . D . X x, 7= Cnv'(X x, 7) (2) 

I- . #307 22 . D h : X e Rat . D . X | Cnv = Cnv'(X | Cnv) (3) 

h . (3) . Z> h : Ze Rat . X = Z \ Cnv . 3 . X | Cnv = (2 j Cnv) j Cnv 

[#30712] =Z 

[#307-14] = Cnv'(X|Cnv) (4) 

H.(3).(4).Dh:Z€Rat 1 ,.D.Z|Cnv = Ciiv < (ZtCiiv) (5) 

I- . (2) . (5) . Z> h : Hp . X, Y e Rat, . D . 

XjCnvx, 7|Cnv=Cnv*(X|Cnvx,7|Cnv). 

X x, 7] Cnv = Cnv'(X x, Y\ Cnv) . 

1 j Cnv x, 7= Cnv'(X | Cnv x, Y) (6) 

h . (1) . (2) . (6) . #3091 . D h : Hp . X, Y € Rat, . D . X x„ 7= GW(X x ff 7) (7) 

h . #303-13-7 . 3\-:X,YeKa.t g -i'0 q . = .X, FeRat p -t'0 g (8) 

h.(8).*30911.D 

h : ~ (X, 7e Rat,, v t'oo g ) . D . X x g 7 = A . Cnv'(X x„ 7) = A (9) 

K (7). (9).}!-. Prop 

#309-21. h:.X, 7€Rat ff :X = 9 .v. 7=0 ? : = .X x ff 7 = 0, 

Dem. 
h . #309-14-141 . #305-22 . #307"26 . D V : X e Rat, . 7=* 9 . D . X x ff 7= 9 (1) 
h . #309-15 . D h : X x ff 7= g . D . X, 7e Rat, (2) 

f- . (2) . *30914-141-142-143 . #307 '26 . Z> 
\- :. X x, 7= g . D : X x, 7 = 0, . v . X | Cnv x, Y\ Cnv = 0* . 

v . X x g 7 1 Cnv = tf . v . X I Cnv x, 7= 9 : 

[#305-22.*307-26] D : X = g . v . 7= g (3) 

l-.(l).(2).(3).Dh.Prop 

#309*22. h : X, 7e Rat, - 1% . = . X x ff 7 € Rat, - 1% [#30921 . Transp] 

*309-23. h:XeRat ff -t < 9 .D.Xx ( ,X = l/l 
Dem. 

I- . #309-13 . D h : X e Rat - t<0 9 . D . X x„ X = X x, X 

[#305-52] =1/1 (1) 

I- . #309121 . #30722 . 3 h : 7eRat - 1% . X = Y\ Cnv . D . X x ff X = 7 x ff 7 

t(l)] =1/1 (2) 

K(l).(2).I>!-.Prop 

*30924. h:XeRat ( ,.D.Xx tf l/l=X 
Dem. 
h . #309-14 . D h : X e Rat . Z> . X x ff 1/1 = X x, 1/1 

[#305-51] = X (1) 

h. (1). #309-142. D(-:XeRat n .D.Xx ff 1/1 «(X| Cnv) I Cnv 
[♦307-12] =X (2) 

h.(l).(2).DKProp 



312 QUANTITY [PART VI 

*30925. \-i.X,A e Ra,t g .A$O q .D:Xx g A = A'. = .X = A'x g A 
Dem. 

h . *309'23*2416 . Z> h : Hp . D .X = X x g A x g A (1) 

l-.(l). D\-:Kp.Xx g A = A'.D.X = A'x g A (2) 

h . (1) ^^ . *30915 .D\-:Kp.3.A' = A'x g Ax g A (3) 

h.(3). Dh:Hp.X = ^'x ( , J 4.D.Zx ff ^ = ^ / (4) 

K(2).(4).DI-.Prop 

*309'251. b :. X,A' eB&tg. A ^Q q .O : X x g A = A' . = . X = A' x g A 
[*309-2515] 

*309-26. \-:X > Y€~Ra,t g .X^O q .D.(nZ).ZeUa.t g .Xx g Z=Y 
Dem, 

h . *309'25 . D I- : Hp . Z = Y x g X . D . Z x g X = Y (1) 

(- . (1) . *309'1 512. Dh. Prop 

*309 31 h : X t Y e Rat . Z e Rat, .D .(X + g Y) x g Z = (X x g Z)+ g (Y x g Z) 

Dem. 
h.*30832.*30914.D 
h : Hp . ZeU&t . D . (X + g Y) x g Z=(X+ 8 Y) x 3 Z. 

Xx g Z=Xx g Z.Yx g Z = Yx t Z. 
[*306-41] 0.(X+ g Y)x g Z=(Xx g Z)+ g (Yx g Z) (1) 

I- . *309122 . D 

h :Hp. TTeRat .£ = F [Cnv . D . (X+ ff F) x ff £= {(X + g Y) x g W) |Cnv 
[(1)] ={(Zx ff Tr)+ ( ,(Fx ( ,F)}tCnv 

[*308-411.*309122] =(X x g Z)+ g (Yx g Z) (2) 

h . (1) . (2) . D h . Prop 

*309311. h : X, Ye Rat„ . Ze Rat, . D . (X + g Y) x g Z=*(X x g Z)+ g (Y x g Z) 
Dem. 
h.*308-41.*309-122.D 

h : Hp . D . (X + g Y) x g Z = {(X | Cn v + ff Y | Cnv) x ff Z} | Cnv 
[*309-31] = {(X|Cnv x^+^FICnv x g Z)\ j Cnv 

[*309-122.*308-41] =(Ix f Z)+ f (Fx t Z)OK Prop 

*30932. h : (i//p) < r (\/n) . <t/t e Rat . D . 

(A.//* -, vjp) x g <r/r = {((X x p) - (/* x v)) x c <r}/<> x p x c t) 
.Dem. 

h . *308-24 . D h : Hp . D . \//» - f */p = ((\ x c p) - (^ x c v ))/p x e p (1) 

K (1) . *30914 . *305142 . D h . Prop 
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#30933. h : X/p,, v/p, <r/r e Rat . D . 

(X/p, -, v/p) x„ (ct/t) = (>> x g <t/t) -, (v/p x g a- /t) 
Dem. 
h . #30914 . D h : Hp . D . A.//* x g g/t — X/p. x t <r/r . v/p x g <t\t — v/p x, <t/t . 
[#305142] . \/fi x g <t/t = (X x c)j{fi x c t) . v/p x g a/r = (v x e a)/(p x e r) (1 ) 
h. (1). #30824. D 
h : Hp . (v/p) < r (\(fi) . D . (X/p, x g <t/t) -, (v/p x g <t/t) = 

{(X x a) X c (p X t) - c (p. x t) x c (v x a)\j(p x c p x t 2 ) 
[#303-38] = {(X X o- x p) - (p. x c v x <r)\j(p, X p x c t) 

[#309-32] *. (\/^ -, iz/p) x, o-/t (2) 

h.(2).Dh:Hp.(X/^)< r (^).D. 

(WP *</ °"/ T ) -* ( Va* x ff < J 7 T ) = (v/p -» Vm) x ff it/t . 
[#308-21. #309122] D.(\/a* x g <r/T)- 3 (v/p x g a/T) = (X/ fJb - s v/p) x g a/r (3) 
h. #308 12. #3092 l.D 
h : Hp . X/p = v/p . D . (\//u, -, i//p) x g <xJT = g . 

(Xjp, x g tr/r) -, (v/p x g ct/t) = g (4) 

h . (2) . (3) . (4) . D h . Prop 

#309-34. h : X, F,ZeRat . D . (X -„ Y) x g Z = (X x g Z)~ g (Y x g Z) 
[#309-33] 

#309-35. l-:X,ZeRat. F f Rat n . D . (X + g Y) x g Z=(X x g Z)+ g (V x g Z) 

Bern. 
r . #308-321 . D h : Hp . D . X +, F= X - g F | Cnv . 

(Xx g Z)+ g (Yx g Z)=(Xx g Z)- i ,(Y\Cnvx g Z) (1) 
K(l). #309-34. Dr. Prop 

*30936. h:X,£eRat„. Fe Rat . D.(X+ ff 7)x !) Z=(Ix g ^+ g (7x J Z) 

Dem. 
I". #308-41. #309-1 21. D 

^ : Hp . D . X + ff F= (X j Cnv + ff Y\ Cnv) | Cnv . X x g Z= X j Cnv x ff £ j Cnv . 

Yx g Z=Y\Cnvx g Z\Cnv. 
[#309-122] D.(X+ g Y)x g Z = (X\ Cnv + g Y\ Cnv) x ff Z| Cnv . 

(Xx g Z)+ g (Yx g Z) = (X\Cnvx g Z\Cnv)+ g (Y\Cnvx g Z\Cnv) (1) 
K(l). #309-35. Dr. Prop 

*309-361. h : Xe Rat ff . Fe Rat n . Ze Rat . Z> . 

(X+ g Y) x g Z=(X x g Z)+ g (Yx g Z) [#309-311-36] 

21 
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#309362. \-:X,Z€Ra,t g .YeRa.t n .3.(X+ g Y)x g Z = (Xx g £)+ g (Yx g Z) 

Bern. 
h.*309'122.*308'41.D 
\-.(X+ g F) x g Z = {(X+ g Y) x g Z\Cvv] jCnv. 

(Xx,Z)+ 9 (Yx 8 Z)={{Xx g Z\Cnv)+ 9 (Yx 9 Z\Gt*)\\Gnv (1) 

h. #309-361.3 
I- : Hp . Z € Rat n . 3 . (X + g Y) x g Z\Cnv 

= (Xx g Z\Cuv)+ g (Yx g Z\Cnv) (2) 

\-.(l).(2).D\-:U V .Z € R^ n .^.(X+ g Y)x g Z = (Xx g Z)+ g (Yx g Z) (3) 
I- . (3) . #309361 . D h . Prop 

#309-363. \-:X,Y,ZeRa,t g .^.{X+ g Y)x g Z=(Xx g Z)+ g (Yx a Z) 

Dent. 
h.*309-35*12.*308-4.D 

h: Y,Z € R*t.XeRa.t n .D.(X+ g Y)x g Z = (Xx g Z)+ g (Yx g Z) (1) 

I- . #309-36 . D 

h: 7«Rat.Z,ZeRat n .D.(Z+ ff F)x,^ = (Zx fl ^)+,(Fx ff Z) (2) 

h.(l).(2).D 

\-:X € RsLt n .YeRa.t.Z<:Ra.t g .D.(X+ g Y)x g Z=(Xx g Z)+ g (Yx g Z) (3) 
I- . (3) . #309-31 . D 

h : Z e Rat p . Ye Rat . £e Rat 5 ,D.(X+ g Y) x g Z = {X x g Z) + g {Y x g Z) (4) 
h . (4) . *309-362 . D h . Prop 

#309-37. h . (Z + tf F) x g Z = (Z x ff Z) +!7 ( F x ff £) 
[*309-36311-15 .#308-31-33] 

#309-41. V:.A € R&t-i%.^'.(A x g X) < g Y . = . X < g {Y x g A) 

Dem. 
V . #308-56 . Z> I- :. (A x g X)< g F. = : 

4 x ff ZeRat ff :(a^).^eRat-t*0 9 .(il x g X)+ g Z=Y (1)' 
I- . (1) . *309-15 . D h :: Hp . Z> :. (4 x ff Z)< 5 F. = : 

Z e Rat„ : (gZ) . Ze Rat - l% . (4 x g X)+ g Z= F: 
[*309-25-37-23-24] 3 : Z e Rat ff : (ftZ) . Ze Rat - t'0 9 . Z +„(# x„4) = F x„ 4 : 
[*305-31.*309-13] D : ZeRat^ : (gZ) . Z' e Rat - t<0 9 . X + g Z'=Yx g l: 
[#308-56] D:Z< 5 (Fx ff I) (2) 

Similarly fc :. Hp . 3 : Z < ff (Fx ff A) . D . (4 x g X)< g Y (3) 

h. (2>.(3).3 l-.Prop 
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*309-42. \-uAe Rat n - i% .3:(Ax g X)< g Y. = .(Yx g A)< g X 
Dem. 
h.*307'4,*309122.D 

I- :. Hp . D : (A x g X)< g F. = . (Y\ Cnv) < g (A ) Cnv x g X) . 
[*309-41.*307'22] a . (F | Cnv x g A | Cnv) < ff Z . 

[*309121] =.(Fx p 2)< ff Z:.DI~.Prop 

*309-5. h : X, Fe Rat p . X C *uV, F t ^V € C"# p . D . (X x g F) £ t^p e C'tf ff 
[*3091414ri42143 . *30526] 

*309-51. b:X,Ye C'H g . D . (X x g F) £ t^'CCX e C'H g [*3095] 



*310. THE SERIES OF REAL NUMBERS. 

Summary of *310. 

Real numbers, as opposed to ratios, are required primarily in order to 

obtain a Dedekindian series, so as to secure limits to sets of rationals having 

no rational limit. If rationals and irrationals are to form one series, it is 

necessary to give some definition of " rationals " other than " ratios," since 

the series of ratios (assuming the axiom of infinity) is not Dedekindian, and 

is not part of any arithmetically definable Dedekindian series. But in virtue 

of the propositions of *212, the series of segments of the series of ratios, 

i.e. the series s'H, is Dedekindian, and this series contains a series, namely 

— >. 

H>H t which is ordinally similar to H. Thus the properties which we desire 

real numbers to have will result if we identify them* with segments of H, 

— > 
and give the name "rational real numbers" to segments of the form H'X, 

i.e. to segments which have ratios as limits. Thus H'X is the rational real 
number corresponding to the ratio X, and a real number in general is of the 
form H"\t where X is a class of ratios. H li X will be irrational when \ has 
no limit or maximum in H. 

Since real numbers involve classes of ratios, the ratios concerned must be 
of some one type, and cannot be typically indefinite. Thus, as might be 
expected, hardly any of the properties of real numbers can be proved without 
assuming the axiom of infinity. In the present number, however, we shall 
be mainly concerned with just those few simple properties which are inde- 
pendent of the axiom of infinity. 

The series s'H, by which real numbers are to be defined, has both a 
beginning and an end, namely A and T>'H (which = C'H if the axiom of 
infinity holds). D'if will be infinity among real numbers. It is not con- 
venient to include it in the series of real numbers as defined, just as it was 
not convenient to include qo q in the series H, or H'. Again A is not 
naturally to be taken as the zero of real numbers, which should rather be 
taken as being i'0 q . Thus we are led to the two following definitions, in 
which © is the series of positive real numbers other than zero and infinity, 

* On this definition of real numbers, cf. Principles of Mathematics, Chap. xxsm. 
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while <*)' is the series of zero and the positive real numbers other than 
infinity : 

#310-01. & = (? t H)t(-t'A-i<D t H) Df 
#310011. @' = i'0 ? «f 8 Df 

These notations are framed on the analogy of H and H' , the letter ® 
being chosen to suggest 8, the relation-number of the continuum. Although 
we do not have Nr'©=0, we have NrV-ff=#, and therefore (#310'15) 
i -j- Nr'©+ i = 0, and Nr r ©' + i = d (assuming the axiom of infinity). Thus 
the relation-number of % is simply that of a 6 with the ends cut off. 

We put further, on the analogy of H n , H gt 
#310 02. 6 rt = (s'H n ) t (- t'A - i'T>'H n ) Df 
#310021. e' n = t'0 ? «f @ n Df 

*3ioo3. e^S^e' Df 

Thus ® n is the series of negative real numbers, @' n the series of zero and 
the negative real numbers, © ? the series of negative and positive real numbers 
including zero (infinity always excluded). The class of positive real numbers 
is C'0, of negative real numbers G'® n , of all real numbers (excluding infinity) 
O® yj i'i f 9 u C'0 n . If v is a positive real number, \Gtxv"v is the corre- 
sponding negative real number (#31016), The properties of %, © n , ®g i Q 
respect of limits, continuity, etc., result from the properties of 6 as proved in 
#275, and from the properties of series of segments as proved in #212. 

Instead of taking the series of segments as constituting the real numbers, 
it is possible to take the series of their relational sums, i.e. s>6. This 
depends on the fact that s'@smor@ (*310 , 33). The chief advantage of 
S'@ is that it is of the same type as the series of ratios. We shall show in 
#314 how to construct the arithmetic of real numbers defined as the relational 
sums of segments; until then, we shall regard real numbers as segments of 
the series of ratios. 



#31001. ® = (s'H)t(~L t A-i<I)<H) Df 

#310011. ®' = i'0 9 «f© Df 

#31002. ® n ={s<H n )t(-c<A-i<D<H n ) Df 

#310021. ®' M = t'0 g «f ©„ Df 

*3ioo3. e p =@ n £e Df 

#3101. r- . ®, &, 6 nj ®' n , B 3 e Ser [#30423 . #307-41 25 . *204"5 . #212-31] 
#31011. h : fiSv . = .p,ve T>'H e - t'A - t'D'H ./iCv./i + i*. 

= . p, v e \> i H e ■ a i fi ■ a i D'jff - v • a i v - p. . 

= .fx,ve D V H n (I V# .pCv.p^v 
[#212-23-132 . #211-61 . (#31001)] 
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#310111. H : /*©»* . = .fi,ve D'(fl»)e - t'A - t'D'F„ ./»C»./*^. 

= .fx,ve D Vfl» n a<<;'H n .fiCv.fi^v [(#310-02)] 

>_/ 
#310112. h :. fi% g v . = : p.% n v . v . ^8v . v . 

fL e C'S n . v e i'i% y^'e.v.^ i% .veC'% [(#31003)] 

#310113. I- :. fi&v , = '.ii= L'Q q .veC*®.v.p&v [(#310011)] 

#310114. V :. fxWnV . = : p = i% . v e C'® n • v . /*©»* [(*310'021)] 

#31012. h . C® = T>'s'H n d's'H - D'# e - i'A - t'D'i/ . 

6"® n = D V#* ft (IV#» = D'(ff„) 6 - t'A - i'D r # n [#212132] 

#310121. h.CeC CI ex'D'tf . C'® n C CI ex'D'ir n [#31012] 

*3io 122. i-iais.s.aie.s.aie'.s.aie^.s.gie^.s.aiej 

[#21214. #16113. #304 27] 

#310123. h : a ! 3 . D . C* r 0' = t'i'O g w C"@ . C'@' n = tVO g u C"® n . 

C"@ ff = C'Bn w iVO, w C® [#310122 . #16114] 

#31013. h . c r e n c®„ = a . *'C® n *'C*® n = a 

Dem. 
h . #31011111 . D F : fi e C® . v e C«© n . D . /* C D<# . i» C D'#„ . a ! /i . a ! v . 
[#307-25] D./i^./in^AOI-.Prop 

#310131. h.t'0,~eC ( 6yC ( @ n [#304-282] 

#31014. I- . ® n smor ® [#21272 . *307'41] 

#31015. h : Infin ax . D . ' +> C'ff , ® '„ +> C'H n , C l H n <f ® ff +> C"# e 
[#304-33 . #31014 . #275'21] 

#310-151. I- : Infin ax . D . ®', ®' B e Ser r» comp n serai Ded 
[#310-15 . #2751 . #271-18 . #214-74] 

#31016. b:v€C'®. = .\Cnv"veC'® n [#31012 . (#30704)] 

#31017. h . 1 Cnv"| Cnv"j> = v [#307-12] 

#31018. h:/t = ICnv'V. = .v = |Cnv"A* [#31017] 

#31019. h:^ = y. = .|Cnv"^=»|Cnv"i> [#31017] 

#31031. h/teC'Bu C ® n . D . a ! (i V) D Rel uu ra [*304-5 . #310121] 
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#310 32. h :. fi, v e C'% g . D : i'/* = s'v . = . /t = v 

Bern. 
f- . *31031 . #303-62 . 3 
F:/ieC'@u C'® n . v = i% . D . g ! (s'/t) fc Rel tiura . ~ g ! («'i») £ Rel num . 

3.5^ + ^ (1) 

I- . #3101 2-31 . #307-25 . D f- : p e C'% . v e C'B n . 3 . *V * *'» (2) 

1- . #310-11 . D I- :. fx%v . 3 : a ! v - p : 

[#310-121] ?:('3U>,<r)''Pl<r*»'-Z/veH''*t„-iH>¥pl<r-- 
[#303-52] l:(Rp,<r,R l S):pl<rcv.R(pfo)Sitf V ep,.l ti i.~{R(y 1 ,)S} i 

[#41-11] O-.Rls'v-s'fi (3) 

I- . (3) . #310-1 .D\-:/i,veC l ®.iA^v.D.s'fx$s'v (4) 

Similarly u : p, v e C'& n . ^={= *» ■ ^ • s'/x^s'v (5) 

F . (1) . (2) . (4) . (5) . D h :. Hp . D : p =f v . Z) . *V +s'f ( 6 ) 
I- . (6) . Transp . D f- . Prop 

#310-33. h.i»©smore.s'0„smor0 n .*J© ff 8mor® ff [#310-32] 



*311. ADDITION OF CONCORDANT REAL NUMBERS. 

Summary of #311. 

We define a set of real numbers as concordant when all are positive 
or zero, or all are negative or zero, i.e. when all belong to C f W or all belong 
to C l ®' n . Given two concordant real numbers (i and v, we define the sum of 
p, and v as the class of sums, in the sense of #308, of a member of fi and a 
member of v, i.e. as 

W{(RM,N).Meti.Nev. W=M+ g N} t 

i.e. as s'^+^'v, in virtue of #4(V7. It is easy to prove that, assuming the 
tr 

axiom of infinity, the sum so defined has the properties we require of a sum. 
We denote the sum so defined by " fx + p v." In order to insure that p+ p v 
shall be A unless fx, v are concordant real numbers, we put 

#311-02. fi+ p v = X {concord (/*, v) . X e s'p + g "v\ Df 

Thus if /J,, v are concordant real numbers, n + p v = s'/j. + g "v (*311"11) ; if 

not, fj,+ p v = A (#3iri). A definition of addition which applies to real 
numbers of opposite sign will be given in #312. 

The commutative and associative laws for + p (#311"12'121) follow at 
once from the corresponding laws for + g . Assuming the axiom of infinity, 
we prove without much difficulty that the sum of two positive real numbers 
is a positive real number (#311'27), and the sum of two negative real 
numbers is a negative real number (*311'42). In these proofs, when propo- 
sitions of previous numbers involving "Rat " are used, " Rat" is replaced by 
C'H ' and " Rat - i%" by C'H. This is legitimate in virtue of #304-49"34. 
In #311 511 we prove (assuming the axiom of infinity) that if f is a positive 
real number, and Y is any positive ratio, however small, there are members 
X of £ such that Y + g X is not a member of f, i.e. given any positive real 
number, there are rationals differing from it by less than any assigned positive 
rational. This proposition is useful, and is used in proving that if £, i) are 
positive real numbers, each is less than f + p r) (#3 11 "52). The converse of this 
proposition, i.e. the proposition that, if /*©i>, there is a positive real number 
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X such that v = fx+ p \, is proved in #311-621-64, after a considerable amount 
of work. Thus we have 

#311-65. h : : Infin ax . D : . jjBv . = :/*, v e G l % : ($\) . X e C l % . v = fx + p X 

We have, of course, a corresponding proposition for 6 n (#311*66). From 
#311 "65 we deduce without difficulty that if /x is less than v (/x, v being 
positive real numbers), then X+ P ft is less than X + p v (X being a positive 
real number), i.e. 

#311'73. h : Infin ax . X e C"0 . fi®p . D . (X + p p) % (X + p r) 

whence (with the corresponding proposition for @ n ) we deduce 

#311'75. I- :. Infin ax . concord (X, ft) . D : X + p (x = X + p v . = . /x = v 
which secures the uniqueness of subtraction. 



#311-01. concord(fi > v,...). = :ix,v,...eC<®'.v.ti > v,...€C'®' n Df 

#311-02. f*+ p v = X {concord (fi,v).Xes'fx+g"v} Df 

#311-1. f- : ~ concord (ft, v) . D . /x + p v = A [(*31V02)] 

*311'11. V : concord (/x, v) . D . 

[(#311-02)] 

#31112. h./i+^ = y+^ [*311-1-11. #3084] 

#311-121. h . (X + p ft) + p v = X +, (ft + p v) [#311-111 . #308-63] 

#311-13. h : concord (/x, v) . = . concord (| Cnv"/u> I Cnv"y) 
[#310*16. (#311-01)] 

#311-14. h : concord (/*, | Cnv"*) . = . concord (| Cnv'V.") [#311-13. #310-17] 

#31115. h : concord (ft, | Cnv"v) . D . ~ concord (/x, v) [#3101316] 

#311-2. F : Infin ax . £ C O'-ff . X e C'H . Z) . X + g "H"£ = H"X + g "% n %X 

Dem. 
V . #308-72 . #304-34-401 . D f- :. Hp . D : Fe X + g "H"% . = . 

(&Z,Z') . Z' e % . Z e C'H . Y= X + g Z .(X + g Z) H(X + g Z') . 
[•37-6] =.(a^7')^eC^.F=I+^.r f I +,"* . YHY' . 
[#306-52] = . Ye H"X+ g "Z.XHY :. D h . Prop 

#311-21. H : Infin ax . f C C"# . a ! f . X e C"# . D . #*<X C # "X +/'£ 
Dem. 

h . #306-52 . #304401 . D h :. Hp . D : 7e£. D . Xtf(X + y F) : 
[*40-51"61] D : X eH"X + g "£ (1) 

h . (1) . #304-23 . D h . Prop 
e. & w. in. 
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#31122. h : Infin ax . £ C C'H . 3 ! f . X € C'H . D . 

#«X +/'£ = /? # 'Z w Z +/'#"£ 

h.#304-23.Dr.#"ZV'£=(#"^V'£ rt #*' Z ) w (#" Z V'^# rX ) (!) 
h.(l).*311"2-21.DH.Prop 

#311-23. h : Infin ax . £ e C® . X e C'H . D . H"X + g "£ = H*'X w Z + g "H"£ 
[#311-22 . #310-12] 

*31124. h :. Infin ax. £eC"©. FeC'/r.D: 

(a^.zjrr. f^v^ : Y eS 'g+ g "H'Y 

Dem. 
h . #304-31 . 3 h : Hp . Z) . ( a F) . W € £ . F//F. 
[#306-52] 3.(3^ W). TTe£.^^F.F=^+ s }f:Dh.Prop 

#311-25. r : Intin ax . £ q e C'6 . D . £ C £ + p y . 77 C £ + p v 
Dem. 

h. #310-12. Dh:Hp. Fe^.D.^FC^. 

[#311-24] D.Yes'%+ g " v (1) 

I-. (1). #311-11. D I- iHp.D.iyCf+j,*; (2) 

f-.(2).*31112.DI-:Hp.:).£C£+ p 77 (3) 

I- . (2) . (3) . D r . Prop 

#311-26. h : Infin ax . £ v c C® . D . #"(f + p »j) = £ + p 17 
Dew. 

r. #311-23. 1) ri.Hp.Z): Ye V . D . H"(£+ g Y) = H*'Yv(H"!;)+ g Y: 
[«311-11.#3 1012] D : H"{%+ pV ) = H*'< v w (£+„?;) 
[*3U-25.*310-12] =£+ p 7;:.:>h.Prop 

#31127. h : Infin ax . £ 77 e C® . Z> . £ + p y e C© 
Dem. 

h . #311-25 . #310-12 . D h- : Hp . D . 3 ! f +, 17 • 

[*311-26.*310-12] D.^+^eCeu t<D'# (1) 

h. #31012. #211 703. D 

h : Hp . D . ( a Jf, N).M t Ne B'H . itf e 2)'#"£ ■ N ep'^H'^ . 

[*308'32-72.*306-23] D . (3 Jf , JV) . Hf +, JV ep< #"(£ + p 77) n D<# (2) 

h . (2) . #200-5 . D h : Hp . D . £ + p v 4= D'# (3) 

h . (1) . (3) . D f- . Prop 

The axiom of infinity is essential to the truth of the above proposition, for 
if it fails we have E ! B'H . B'H ~e%+ p v, while p e C® .. D . B'H e p. 
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#311-31. h • i Cnv%i + p v) = (| Cnv"/x) + p (|Cnv"„) 
Dem. 
h . #311131 . Z) 

h : ~ concord (/t, v) O . | Cnv'V +p v ) - A. • (| Cnv"/i) + P (I Cnv"i>) = A (1) 
I- . #3111311 . D h : concord (/*, ») . D . j Cnv"(/z + p v) = \ Cnv'V^ +,"„ 

[#308-411] = s'(|Cnv'V)V'(l° nv " 1 ') " (2) 

h.(l).(2)Oh.Prop 

*31132. h . | Cnv"<> + p | Cnv'V) = (| Cnv V) + p v [#311*31 . #3101 7] 

#311-33. f-.^+ py = |Cnv"{(|Cnv'V)+p(iCnv r S)} [#311-31 .#310-18] 

#311-41. I- : Infin ax.jLt,ye C'@ n .D./iC/i+ J) y.yC i n+j ) v 
Dem. 
h . #311-25 . #31016 O h : Hp O . | Cnv"/* C ([ Cnv"/*)+i.(l Cnv"^ . 
[*311'33.*31017'] D./xC/A+pi/ (1) 

Similarly h : Hp O . v C ^ + p */ (2) 

h . (1) . (2) O h . Prop 

#31142. h : Infin ax./i.ye C'% n . D . /* + p v e C'@„ 
Dem. 

h . *311'27 . #31016 O h : Hp O . (| Cnv"yu) + p ([ Cnv" v ) e C<® . 
[*311-33.*31016] D . fi + p v e C'% n Oh. Prop 

#311-43. h : ^ e C'@ ff O . /i + p l'% = p 
Dem. 

b .mill .It :H.p .3 . fi+ p i%= W {(%M) . M efi. W=M+ g Q q } 
[#308-51] = /*Oh.Prop 

#311-44. h : Infin ax . concord (/*, v) O . /* + p v e C'® g [*311-27-42'43] 

*311'45. h :. Infin ax . concord (p t v) : /x 4= t'0 g . v . v — t'0 q O . fi C //. + p v 
[#311-25-41-43] 

#311-51. h:Infinax.£eD^ffe-t<A.FeC<tf.FV r fC^-HC'#= D '# 

Z)gm. 
h.*38130h:Hp.Xe£0. Y+ g Xe%. 

[#306-52] D.Fe£ (1) 

h . #30651 . D 

h:Hp.ifeNGind.Zef.F+,(i'/lx - Z)efO.F+,{(ip+ e l)/l.x,Z}ef (2) 
h . (1) . (2) . Induct O h : Hp . r e NC ind . Z e £ O . F+ ff (i//l x, Z) e £ (3) 
h. #3057. #306-52 

h:Hp.Zef.ZeC-ffO.(av). ve NCiiid.Zfl'{r+ ff (p/lx,Z)} (4) 

h . (3) . (4) O h : Hp . Ze C'H. D.ZefOh. Prop 
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*311'511. h:Infinax.f eC<®. Fe C'H . D . (gA r ) . Xe£. Y+ g X ~ef 
[*311'51 . Transp] 

#31152. h : Infin ax . %, v e C® . D . £@ (f + p v) 
Bern. 
V . *311'511 . D h :. Hp . D : Ye C'H . D . ( a X) .lef .I+J-ff: 
[#311-11] D:( a X,K).X +^6 (£+,!»)-£: 

[*310-H.#3H-27] 3:fB(|+^):.DI-. Prop 

#311-53. h : Infin ax . £ 7? e C"6 n . D . f ® n (£ + p if) [#311-52-33] 

*311'56. h :. Infin ax . £ e C"@ ? .D:|=|+ p ^. = .^ = i'0 g [*3iri-43o2-53] 

#311-57. I- :: Infin ax . D :. £ = £+ p ?; . = : ? « A . v ^eC'® r ^ = £ f ? 
[*311-561] 

#311-58. r- : Infin ax. /AeC'6. }./* = #"/* [*304"3 . #270*31] 

*311"6. r : Infin ax . ^ . X, F e v - p . XHY . M e p . D . M + g ( Y -, X) e 1/ 

Dem. 

F . *310-11 . 3 h : Hp . D . M#X . 

[*308-42'72] 3.{M+ g (Y- g X)\HY (1) 

h . (1) . #311-58 . D h . Prop 

*311*61. h : Infin ax . p^v . 

\ = Z[(vX,Y).X t Yev- t i.XHY.L-Y- t X}.'}. 
sW'^y [*311'6] 

#311-62 h : Infin ax . ^©r .lep-^.D.^F). Fei/-^.X.ffF 

1- . #311-58 . Z) h : Hp . D . X e #"* - ff'V* : D I- . Prop 
#311621. h:Hp*31161.:>.\fO"e 

h. #311-62. D(-:Hp.D.g!\ (1) 

h . #30846 . D h : Hp . Z) . \ C H"v (2) 

h. #311-62. Dr:Hp.X, F€r- /i .X J ffF.D.(a^).Zei/- /i . F#Z. 
[#308-42-72] ^.{^Z).Zev-p.{Y~ t X)H{Z~ g X) (3) 

r-.(3).*37'l.Dh:Hp.D.\C/f"\ (4) 

h . *308-56-4272 . D 

V\JLv.X t Ycv-iL.XHY~LH{Y- t X),'5*XH{X+ 9 L).(X+ g L)HY. 
[#31011. #308-43] D . Z e X (5) 

h. (5). #37-1. D|-:Hp.:>.#"\CA. (6) 

h . (1) . (2) . (4) . (6) . D r : Hp . D . X e ~D l H e - i'A - i'~D'H . 
[#310-12] D . X e C'@ : D h . Prop 
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*3H-63. V : Infin ax . v e G l % . X e v . Nt C'H . J . (gX) . LHN . X 4- ff X e „ 

Bern. 
V . #311-58 . D h : Hp . D . ( a F) . Ye v . XHY (1) 

h . *308-42 . D I- : Hp. Yev.XHY.Z = F-,X .ZHN .l.ZHN.X+ g Zev (2) 
h.*308'42-72.D 

\- iB.?. Ye v. XHY.Z=Y- S X.NH*Z. LHN. D. LHN. X+ g Lev (3) 
h. (3). #311-58. D 

h:Hp. Yev.XHY.Z=Y- X . NH*Z .3 .(<a_L) . LHN .X + g Lev (4) 
h . (1) . (2) . (4) . D h . Prop 

#311-631. h : Infin ax . fx% v . JV e /* . D . 

(<3 L M,X > Y).M6(i.X,Y ev -i J ,.XHY.N=M+ g (Y- l X) 
Dem. 

K #31 1-58. #308-7 2. D 

h:Hp.Xei/- /i .X#tf.X+ ff X<?i>.F=X+ ff X.4f = ir- i ,X.:). 

ilfe /i .X,Fe„- /i .X#F.i\r=Jlf+ ff (7-,X) (1) 
h.(l). #311-63. Dh. Prop 

*311'632. h : Infin ax . fi®v .Nev-fi.3. 

(^M,W).Me f i.M+ g W,N+ g Wev- Ml .(M+ g W)H(N+ g W) 
Dem. 
h. *306'52. #311 -63-58. Dh:Hp.D.(aF). W eC'H.N+ g Wev- p (1) 
h. #311-511. Z) I- :n^.WeC t H.O.(^M).Me f j l . M + g W~ep (2) 

h . #31 1-58 . ^h-.B.p.Mefi.Nev-fi.WeCH.^. MHN .WeC'H. 
[#308-72] D . (M+ g W) H{N+ g W) (3) 

I- .(3) . #311-58 . D h : Hp(3) . N+ g Wev . D . M+ g We v (4) 

h.(2).(4).D 
HiHp.TreC^.^+plf ev-/A.D.(aif).Me^.M+ ? Fer-^ (5) 

H.(l).(3).(5).^h.Prop 

#311-633. h : Infin ax . fi®v .Nev.D. 

(RM ) X,Y).Men.X,Yev-fi.XHY.N = M+ g (Y- l X) 

Dem. 
r . *3086l-4-63 . 2 
J-:Hp.ilfXri^.Z = i/+ ff F.F=iV+ 1 ,F.3.iVr=iJf+ ? (F-,.X) (1) 

H . #31 1-632 . #308-72 .DF:Hp.iV~e^.D. (gM, TT, X, Y) . 

Men.X = M+ g W.Y=N+ g W.XHY.MHN.X,Yev-ti (2) 

h.(l).(2).DI-:Hp.iV n ~€ /i .D. 

(zM,X,Y).Me/j,.X > Yev- fJ L.XHY.N=M+ g (Y-,X) (3) 

H. (3). #311 -631. Dh. Prop 
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#31164. h:Hp*311-61.D. * = /*+*>. 
Dem. 

h.#311'633.:>.i>Csy+" x W 

h . (1) . *311-621-61 O I- : Hp . D . X e C<© . v = s'p +/'X . 
[#31111] D.i/ = /*+pX:Dh.Prop 

*31165. b :: Infin ax . 3 :./*©!> . h : /*, i/ e C?'8 : (gX) . Xe C*« . v = /* +*X 

[*311*52-64] 
#311-66. h :: Infin ax. D:. /*©»!/. sr^i/eCe.rCaX).^ e <7'e n .v = ^+ J ,X 

h . #31011111 .31-: /iB M i/ . = . (| Cnv» © (| Cnv"v) (1) 

h. (1). #31165. Dh::Hp.D:. 

^©n* ■ = : I Cnv* V € 0»e : (gX) . X e C© . I Cnv"v = | Cnv' V + p X : 
[*311-32.*310-16'19] s:/ie C*e n : (gX) . X e C"© n .v = /i+^::3h. Prop 

#31173. h : Infin ax . X e C© . /i©j> . D . (X +p /*) © (X +* v) 
J5em. 

h . #311-65 . D b : ftp. D . (gp) .peC'e.v = p+ p p . 
[*3iri21] D.(gp).p € C"©.X+ l ,i/ = (X4 >/t )+ 1 , i o (1) 

K #311-27. DhrHp.D.X+^X-b^C'© (2) 

K (1). (2). #311-65. DK Prop 

#311-731. h : Infin ax . X e C"© n . /x© n * . D . (X + P /*) ©« (X +,, v) [#311-73] 

#311-74. h :. Infin ax : X,/t e (7'B . * . X, /i e C"©„ : D : X + p p. - X + P v . == . /n = v 
Dem. 

h.*311'27'l. Dh:X ) ^fC'0.X+^ = X+ i ,i;.D,veC ( (1) 

b . #31173 . Transp . D h : Hp (1) . D . ~ (p,®v) . ~ (*©/*) (2) 

h.(l).(2).*310-l. DI-:Hp(l).D.^ = v (3) 

Similarly b :\ ) p,eC'® n .\+ p p,= X-i^i/. D .p — v (4) 

h.(3).(4).Dh.Prop 

#311*75. I- :. Infin ax . concord (X, p) . D : X + p p = X + P v . = . /* = v 
[#311-74-43] 



*312. ALGEBRAIC ADDITION OF REAL NUMBERS. 

Summary of *31 2. 

In this number we extend the definition of addition so as to apply to real 
numbers of opposite sign. As in #308, this requires a previous definition of 
subtraction. We define subtraction as follows: If there is a X. such that 
v +p X = ft, then /* — p v is X ; if there is a X such that fi + p X = v, then fi — p v is 
jCnv"X, i.e. the negative of X; in any other case, ft— p v~A. The formal 
definition is : 

#31201. /i-,v = l{(g[X):X,/*,i/€C?'® p : 

v+ p \ = ft.XeX.v . ft + p \ = v.X e\Cnv"\} Df 

Hence assuming the axiom of infinity we have 

v (© w 8») ft . D . ft - p v = (iX) (v + p X - ^ (#31218), 

Ai(© w e n )i/ . D . a* - p v = (?X) (a* 4> I Cnv"X = i>) (#312-181), 

\eC'® g .D.\- p \ = i% (#312-191). 

The algebraic sum of ft and v is defined as ft+ p v if a* an d y are °f ^ e 
same sign, and as p — p | Cnv"V if ft and v are of opposite signs ; i.e. we put 

#312-02. (t+aV = (fi+pv)\j(fi- p \Cnv"v) Df 

This definition is justified because either ft+ p v or a* - P I Cnv"v must 
always be A. Thus we have 

#31232. h : concord (a*, v) . 3 . ft + a v = fi + p v 

#312*33. t- : o*. concord (ft, v) . D . ft + a v = ft — p | Cnv"v 

The propositions proved are analogous to those of previous numbers, and 
.offer no difficulty. 



#31201. p- p v = X{fa\):\,/A,veC'& g i 

v+ p \ = ft.X c\.v./j,+ p \ = v.X e I Cnv"X} Df 

#31202. fi+ a v = (ii+ p v)v(ft- p \Cnv"v) Df 
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#3121. h :. X e p- p v .= : frve&Qe-.itfk) :\eC'® g : 

v+ p \ = fi.Xe\.v.n+ p \ = v.Xe\Cnv<*\ [(#311-01)] 

*31211. l-:^concord(^v).D./i- J ,v = A [#3111 27"42'43] 
#312 12. I- : Infin ax . vSfi . D . 

p- p v = X (faX) .XeC'®.v+ p \ = n.Xe\} = (1\) (v+ p X = p) 
Dem. 

K*311T65. Dl-:Hp.D.^(aX). / *+ p \ = v (1) 

K(l).*3121. D\-:Hp.D. /J ,- pV = X{(tik).\eC'®.v+ p \ = M ,.X6\} (2) 
I- . (2) . *311-74 . D h . Prop 

#31213. h : Infin ax . f&v . . 

fi- p v = X {faX) . X e C'8 . fj. + p \ = v . X e| Cnv"X} 

«|Cnv"(?X)(/i+j»X = i/) [Proof as in #31212] 

#31214. h : Infin ax . v® nf i . D . 

Ijl- p v = X (fax) . X e C"0„ .v+ p \ = fM.Xe\} 

= (i\)(v+ p \ = fi) [Proof as in #31212] 

#31215. t-:Infinax./i8 n v .D. 

fi - p v = X (faX) . X e C'@ n • /* + P X = v . X e j Cnv"X} 
= ICnv"OX)(/i+pX = i/) [Proof as in #31212] 

*31216. \-: M ,€C t ®g.D. f i- p L'Q q = fi [#3121 .#311-43] 

#31217. \-ipeC t Gg.3.i t q - p ft,**\Cnv" f i [#3121 . #311-43] 
#31218. b:h\ftnax.v(®v8 a )/t.D.it- p v = (i\)(y+p\ = it) [#3121214] 
#312181. I- : Infin ax . /* (© u ©„) * . D . p - p v = | Cnv"(?X) (/* + p X = i/) 

= (iX)0*+j,|Cnv"\=v) [#312-1315] 
#31219. I- : Infin ax . concord (X, /*) . D . (X H> /*) — p X = /* 

[#31218. #31 1656G-43] 
#312191. h : Infin ax . X e C'% . D . X - p X = i'O, [*31 15253-43] 
*312'2. h . | Cnv"^ - p v) = \ Cav"/* -, j Cnv"* 

Dew. 
K*3121 .#31016.3 
r-:.Xej Cnv'V - p | Cnv"i/ .= :/*, v e C'B y : 

faX) : X e C'@ ff : j Cnv"v + p X = | Cnv'V . X eX . v . 

| Cnv'V + P X = | Cnv"y . X e | Cnv"X : 
[#31132] = :^ve C'® g : fax) : X e C"© 3 : 

v + p j Cnv"X = /*.JTeX.v./*+p| Cnv"X = v . X e | Cnv"X : 
[#3121 . #31016]= : Xe j Cnv%* ->*0 - => •" • Prop 
#312-201. H . /i -j, | Cnv'V = | Cnv"(| Cnv'V - p v ) [#3122] 



SECTION A] ALGEBRAIC ADDITION OF REAL NUMBERS 329 

#312 21. \-.\Cnv"(v- p p) = !i- p :; 

Dem. 
\- . #3121 . D h :: X € 1 Cnv"(i/ - p p) . = :. (gF) :. ^ ve C'® g :\ 

(g\) : X e C l % 9 : p + p X = v . Ye X . X = F | Cnv . v . 

J /+ p X = /i . Fe)Cnv"X.X=F|Cnv:. 
[#31016] = :. fi, v e C'® g :. (g\) : X <r C'® g :p+ p \ = v.Xe\ Cnv"X . v . 

v + p \ = fi. X eX :. 
[#312-1] =:.Je^-^::Dh.Prop 

#312-211. I- . ^ - p | Cnv"v = v- p \ Cnv"/* [*312-20121] 

#312-22. h : Infin ax . v (© u ® B ) /* . D . yu, - p * e {7*6 

I- . #311-65 . #312-12 . D h : Hp . 1/0/* .3.fi- p veC® {I) 

I- . #311-66 . #31215 . D h : Hp . /*©„* . D . | Cnv"^ -* v) e C'% n . 
[#310-16] D.^-pveC"© (2) 

K(l).(2).DKProp 

.,.312-23. h : Infin ax. ^(©u&JvO./i-pveC*®* [#312-21-22 - #31016] 

#312-3. h . fM + a v = {fi + p v) v (/* - p | Cnv"v) [(#312-02)] 

#312-31. I- : ~ 0*, i; e C<@ 3 ) . D . /* +« v = A [#312-311 . #3111] 

#31232. h : concord (^ y) . D . /* + a i> = /* + P v [#312311 .*31115J 

#312-33. r-:~ftoncoT-d( / * J v).3. A t+ B i/=/*- p |Cnv"v [*312'3 . #3111] 

#312-34. I- : Infin ax . /t, v e C'® g .D.fi+ a ve C'® g 
[*312'32-33-22-23 . #31144] 

#312*41. h . (I + a v - v +» /* 

Bern, 
V . #312-32 . *311'12 . D I- : concord <>, y) . D . /* + a v = v +« /- (!) 

r- . #312-33-21 . D h : ~ concord (/x, v) . 3 . /* + a v = | Cnv"(| Cnv"v - p /*) 

[#312-201] = * - p | Cnv"/* 

[#312-33] =v+a/* ( 2 ) 

1- . (1) . (2) . D I- . Prop 

#312-42. h : Infin ax . concord (X, /*, v) . D . (X + p ft) -„ (X +^) = j»- P i' 
Dem. 

r- . *311-27-^2-43 . D h :. Hp . D : concord (X + p yu., X + p v, X, /*, v) : 
[#311-75] 3i\+pp = p. = *(X.+pp)+pV = fi+pV. 

[#31112121] =.(\+ p v)+ p p = fi+pV (1) 

Similarly \- :.Hp .D : fi+ p p = \. = .(fi+ P v)+ p p~\+ P v (2) 

I- . (1) . (2) . #312-1 . D h . Prop 
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*31243. I- : Infin ax . concord (X. /i,p).v(0w8 fl )/i.D, 

(X + p fl)-pV = \ + p (p - p v) 

Dem. 
b . *311-6566 . D r : Hp . D . (gp) . p e &% g .p, = v+ p p. 
[*312-121319] D . (gp) . p e C'% . (X + p p,) - p v = X +, p . p. - P v = p : D b . Prop 

#312*44. h : Infin ax . concord (X, p., v) . p, (® u n ) v . D . 

(X +„ /*) -p v = X - p (i> -p p) 
Dem. 

b . *311-65-66 . D h : Hp . D . (gp) . p e C'® g .v=p,+ p p. 

[#312-4219] D . (gp) . /> e C"0„ . (X +>/*) - p v = \- p p. p = v- p p.iDb . Prop 

$312*46. b : Infin ax . concord (X, p) . D . (X + p p) — p p = X + p (p — p p) 

Dem. 
b . #31219 . #311-43 . 3 b : Hp . D . p, - p p. = i'% . 
[*31 143] :> . X + p (p. - p p) = X 

[*31 219] = (X +, /*) - p p. : D h . Prop 

#312451. h : Infin ax . concord (X, p,, v) . D . 

(X + p p)- P v = (X + a p) + ft | Cnv"*> = X + tt (/* +. | Cnv"*) 
2?em. 

h . #312-43 . D h : Hp . v(@ u e n )/i. D . (X+„a*) -, i"=X 4> (p - p v) 

[#31233] = X + p (p + a | Cnv"v) 

[*312-32-1214] =X+ a O i +a!Cnv" l ;) (1) 

h. #31244 . D h : Hp . p(® u W ) v . D . (X+ P /i) - p v = A, - p (v - p /z) 

[#312-21] = X -p | Cnv"0* -p ") 

[*312-33-12-14] =*+a(p-pv) 

[♦312-33] -X+ fl (/*+ a |Cnv"v) (2) 

I- . #312-45 . D b :Hp . p = v . D . (\ + p p) - p v = \ + p (p - p v) 

[*31 2-33-32] = X +a (/* +« | Cn v"i/) (3) 

h . (1) . (2) . (3) . #312-32 . #31143 . D b . Prop 

#312 46. I- : Infin ax . concord (X, p) . D . (X + a p) + a v = X + a (p + a v) 

Dem. 
b . #31232 . #311 -65-66-43 . D b : Hp . concord (X, p, v) . D . 

(K+*p)+aV = (\+pP>)+ p V.\+ a (p + a v) = \+p(p+pV) (1) 

b . #312-451 . D 

h : Hp . concord (X, p y | Cnv"i>) . D . (X + a p) + a v = X + a (^, +« »>) ( 2 ) 

h . #312-31 .:hi/~f C®, . D . (\+ a p) +« v = A . X +«(^+« v) = A (3) 

I- . (1) . (2) . (3) . #311-121 . D b . Prop 
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#312461. h : Infin ax . concord (/jl, v) . 3 . (X + a p) + a * = X +<* (/* +« y ) 

h . *312'46 . D I- : Hp . D . (v + a /i) +« X = v + a (/* + fl X) (1) 

h . (1) . #312-41 . D h . ProD 

♦312*47. h : Infill ax . concord (X, v) . D . (X + a fi) + a v = X + a (/* + a i>) 
Dem. 
h . *312'461 . 2 h : Hp . D . (/* + a X) + fl v = /* + a (X + a v) ■ 

[#312-41] 3.(X+ a ^)+aV = /i+ a (X+ a y) 

[*312'41] = (X + fl v) + a /* 

[♦312-46] =~K+ a (v+ af i) 

[♦312-41] - X + a (m + fl v) : D h . Prop 

♦312-48. b : Infin ax . D . (X + a p) + B y = X + fl (/* + a v) 

Dem. 
K*312-31.D 

b:~{\, H ,,v€C f ® 9 }.0.(\+a/J>)+aV--A.\+ a (t*+ a v) = A (1) 

h . ♦3101 2 D h :. X, fi, v e C'® g . D : concord (X, /i) . v . concord (X, v) : 
[♦312-46-47] D : (X+./t) +.* = \+.(> + a v) (2) 

h.(l).(2).Dh.Prop 

♦31251. h:XeC"@ p .D.X+ a i'0 9 = X [#31232 . *311 43] 

♦31252. b : Infin ax . X e C'% g . D . X + B | Cnv"X = i'0 q 
Dem. 

b . ♦31233 . D h : Hp . D . X + a | Cnv"X = X - p X 
[#312-191] = i'0„ : D r- . Prop 

♦312-53. b : . Infin ax . X, p, v e C'® g .D :\+ af i = v . = .\ = v + a \ Cnv"> 
[♦312-48-51-52] 

♦31254. h : Infin ax . X, p e C'® g . D . (g<r) . <r e C'® g . X + a a- = fi 
Dem. 

b . ♦312-48-51 -52 . D I- : Hp . D . X + a (| Cnv"X + af i) = fi (1) 

h . #312-34 . D h : Hp . D . | Cnv"X + a /* e C"© ff (2) 

K(l).(2).Dh. Prop 

#312-55. I- :. Infin ax . \(i, v e C'*8p .0 :\+ afJ =\+ a v . = . fi = v 

I- . *312-41-53 . 3 h :. Hp . D : X+ a /*= X + a v . = . /* = (X+ fl y) + B | Cnv"X. 
[*312-41-48] = . /* = v +a (X +« I Cnv"X) . 

[*?*! 9/51-52] = m/ i = p:.Ob.?top 
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#312'56. h :. Infin ax . concord (X, /x) . D : X® g/i . = . (go-) . a e C® . X + a * = /* 

Dem. 
K*311-65.*312'32.D 

h :. Hp . X, fi e C'& . D : X® ff/i . = . (go-) . <r e C"@ . X + a a = p (1 ) 

h.*3ll-66.*310'16.D 

I- :. Hp . \,fie C"® n . 3 : X®^ . = . (gtr) . o- e C© . p + p | Cnv"<r = X . 
[*312'5332] =.(a^).(7eC"e.X+ (I (7 = /i (2) 

h.*312-51. DI-:.Hp.X = i f O g .D:\©^.=.(a<r).aeC'©.X+ a (x = /i (3) 
I- . *312'53ol . D h :. Hp . /*= i'0 g . D : X@ ?/i . = .(ao-).o- e C<® . X + a a- = yu (4) 
K(l).(2).(3).(4).DKProp 

*312'57. I - :. Infin ax . X, /* e C"®^ . ~ concord (X, /a) . D : 

X@ fl /i . = . (go-) ■ a e C© . X + a a = fi 
Dem. 
h.*312-48-51'52. D h : XeC'© ft . /*eC<® . D .^ = X+ a (| Cnv"X+ a/i ) (1) 
I- . *312-32 . *311-27 . D h : Hp (1) . D . (| Cnv"X + a ft) e C<© (2) 

h.(l).(2). Dh:Xe(7<© n ., 4 eC''©.D.( a <r). - e (7'®.X+ a <r== /i (3) 

I- . *31232 . *31127 . *31013 . 3 

t-:Xea'®. /i eC"@ ft .D.~( 3 (7).ae(7 ( ®.X+ a a- /i (4) 

K(3).(4).D 
I- : . Hp . D : X e C"® n . p e C© , = . (30-) . a e C© . A. + a a = yu, : . D h . Prop 

*31258. I- : . Infin ax . X, p e C'® g . D : 

X®^ . = . (go-) . a e C® . X + a a = fjt [*31256'57] 



*313. MULTIPLICATION OF REAL NUMBERS, 

Summary of *313, 

Multiplication of real numbers is simpler than addition, because it is not 
necessary to distinguish between factors of the same sign and factors of 
opposite signs. Thus we put 

*31301. fjLX a v = X{fi,veC t Sg.X€S t fiXg t< v } Df 

Thus if fi, v are real numbers, their product is the class of products (in 
the sense of *309) of members of p and members of v ; otherwise their product 
is A. The propositions of this number are analogous to those of previous 
numbers, and the proofs are as a rule analogous to those of *311, except in 
the case of the distributive law (#313'55). 



*31301. /iX flV = Ikve C<a, . X e s'u x "i/l Df 

Proofs in this number are mostly analogous to those for addition, and are 

therefore often omitted. 

*313-11. \-:~( f i,v€C t ® g ).D.nx a v = A 

*313 12. h : ft, v e C'® g - . fi x a v = s '/j. x g "v 

*313 21. h : u, v e C® v i<l'O g .D.aX a p = 8 f a X g "v 

*313'22. \-ip,v€ C'& n v t't'0 ? . D . p x a v = s'<| Cnv» * "(I Cnv"*) 

*313 23. h : ft € C'® n .veC t &.3. f *x a v = \ Cnv"s<(\ Cnv"^) *i"" 

•313-24. hueCe.ife C"@„ , D . u x a v = | Cnv"*V x„)"| Cnv"v 

*313 25. h . /* x a v = i Cnv"(j Cnv' > x a v) = | Onv'V Xa I Cnv"y 

*3l3-26. h . fi x a | Cnv"v = | Cnv"/* x a v = j Cnv"0* x a y) 

*313 31. V : Infin ax . £ <= OB . X e C"# . D . X x g "£ C #"X x/'f 

*313 32. h : Infin &x.£eC'®.XeC'H.D.X x g "% = H"X x/'f 

*313-33. h : Infin ax . f e C<® . X e CIT . D . X x g "£ e C<© 

*313 34. h : Infin ax . f e C"© ft . Xe C'# n . D . X x/'f eC'B 
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#313 35. h : Infin ax . f e C"@ . X e C'H n . D . X x,"f e C'@ n 

#313 351. b : Infin ax . £ e C"© n ■ X e C<# . D . X x/'f e C"@ n 

#313 36. h : £ e C"© ff .3.0, x,"f = i'0 9 

#313 37. h -. X e C'H g .D.X x/'t'O, = i'O, 

#313 38. I- : Infin ax . f e C"B ff . X e C'ff,, . D . X x/'f e C'® g 

#313 41. I- : Infin ax . concord (fi y v).ji^ 1% . v =f 1% . D . fx x a v e C® 

#313 42. h : Infin ax . ~ concord (/*, v).fi,ve C'% g ,D.fiX a ve C"©„ 

#31343. I- :. fi = L'Q q . v . v = t'0 g : /*, i> e C"@ 3 0./iX a i/ = i'0 g 

#313-44. I- : Infin ax./i,ve G l % g .D.fix a ve C l % g 

#31345. h. fi x a v-v x a fi 

#313 46. I- : Infin ax . D . (X x a /*) x a v = X x a (/* x a v) 

The following propositions are concerned with the proof of the distributive 
law. 

#31351. I- : Infin ax . concord (X, fi, v) . D . (v x a X) + a (v x a /*) = 

M[(^X, Y, Z, Z').Xe\. Yeu.Z,Z'ev.M=(Z x g X)+ g (Z' x g F)] 
[#313-12 . #312-32 . #31111 . #31341] 

#313-511. h : Infin ax . X, p e C<© . Z, Z' e p . ZHZ' . X e X . D . Z x g Z' x g X e X 

Dem. 

V . #304-1-401 . #305-14 . 3 h : Hp . D . (Z x g X) H {Z' x g X) . 

[#309-41] D . (Z x g Z' x g X) HX . 

[#311-58] D.ZXgZ'XgXeXiDb.Fvo? 

#31352. h : Infin ax . concord (X, fi, v) . D . (v x a \) + a (v x a /*) = v x a (X + a /*) 

Dem. 
h.*313-51"511.DI-:Hp.D. 

{vx a \)+ a (vx ati ) = M[(^X,Y t Z).Xe\.YefM.Zev.M^{Zx g X)+ g (Zx g Y)] 
[#30937] = M[(^X, Y,Z).Xe\.Ye^.Zev.M= Zx g (X + g F)] 

[*31312.*312*32.*311-11] »vx a (X+ af j):D\- . Prop 

#31353. h : Infin ax . concord (X, /*) . ~ concord (X, v) . v e C'® g . D , 

(vX a X)+ a (v X a fl)=^V X a (X+ a /i) 

Dem. 
h . #313-25 . D h . (X + a fi) x d v = \ Cnv"{(\ + a p) x a [ Cnv"v] (1) 

h . #313-52 . D h : Hp .D. (\+ a ^) x« | Cnv"v = (X x a | Cnv" v ) + a (M x a | Cnv"y) 
[*313-26.#311-31] =Cnv"{(Xx a y)+ a (/*x a i/)} (2) 

h.(l).(2).Dl-.Prop 
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*313 54. h : Infiu ax . concord (X, v) . <*>■> concord (X, p.) . us G l % g . D . 

V X a (X + B /i) = (v X a X) + tt (V X a p.) 

Dem. 
K*312'33'34 . D h :. Hp . X + a /*= p . D : concord (\, p) .v. concord (/t, p) (1) 
h . *31352 . D r : Hp (1) . concord (X, p) . D . 

(p x a v) +a (I Cnv'V x a i/) -(/>+« | Cnv'V) *« v 
[*312-53] =Xx fl i/. 

[*312-53.*313'26] D . p x a v = (X x a v) + a (fi x a v) (2) 

Similarly r : Hp (1) . concord (p,p) . D . p x a v = (X x i/) +«(/i x a v) (3) 

h.(l).(2).(3).DKProp 

*313 55. I- : Infin ax . D . (v x a X) +« (v x a /*) = v x a (X +„ /t) 
[*313-52-53'54\Ll.*312-31] 



#314. REAL NUMBERS AS RELATIONS. 

Summary of #314. 

In this number we take up the definition of real numbers suggested in 
#310, namely s"G'% g instead of G'% g , The series of real numbers is now 
s»®„ instead of % r Everything in this number depends upon 

#310 32. V :. fi, v £ C'® g . D : s'/* = s'v . = . fi = v 

Ie consequence of this proposition, s f G'% g is a correlation of the two 
sorts of real numbers, and the properties of the relational sort can be 
immediately deduced from the propositions of previous numbers. We define 
addition and multiplication of relational real numbers so as to secure that, if 
p, v are real numbers of our previous sort, the arithmetical sum of s'fj, ana 
s'v is s'(fi, + a v) and their product is s'(fi x a v). This is effected by putting 

#31401. X + f Y = R8 [(g>, v) . X = s > . F = s'v . R {s'O + a v)) S] Df 

with a similar definition for X x r F The zero of real numbers is now 
Oj, instead of t'O g , and the negative of a real number X is X | Cnv. The 
fundamental propositions are 

*31413. Vifrve G l % . D . s'fi + r s'v = s V + a v) 
#31414. V ifjL,ve C'% g .D.s'/j, x r s'v = s'(fj, x a v) 

in virtue of which the arithmetical properties of relational real numbers 
follow at once from those of real numbers as segments. 

Relational real numbers are useful in applying measurement by means of 
real numbers to vector-families, since it is convenient to have real numbers 
of the same type as ratios. 

For some purposes, a somewhat different definition of real numbers as-' 
relations is more convenient. Instead of deriving our relations from S g , we 
may derive them from %'H gi i.e. we may consider the relations s"C'<;'I{g 
instead of the relations s i( C'n g . In virtue of *217"43, (?'#<,) £ (-t'A-i'C'Hg) 
is ordinally similar to B g ; hence the requisite properties of s^C'^Hg follow 
at once. 
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#314 01. X + r Y = RS [(a,*, v) . X = i'p . Y = s'v . R {s'fa + a v )} S] Df 

#314 02. X x r Y = RS [(a/*, v) . X = i'p . F= s'v . R {£<<> x a „)} fif] Df 

#314 03. ^ = {H n )< \ (C'H n -) T { D«( ff B )« - t' A - i< C*H n } 

vy (CJT B ) 4 (1%) ei (C'# n w) f (D'if. - i'A - t' C'H) Df 

#31404. #+^-^[( a/t ^).#=sVV-^=*V^.^{^c/ , ^+a^)}'Sr] Df 

#31405. M.x.N=f&[{^v).M = Vf'p.N=&'J l v.R{8'J<(jix tl v)}S} Df 

#3141. h : a ! X + r F. D . X, Fea"C'e, [#312-31 . (#314-01)] 

#31411. \-:Anfiiiax.D:^\X+ r Y.=.X t Yes ii G l ® g [#3141 . #312-34] 

#31412. I- :. Infiii ax . D : g ! X x r F. = .X, Fes"G'® p 

*31413. I- : fi t v e C'® g . D . s > + r s'v = *'(/* +« v) 
Dem, 
\- . #314-1 . (#314-01) . D h : R {s'fi + r s'v] S. = . 

(gp, a-).p,a-€ G'% g . s V = s'p . s'v - s'<r . 5 (s'(p +« <r)} 5 (1) 
h . (1) . #310*32 . D h . Prop 

#314-14. h:^v« C'®^ . D . s V x r s'v = *'(/* x a v) 

#3142. h : £ e s"(C'@ p - ih'%) . D . g ! £ £ Rel num [#310'31] 

*31421. h :. Infin ax . D : R,Ses"C l ® g . = .R + r Ses"C'® g . 

= .Rx r Ses"C'® g 
Dem. 

h . *3141314 . #312-34 . #31344 , D 

\- : Hp . R, S e s"(7'© ff . D . # + r £, £ x r £ e s"C'@ ff (1) 

h.(l). #314-11-12.31-. Prop 

#314-22. hife s"C f @ p . D . R + r g = R . R x r 9 = q 
Dem. 

I- . *314-13'14 . D 

I- : /* e C"@ ff . D . s> + r Q q = s V + a 1%) . s> x, 9 = s'(/x x tt t'0 g ) . 

0312-51. #313-43] D . s> + r q = s> . s'p x r 9 = g : D h . Prop 

#314-23. I- : Infin ax . R e s"C'% . D . R + r R \ Cnv = q 
Dem. 

h . #314-13 .Dh: M e C'® 3 . D . s> + r s'| Cnv"^ = s'ift + a \ Cnv"p) . 
[#43-421] D . s'ft + r («»| Cnv = «'(^ + a | Cnv'» 

[#312-52] =0, Oh. Prop 

R. & W. III. 
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#31424. \-.R+ r S = S+ r R [#312-41 . (#3141)1 )] 

#31425. \-.Rx r S = Sx r R [#313'45 . (#314-02)] 

#31426. I- : Infin ax . D . (R + r S) + r T = R 4> (IS 4> T) 
Dem. 
\- . #314-13 . D h : Hp . p, a, t e C'® g . R = s'p . S = s'<r - 7' = s't , 3 . 

(R+ r S)+ r T=S<{(p+ a <T)+ a T} 

[#312-48] =a'{p+.(<r+ 8 T)} 

[#31413] =i2+ r (>S+ r r) (1) 

h. #314-11-2 1.3 

\-:~(Rp > <r > T). P ,<T,TeG'® g .R = s<p.S = s'<T.T = s'T.'}. 

(R+ r S)+ r T=k.R+ r (8+ r T) = k (2) 

r.(l).(2).3KProp 

#314-27. h : Infin ax . 3 . (# x r £) x r 77= i2 x r (S x r 2) 
[#31414 . #313-46 . *314-1221] 

#314 28. b : Infin ax . 3 . (R x r S) +> (£ x r T) = R x r (flf + r T) 

h . #3141314 . 3 h : Hp . p,<r re <?'©,. £ = s'p .£ = £'<r. f= s't . 3 . 

(Rx r S)+ r (Rx r T^ = s ( ( P x a <r)+ r s t (px a r) 
[*314-21'13] = s'((P X a r)+ a (p x a r)} 

[#31355] =i'{px a (<T+ B T)! 

[#314-21-14] = s'p x r s'(<r + a t) 

[*314'13] = s'p x r (s'tr + r s't) 

[Hp] =Rx r (S+ r T) (1) 

h. #314-211112. D 
h.^(ap,<r,T>.p,<r,TeO'e <r JS s =s'p.iSf = s'*r.T«5'T.3. 

(flx f .S)+ r (i2x r T) = A..fi)x f .(iSf+ r 2 T ) = A (2) 

r.(l).(2).3l-.Prop 

#314-4. h : Infin ax . 3 . <*" e {(?'#,) £ (- t'A - t'(7'iT B )} slnor O p 

[#217-43 . *304-3l-282-23 . #307-41-44-46-25 . (#310-01-01 102 03)] 

*31441. I- . s I (C's'Hg) e 1 -* 1 [The proof is analogous to that of *310'32] 

#3.14 42. h : Infin ax . 3 . s'tj >® g smor & g [*3144-41] 

#3145. h:. Infin ax. 3: 

•3_lM+ a N.~.^lMx a N. = . M,N6s"(D<s<H g - i'A) 
[#312-34 . #31344 . #31442 . (#3140405)1 

#314-51. h : Infi d ax . fi, v e G ( ® g . 3 . 

*W +.*'</"" = s W +« v) . sV V x* *'</"* = * VO x a v) 
[#314-42 . (#314-0405)] 

The properties of M +„N and M x a N result from this proposition exactly 
as those of X + r Y and X x r Y result from #314-1314. 



SECTION B. 

VECTOR-FAMILIES. 



Summary of Section B. 



The present Section is concerned with the theory of magnitude, so far 
as this can be developed without measurement. Measurement — i.e. the 
application of ratios and real numbers to magnitudes — will be dealt with in 
Section C ; for the present, we shall confine ourselves to those properties of 
magnitude which are presupposed in measurement. But throughout this 
Section, measurement is the goal : the hypotheses introduced and the 
propositions proved will be such as are relevant to the possibility of 
measurement. 

We conceive a magnitude as a vector, i.e. as an operation, i.e. as a 
descriptive function it* the sense of *3o. Thus for example, we shall so 
define our ternu that 1 gramme would not be a magnitude, but the difference 
between "A grammes and 1 gramme would be a magnitude, i.e. the relation 
" + 1 gramme " would be a magnitude. On the other hand a centimetre 
and a second will both be magnitudes according to our definition, because 
distances in space and time are vectors. It will be remembered that we 
defined ratios as relations between relations ; hence if ratios are to hold 
between magnitudes, magnitudes must be taken as relations. 

We demand of a vector (1) that it shall be a one-one relation, (2) that it 
3hall be capable of indefinite repetition, i.e. that if the vector takes us from 
a to b, there shall always be a point c such that the vector takes us from 
b to c. If R is the vector, the point to which it takes us from a is R'a ; 
thus the above requisite is expressed by " E ! R'a . D tt L . E I R'R'a" i.e. by 
" D'JB C d'R." It will be observed that the points which are Btarting-points 
of the vector form the class G.'R t i.e. the class of possible arguments to R 
considered as a descriptive function, while the points which are the end- 
points of the vector form the class D'jR, i.e. the class of values of R considerec 
as a descriptive function. Since D'R C d'R, we have d'R = G l R ; thus the 
field ot the Vector consists of all points from which the vector can start. By 
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assuming D'jRCCPft, we exclude magnitudes of kinds which have a definite 
maximum, unless they are circular, like the angles at a point or the distances 
on an elliptic straight line; but, except when they are circular, such 
magnitudes are of little importance. 

According to what has just been said, if R is a vector whose field is a, we 
have 

Rel-tl.d'R^a.D'RCa. 

A relation which fulfils this hypothesis is called a "correspondence" of a, 
because it makes a part of a correspond with a. The class of correspondences 
of a we denote by"cr'a," which is the cardinal correlative of "cror'P," defined 
in *208. Thus we put 

cr'a = (l->l)n(I'anD"Cl'a Df. 

We proceed next to define a vector-family of a." This we define as an 
exiBtent sub-class of cr'a such that, if R and S are any two members of it, 
R\S = S\R. We define a class of relations as " Abelian " when the relative 
product of any two members of the class is commutative, i.e. we put 

Abel =k (R, Sex . D &iS .R\S = S\R) Df. 

Thus a vector- family of a is an existent Abelian sub-class of cr'a, i.e. writing 
" fm/a" for " vector-family of a," we put 

fm'a = Abel rs CI ex'cr'a Df. 

The class of vector- families is then defined as everything which is a vector- 
family of some a, i.e. we put 

FM = s'D l fm Df. 

Thus a vector-family is an existent Abelian class of one-one relations 
which all have the same converse domain, and all have their domains 
contained in this common converse domain. If k is a vector- family, the 

common converse domain is i'G"/e, which is identical with s'G"«, and will 
be called the " field " of the family. Thus we have 

I- \KeFM . = .«{ Abel. *C 1 -* 1 . <I«k el . s f D"itCs'(I"/t. 

A vector-family may be regarded as a kind of magnitude. In order to 
render measurement possible, we require various hypotheses as to the nature 
of the family. Measurement within a given family k is obtained by limiting 
the fields of ratios to k, i.e. by considering X £ k where X is a ratio, or Z\, « 
where Z is a relational real number of the kind defined in *314. In order 
to make measurement possible, we wish « to be such that, if X is a ratio, 
X Ik shall be one-one ; again, if R, S, T are members of k, and R has the 
ratio X to S, while S has the ratio Y to T, we wish R to have the ratio 
X x, Y to T, i.e. we wish to have 

Xt*|FC«G(Xx,y)C«; 
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again, if R has the ratio X to T, and S has the ratio Y to T t we wish R I S 
(which represents the " sum " of R and S) to have the ratio X + g Y to T, 
i.e. we wish to have 

(X I k'T)\(71 K ( T)<L(X+ g Y) t k'T. 

The above and other similar properties will be proved, with suitable 
hypotheses, in Section C ; for the present, we shall proceed with the theory 
of vector- families without explicit regard to measurement. 

The first and most important hypothesis as to a family which we consider 
is the hypothesis that it is " connected," i.e. that there is at least one member 
of its field from which we can reach any member of the field by a vector 
belonging to the family or by the converse of a vector belonging to the 
family. Such a member of the field of k we shall call a " connected point " 
of k\ the class of such points will be denoted by "conx'/e" ; the definition is 

— > 4— 

conx'/e ~ s'd {t K a a (s'tc'a v s'/c'a = s'G^k) Df. 

— > 
It will be observed that s'/c'a are the points to which there is a vector from 

a, while s'ic'a are the points from which there is a vector to a. The definition 
states that these two classes together make up the whole field of the family. 
We define a connected family as one which has at least one connected point, 
ie. we put 

FM conx = FM n £ (g ! conx'/c) Df. 

The properties of connected families are many and important. Among these 
may be mentioned the following : If k is a connected family, the logical 
product of any two different members of k is null, i.e. if P, Q e /c. P =|= Q, then 
Pf\Q=zX, or, what comes to the same thing, if P, Qe k, and if we ever have 
P l x— Q'x, then P = Q; if Pe k, all the powers of P are either members of k 
or the converses of members; if P,Qefc, then P\ Q is either a member of 
k or the converse of a member. A connected family may not form a group, 
i.e. we do not necessarily have 

P,Q<:K.Dp, Q .P\Q<:K, 

but we shall show at a later stage (*354) that a group can be derived from a 
connected family tc by merely adding to it the converses of those members of 
k (if any) whose domains are equal to their converse domains. The result 
of this addition is to give us a connected family which is a group. 

Another important property of a connected family k is that I\s l (l li K is 
always a member of it. I[s l (I tl K is the zero vector. In a connected family, 
every vector except /fs'G"/* is contained in diversity. For many purposes, 
the class of vectors excluding I f s'd^K is important. We therefore put 

K d = K- m*i Df. 
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la the study of a vector-family k, an important derived class of relations 
is the class of all relations of the form R \ S, where R,Se/e. The operation 
R j S consists of an $-step forward, followed by an i£-step backward; that is 
to say, if R l 8*a exists, it is obtained by moving a distance S forward from a 
to S'a, and then a distance R backward from S'a to R'S'a. The class of 
such relations as R | S, where R,Se k, we call «,; i.e. we put 

/ c^s t (Crrt"K)\"K Df. 

The class « t will have different properties according to the nature of k. We 
may distinguish three cases : 

(1) The field of k may have a first term, i.e. there may be a member of 
s'Q." k which is not a member of s'T)"^. This case is illustrated, e.g. by a 
family of distances from left to right on the portion of a given line not lying 
to the left of a given point. This given point will then belong to s x G."ic, 
since there are vectors which start from it, but it will not belong to #'D u «g, 
since there are no vectors which end at it except the zero vector. A 
connected point a which belongs to a'G"* but not to s'D'Scg is called the 
"initial" point, and a family which has an initial point is called an "initial' 
family. A family cannot have more than one initial point. Thus we put 

init'*=7'(conx'*-s'D"*g) Df, 

FM in it = FM * a 'init Df. 

(2) It may happen that, even if k is not an initial family, none of the 
converses of members of kq are members of tc. (If k is an initial family, this 
must happen.) This case is illustrated by the case of all distances towards 
the right on a straight line. It is also illustrated by the family of vectors of 
the form (+„X) £ C'H, where XeG'H'. In this case, as in (1), it is possible, 
by adding suitable hypotheses, to secure that s'k^ shall be a series. This case 
divides into two, which are illustrated by the above two instances : it may 
happen, as in our first instance, that the domain of a vector is always equal 
to its converse domain, i.e. D"k = G."k ; or it may happen, as in our second 
instance, that the domain is only part of the converse domain. (The domain 
of (+, X) £ C l H consists of all ratios greater than X.) 

(3) It may happen that /eg contains pairs of vectors which are each 
other's converses. In this case, it is obvious that s'kq cannot be serial, since 

R,Retc d .D.R\R = I[ s'(1"k .R\RG (s'« 5 ) 2 , so that (s'« a ) 2 is not contained 
in diversity (except in the trivial case k = i l A). 

In considering k l , we do not at first explicitly introduce any of the above 
possibilities, but it is necessary to bear them in mind in order to realize the 
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purpose of the propositions proved concerning ic t . If L is a member of *c t , 

and L = R \ 8, where R, 8 e k, then if a is a connected point, and L'a exists, 
it follows that there is a member T of k w Cnv"/c such that L'a = T'a. Tt is 
easy to deduce from this that L — T, hence L e k w C\xv"k. The same holds 

if L'a exists. Hence if E ! L'a . v . E ! L'a, i.e. if a e G'L, £ is a member of 
« u Cnv"«, Thus if a belongs to the field of every member of «„ we shall 
have k, = k u Cnv"/c. We say that a family " has connexity " (not to be 
confounded with "being connected") if g ! conx'/e r\p i C tt K i ; thus we put 

FM connex = JPJlf a £ (a ! conx<« rxp'C'ic) Df 
and by what has just been said we have 

\- : k e FM connex . D . tc t = k w Cnv"/c. 
We also have \- : k€ FM connex . D . i'«g e connex 

and \- :. k e FM conx . 3 : /c e Filf connex . = . s'kq e connex. 

It-is these propositions that justify the notation " FM connex." 

It is obvious that we shall have g Xp'C'K, if D"/c = <l"/c, unless /c = t'A. 

Some illustrations will serve to make clearer the nature of the hypothesis 
<g[lp'C"ie L . This hypothesis states that there is at least one term a in the 
field of k such that, if R, 8 are any two members of k, we can either take an 
R-step forward from a, followed by an 5-step backward, or we can take an 
$-step forward followed by an ii-step backward. Suppose, for example, that 
our family consists of all vectors of the form (+ /») £ NC induct, where 
fju e NC induct. Then if R is the operation of adding p, and #is the operation 

of adding v, R\S is the operation of adding v~ fi if v> p, ana " is tne 
operation of subtracting /u, — v if fi > v. In the former case R \ S e k, while 
in the latter case S\ R e k. In the former case, if w is any inductive cardinal, 
(R 1 5)'«r = v - (i + w ; in the latter case, (S \ R)'w = /* - e v + vr. Thus in 
either case veC'(R\S). Thus the family in question has connexity, and 
tc, = K\j Cnv"«. 

But now consider the family consisting of all vectors of the form 
(x /i)£(NC induct - i'O), where yueNC induct- i'O. This is an initial 
family, its initial point being 1. But it does not have connexity. If 

R = (x fi) I (NC induct - i'O) and 8 = (x v) £ (NC induct ~ i'A), R\S is the 
operation of multiplying by v and dividing by /*, with its field confined to 
inductive cardinals other than 0. If v is prime to p, this relation has only 
multiples of /ju in its converse domain and only multiples of v in its domain. 
Hence its field consists of multiples of /a together with multiples of v. Thus 
no member of « t except Ifs'Q."/c, ie. (x 1)£ (NC induct — i'O), has the 
whole of s'(I"k for its field, and there is no number which belongs to the 
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field of every member of « t . The above family may be usefully borne in 
mind in considering /c t , since it affords good illustrations of most of the 
general theorems concerning /c t . 

If k is any family except t'A, any finite number of members of «, have an 
existent relative product, and their converse domains have an existent 
logical product. If k is a connected family, any two members L, M of «- t 
whose logical product exists, i.e. for which (33/) . L'y = M'y, are identical, and 
if x,y are any two members of s l d ll K, there is just one member of « t such 
that x = L l y. If Me/c t and P is a power of M, there is some member L of 
/c t such that PQL. But P is not in general itself a member of « t . For the 
application of ratio, the member of « t which contains P is important. We 
call it the "representative" of P. The general definition of a representative is 

rep/P = s'(/c t AG'P) Df. 

In a connected family, k l n G'P cannot have more than one member; hence 
if there is any member of « t which contains P, that member is rep/P, and if 
there is no member of k l which contains P, rep/P= A. 

If P 1 Q is any member of /c, (where P,Qe k), we shall have 

re P(t '(P|Qy» = P"|Q>; 
and if L,M €K lf we shall have 

rep K '(£ [ M)f = rep* '(£*» j if") = rep/ {(rep/i>) | (rep/ilf")}. 
These two formulae are the most useful in determining representatives. 

In order to apply the above theory to the measurement of vectors, it is 
necessary to distinguish between open and cyclic families. An open family 
is one in which, if Me/c t — R1V, M po dJ, i.e. one in which no number of 
repetitions of a non-zero member of k l will bring us back to our starting- 
point. If this condition fails, as in the case of angles, or distances on the 
elliptic straight line, the problem of measurement is more complicated, since, 
if 8 is a measure of an angle, so is 2vtt + 8 for any integral v. The case of 
cyclic families will be considered in Section D ; for the present, we proceed 
to consider open families, and we shall still be concerned almost exclusively 
with open families in Section C. It should be observed that in cyclic 
families, as we shall define them, members of «g return into themselves, 
whereas in open families, not merely no member of /eg, but no member of 
K t — Rl'I, returns into itself. In most of the families that naturally occur, 
it happens either that no member of /c t — Rl'i" returns into itself, or that 
there are members of k$ which do so. But there is no logical necessity in 
this, as the following instance shows : Consider the family consisting of 
positive and negative integral multipliers other than — 1, with their fields 
confined to positive and negative integers other than — 1. Then 1 is a 
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connected point of this family, in fact the initial point. Multiplication by 
— 1 is a member of /c t , since it can be obtained by multiplying by any integer 
fi and then dividing by — fi. Also the square of multiplication by — 1 is 
contained in identity, and is the zero vector of our family. Hence there is a 
member of k, — Rl l I whose square is contained in identity, although no power 
of any member of k^ is contained in identity. 

In order to avoid brackets, we put 

i.e. ic t Q = K t - Rl'/. 

Then the definition of open families is 

FM ap = FM rs k (s'Pot"* (3 C Rl'./) Df. 

Hence I- :, k e FM ap . = : * e FM : M e k$ . ^ M . M po G J. 

It will be observed that if k is an open family, K k is contained in Rel num id 

(cf. *300), and K td C Rel num. Hence if M € k$, M" = M v (cf. *121), and the 

propositions on intervals in *121 become available. Also if M e /c t9> and 

a e s'G"*, we have 

« — ► « — > 

M I M#'a e Prog . M^ p M%'a e a>. 

The chief use of these facts is to show that the existence of open families 
implies the axiom of infinity and the existence of K . Hence as applied to 
open families, the theory of ratio undergoes the very great simplification 
which results from the axiom of infinity. 

If k is open and connected, and L, M e k 1} and <r is any inductive cardinal 
other than 0, we shall have L = M if L a = M* or rep/Z' = rep/itf ' or 
3 ! Is f\ M*. If p, t are also inductive cardinals other than 0, we shall 
have rep/Zp = rep/itf" if Is x ° r = M'**% or if rep/i> ><oT = rep/if ,rXcT , or if 
a ! 2> X ° T r» M° Xl >\ We have in fact 

rep/i> = rep/M* . = . a ! Z> r\ M* 

= . a!Z> x « T r» M" X ' T 
and rep/ M? = rep/lf" . = . M?= M* . = . p=tr. 

On applying the definition of ratio (*303-01), we see from the above 
propositions that, with the above hypothesis, 

M (p/a) N . = . a ! M* r> iV" ■ = . rep.' M' = rep/iV", 

while if R, T are members of k, 

R(p/v)8. = .R* = Si>. 

Further, we have, in virtue of the above propositions, 

3 I L" n Jfp . a I L v n M* . 3 . [i x o- = v x p, 

whence X, Ye C'H' . a I X I > l3 A Y t * ld . D . X = Y. 

23 
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These propositions, together with 

IeC*ff.D.JU t el->l > 
belong to Section C. They are mentioned here as showing why the 
propositions of this Section are useful in connection with measurement 

We next proceed to consider serial families, which are those in which 
s l Kd is an existent serial relation. For this purpose we require the definition 
of " FM connex " already given, and also the definition of "transitive" 
families. We define a as a " transitive point " of k if 

— * — > 

i.e. if any point which can be reached from a in two non-null steps can also 
he reached in one non-null step. We define a family as transitive when it 
has at least one transitive point. If k € FM conx, the hypothesis that k is 
transitive is equivalent to the hypothesis that *g forms a group, and implies 
that k forms a group. We define a serial family as one which is transitive 
and has connexity, i.e. we put 

FM sr = FM trs r\ FM connex Df. 
Then if k e FMst, s'/cg is a serial relation, so that the points of the field of k 
are arranged in a series by means of relations of distance. 

When a family is serial, the vectors also can be arranged in a series, by 
means of a relation which may be regarded as that of greater and less. After 
a short number on initial families (explained above), we proceed to the 
consideration of greater and less (as it may be called) among vectors. We 
may call a point y " earlier " than a point z when there is a non-null vector 
which goes from y to z, i.e. when z (s'«g) y. If M,Ne K t , we then say that JV" 
is " less " than M if the JV-step from some point % takes us to an earlier 
point than the M -step. Writing V K for " greater than " among members of 
k 1} our definition is 

V K = MN {M, Ne Kt : (a*c) ■ (M'x) (s< * 8 ) (N'x)} Df. 
For the same relation confined to members of k, we use the notation U K ; 
thus 

U<=V K t K Df. 
If k e FM conx, we have 

U K = PQ\P,Qe l c:(nT).T€K d .P = T\Q}- > 

this is generally the most serviceable formula for U K . 

If k is a serial family, U K and V K are series ; and if k is an initial family, 
U K is similar to £'«£. 

The last number in this Section is concerned with the axiom of 
Archimedes and with the existence of sub-multiples of vectors. The axiom 
of Archimedes will be expressed by saying that if a is any member of the 
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field of k, and R is any vector, then R vi a, for a sufficiently great finite v, will 
be later than any assigned member of the field of k. In other words, putting 
P = Cnv's'/f0, we wish to have 

xeC'P.'Z*. (ftp) .veNC ind - t'O . xP (R"a), 
or, what comes to the same thing, 

P"R#'a = C'P. 

This will hold if k is a serial family and P is semi-DedeHndian (cf. #214). 
If, further, P is compact (i.e. P 2 = P), then all finite sub-multiples of a given 
vector exist, i.e, 

S e k . v e NC ind - i'O . D . (g;Z) .Lex.S-L". 

It will be observed that, according to our definition of ratio, if 8 = L" and 
$4= A, L has to 8 the ratio l/v, so that L is the *>th sub-multiple of & 

Instead of treating vector-families by the method we have adopted, we 

might have started from a double descriptive function, which we may denote 

by x + y, and concerning which we should make various hypotheses. By the 

general notation of #38, we obtain various relations of the form -*- y or x + . 

These relations may replace the k employed in our method. For convenience 

of notation, we may put 

— » 

+'y = + y Bf, 

+'oc = %+ Df. 

— > 
Then if + has suitable properties, and 7 is a suitable class, +"7 will be a 

vector family. 

Let us assume that oc + y exists when, and only when, w and y both 
belong to the class 7, and that when x and y both belong to the class y,x + y 
also belongs to this class. Then if oc + y exists, so does x + y + y; hence 
B'4 y C (J'+ y. Further, by our assumptions, if x,ye% oc + y exists, and 
therefore x € G>+ y. Hence y e 7 . D . CF+ y = 7. Hence if 7 exists, 

d"+"7 e 1 . s'B"+"7 C s'CF'+'V 

If we now assume y + x — z + % . Xt y. z •y =sZ ^ 
— » 
then +"7 C 1 — ► 1. Hence we now have 

+"7 e CI ex'cr'7. 
In order to obtain the Abelian property, we require 

(x + y) + z = (x + z) + y, 
which holds if + obeys the permutative and associative laws. Thus in this 

case, 

— > 

+"y e fm'7. 
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In order that +"7 may be a connected family, we require 

(ga) :. * c <y . 3« : (gy) : a = z + y.v.z = a + y. 

A sufficient, though not a necessary, condition for this is that there should be 
a zero, i.e. 

(ga) izey.^t.z-a + z. 

In this case, + a is the zero vector, and if a is not the sum «f two terms other 

than itself, a is the initial point of the family. 

-"* 
The condition that if x,y are members of 7 so is x + y secures that +"7 

is a group. Families which are groups we denote by " i^Mgrp." 
Thus collecting what has been said, we find that 

+"7 e FM conx grp 
if + fulfils the following conditions : 

(1) co + y exists when, and only when, x,yey; 

(2) x,yey.O x , v .x+y€y y 

(3) x + y = x + z.2 x> y fZ .y = z) 

(4) x + y = y + x; 

(5) (x + y) + z = x + (y+z); 

(6) ('3 L a):zey.0 z .z = a+z. 

From (3) and (4) it follows that the a of (6) is unique, i.e, there cannot be 
more than one zero. 

In order to insure that our family phall have connesity, we require 
further 

(7) oc,y ey .3^: (gp) 1 z ey : x + z = y .v . y + z = x ; 

(8) in order that our family may be an initial family we require that 

x + y shall only be zero when x and y are zero. 

With this further condition, our family becomes serial. 

The above is only a sketch of one of the simplest ways of generating 
families by means of double descriptive functions. Other ways are possible, 
and by greater complication greater generality can be obtained. 

There are some advantages in the above manner of treatment. First, it 
is possible to take our magnitudes as being the x and y which appear in 
" x + y," instead of having to take them as the vectors + y or x +. Secondly, 
our vector-family derives unity from the fact of being generated by the 
single operation +. Thirdly, the method is more in agreement with current 
conceptions of quantity than the method we have adopted. The choice 
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between the two methods is a matter of taste ; but it would seem that the 
method we have adopted is capable of somewhat greater generality than the 
other, and that it requires less new technical apparatus than the other. We 
have not elsewhere had occasion to treat of doable descriptive functions 
which only exist when their arguments belong to assigned classes, though 
it is to be observed that our definitions of various kinds of addition and 
multiplication might quite easily have been so framed as to give this result. 
For instance, we mignt have put 

fi + v = (7isr) {(got, £) . fi = N c'a . v = N c'£ . w = Nc'(a + £)} Df. 

In that case, El^+ov) would have implied /u,, veN C, whereas with our 
definition it is only g; ! (ji + v) that implies fi, v e N C. The general treatment 
of double functions which only exist in certain cases would require a 
considerable logical apparatus not required elsewhere in our work, and this 
is, for us, a reason against adopting the method of treating vector-families 
which derives them, as in the above sketch, from a single function % -f- y. 



*330. ELEMENTARY PROPERTIES OF VECTOR-FAMILIES. 

Summary of #330 

In this number, we begin by defining tne class of " correspondences " of 
a. A " correspondence " of a is a one-one relation R which makes every 
member of a correspond to an a, i.e. which is such that, if x e a, R'x always 
exists and is a member of a. Thus, for example, if f* is an inductive number, 
+ fi, with its field limited to inductive numbers, is a correspondence of the 
class of inductive numbers, provided the axiom of infinity holds. (Otherwise, 
(+o A 4 ) D NC induct is not one-one.) The definition of correspondences of 
a is 

*330-01. cr'a=(l^l)n(I'anI)"Cl<a Df 

I.e. a correspondence of a is a one-one relation whose converse domain is 
a and whose domain is contained in a. The definition should be compared 
with the definition of " cror'P " in *208. 

It will be seen that if Retr'a and xea, R l x exists and is an a, and 
therefore R'R'x exists and is an a, and so on. Hence all the powers of 
R exist (#330"23). Similarly if R, 8, T, ... are any finite number of corre- 
spondences of a, R | S\ T\ ... exists. This is proved for two and three factors 
in *330-21-22. 

We define a " vector-family of a" as an existent Abelian class of 
correspondences of a, where an Abelian class of relations is defined as one 
such that the relative product of any two of its members is commutative. 
Thus we put 

*33002. Abel = {c(R,Se K .3 RtS .R\S=S\R) Df 
*330 03. fm <a = Abel r» CI ex'cr'a Df 

*33004. FM = s'D<fm Df 

It will be remembered that Potid'P and (for certain kinds of relations) 
finid'P are Abelian classes of relations (*91"34 and *121 , 352). If P e 1 — > 1, 
Potid'P will be a vector-family of C'P, and if further P V0 <ZJ, finid'P will be 
the same vector-family. 

One other definition belongs to this number, namely 

*330 05. * 4 - s'(Cnv'V) I " K Df 

This definition has been sufficiently discussed in the summary of the 
present Section. 
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After some preliminary propositions on CI ex'cr'a (*330'1 — 32) and on 
K t (#330'4 — "43), we proceed to such properties of families as do not require 
any further hypothesis as to the nature of the family concerned. These 
properties are mainly such as assert the existence of relative products, and 
of logical products of converse domains, or such as assert commutativeness of 
the relative product under certain circumstances. The earlier propositions 
deal with members of k, the later propositions mainly with members of ce t . 
The most useful propositions are : 

*33054. h : « eFM . Q, Re K . E ! R'x. D . E ! R'Q'cc 
*330-56. h : k e FM . Q, R e * . E ! R'a . D . R'Q'a = Q'R'a 
*33061. h: k eFM- i'i< A. L, Me Kl . 5. 

ftld'Ln (I'M .g!D'Zn (I'M .gia'Zn D'M . a ! D'L n D'M 
*330 611. I- : k e FM - t't'A . L,Me Kl .D . 3 ! L\M 
*330 624. h : k e FM- t't'A . Z e # ( . 3 . A ~ e Pot'Z 
*330 63. h : k e FM . L, M e * t . E ! L'x . E ! L'M'x . D . L'M ( x = M'L'x 
*330 642. h : k e FM - i'i'A .I.ife/c.D. [rx) .ElL'x.R ! L'M'x 

*330 71. h : K e FM . P, Q e tc . p eNC ind - t'O . E ! P"'x . D . E ! (P | QY'x 
*330 72. V'.KeFM- t'l'k . L, M e Kl . p, a e NC induct . I) . a ! (Pi> n <I'M° 
*330 73. I- : K eFM.P,QeK . p e NCind.E!(P ( QY'x.O .(P\ Qy'x= h'Qo'x 



*330 01. cr'cr = (l->l)n(I'ar.D"Cl'a Df 

*33002. Abel = £(£,£<•* . D R>S . R\S = S\R) Df 

*330 03. fm'a = Abel r> CI ex'cr'a Df 

*330 04. FM = s'D'fm Df 

*33005. Kl = s'(Cnv" K ) j "k Df 

*330 1. h : k e CI ex'cr'a . == . * C 1 -> 1 . d" K = I'a . D"k C Cl'a [(*33001 )] 

*33011. h :. (ga) . * e CI ex'cr'a . = : * C 1 -> 1 : (ga) . CT"«= //a . s'W'k C a 

1*3301] 
*33012. h:*eClex'cr'a.:).s'(I"*=a [*330'1 . *53"02] 
*33013. I- : k € CI ex'cr'a . D . D"k C ClVd"* . s'W'k C s'd'V [*330M2] 
*330131. h : (ga) . k e CI ex'cr'a . = . * C 1 -» 1 . d"* e 1 . s'D"k C s'CI"* 

[*33011-12] 
*33014. \-:k€ CI ex'cr'a. D . D"« C Nc'a [*330-l] 
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*330 15. h . CI ex'cr'A = i'i'A [*3301] 

*330'161. I- : g ! a . K e CI ex'cr'a . D . A ~ e k [*33(H4] 

*33016. h:.(aa).*eCl ex'cr'a :/c=S=t'AO.A~e* [*330-15151] 

*33(W. h : g ! a . k e CI ex'cr'a . D . D"/c C CI ex W'k [*330-13'1511 

*33018. h :.(ga). k e CI ex'cr'a: k % t'A: D D"* C CI exV(J"/c [*33015'17] 

*330 19. h . i\I f a) e CI ex'cr'a [*3301] 

*3302. h : k eCl ex'cr'a .iJeic.g! D'M n s'<I"k ..D . a ! R \ M 
Bern. 

V . *330'112 . D h : Hp . D . g I D'if n (I'R : D h . Prof 

*330 21. h : k e CI ex'cr'a . k + t'A . J2, S e « . D . g ! JB | S 

Dew. 

h . *3301S . D h : Hp . D . g ! D'S n s'(I"k (1) 

K (1) . *3302 . D h . Prop 
*33022. h : k e CI ex'cr'a . k + t'A . R, S, Te k . D . g ! £ 1 S\ T 
hem. 

h . *330'21-18 . D h : Hp . D . a ! T>'(S \ T) n s'(I"/c (1) 

r- . (1) . *330'2 . D h . Prop 

*330'23. V : k e CI ex'cr'a . * 4= t'A . 72 e k . D . A ~ e Potid'iZ 
Dem. 
h . *330-16 . D \- : Hp . D . g ! I[ G l R (1) 

h . *33018 . D r : Hp . P € Potid'iJ . a ! P . D . g ! D'P n s'd"* . 
[*33(V2] D.g!i2|P (2) 

h , (1) . (2) . Induct . D h . Prop 

*3303. h : k e CI ex'cr'a . / f a e * . D . k C s'k I "k 
Dew. 

h . *3301 . D h :. R V .D:Reic.^.R=R\I[a:.D\-. Prop 

*330 31. h : k e CI ex'cr'a . Re k . D . 5 | R = I[ s'<I"k [*3301] 

*33032. h :. * e 01 ex'cr'a . R,beK .DiR\S = I[ s'CP'k . = .R = S 
hem. 

r- . *33031 .Dh:. Hp. !>:£ = #. D.5|S = Jf s'd"* (1) 

h.*3301. Dh:Hp. D.i2| J R|^ = (D'E)'(^ (2) 

H . (2) . D h :. Hp . D : ,£ | # = / |* s'<I"ac . D . R = (D'£) 1 # . 
[*72-92] l.R^Sfd'R. 

[*330-l] D.R^S (3) 

I- . (1) . (3) . D h . Prop 
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*330'4. r : M e K t . = . (<&R, 8) . R,S e k . M = R\ S [(*33005)] 

*330'41. h . Cnv"K t = k, [*330-4] 

*330 42. I- : k e CI ex'cr'a . I [ a e k . D . k v Cnv"/c C k, 
Dem. 

h . #3301 . *50'5-51 .^\-:Rp.R€K.O.R = (I\-a)\R.I[ae Cnv"/c (1 ) 
h . (1) . *330-4-41 . D h . Prop 

#33043. h:«eClex'cr'a.D.I|Va"*e/r t [*330'31-4] 

#3305. h :. ac e Abel . = : R, S e k . D fl(5 . R \ 8 = 8 1 R [(#33002)] 

#330 51. h : k e fm'a , = .kc Abel r\ CI ex'cr'a [(#330-03)] 

#330 52. h : k e FM . = . (ga) . k e Abel n CI ex'cr'a . 

E.ite Abel . k C 1 -» 1 . a«K e 1 . s'D"/c C sWk 
[*330-51-131 . (#330'04)] 

#330 53. \-:KeFM.Q,ReK.*E\ R'Q'x . D . E I Q'a . E ! R'x 
Dem. 

V . #3305 . 3 h : Hp . 3 . E ! Q'R'x (1) 

I- . (1) . #30"5 . D h . Prop 

*330-54. I- : iceFM. Q. R * « . E ! R'x . D . E ! tf'Q'a 
Dem. 

h . *330'31'52 . D h : Hp . D . R'x = R'Q'Q'x (1) 

K (1) - *330'53 . D h . Prop 

#330 541. I- : k e FM . Q, R e k . D . Q"B'R C T>'R [*330'54] 

#330542. h-.KeFM.ReK.D.D'Reaect's'tc [#330541 . #211 1] 

#33055. h : k e FM-iH'k . Q, R e * . D . g ! D'Q n D'R . g I <2"D'i2 
Dm. 

h .#330-54 . D h :. Hp . D : #eD<i2 . D . Q'xeB'R : 

[*33'43J 3: a !D'iJ.D.g!D ( QnD^ (1) 

h . (1) . #33016 . D h : Hp . D . g ! D'Q n D'iJ (2) 

r . #3301116 . D 1- : Hp . D . D'iZ C (FQ . g ! D<£ . 

[#37-43] J . g ! Q"JJ'i2 (3) 

h . (2) . (3) . D h . Prop 

*330-551. h : Hp #33055 .D.^lQ\R [#330'55 . #37-32] 

R. & W. III. 
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#330 56. I- : k e FM . Q, R e k. E ! R'a . D . R'Q'a = Q'R'a 
Bern. 

V . #330-511 . D h : Hp . D . Q'R'R'a = R'Q'R'a . 
[#72-24] D . Q'a = R'Q'R'a . 

[*330'31 -54] D . R'Q'a = Q'R'a : D h . Prop 

#330561. h: K eFM.Q,R€ic.^.R\Q[D'R = Q\R [#33056] 

#330-562. \-:KeFM.Q,Reic.3.R'>Q(ZQ [#330-561] 

#330563. h : x e jW . fl e k . X C « . D . i^i'X G i'\ [#330562] 

#33057. V : k e Abel . i2, £ e k . i; e NC induct . I) . i2"|S*= CKJS)". R\ S>= &\R 
Dem. 

h. #301-2. Dh.i2°|^ = (i2j5)°.i2|^ = ^ji2 (1) 

h . #330-5 .#301-21 . 1) h : Hp . 22 1 S v = S* \ R , D . R \ S v+ °* = S*+° l \ R (2) 

h . (1) . (2) . Induct . D h : Hp . D . R \ S v = S» j R (3) 

h . (3) . #301-21 . D h : Hp . D . R"+° l \ £"+•* = R»\S»\R\S (4) 

h . (4) . #301-21 . D h : Hp . R v \ 8- = (R j Sy . D . E^ 1 j S^ 1 = (R j S)"^ 1 (5) 

h . (1) . (5) . Induct . D h : Hp . D . R" j £" = (5 j S)" (6) 
h . (3) . (6) . D h . Prop 

#3306. hiKeFM-i'i'A.LeKt.D.RlL 

Dem. 

h . #33016-4 . D h : Hp . D . ( a Q, jj) . Q, £ € * . a ! £ . X = R j Q . 
[#33054] D . (g#, ii, x) . & i2 e k . E ! 5'Q'a; .L = R\Q. 

[#34-41] D.g!Z:Dh.Prop 

#33061. h:*e J F'J|f-t't'A.Z > JlfeK t .D. 

g ! (FZ n (I'M . g ! B'L n (I'M . g ! d'l n D'M . a ! D'Z n D'itf 
Z)em. 

h . #330-55-4 . 1) 

h : Hp . D . ( 3 Q, i2, £, T) . Q, £, 5, Te k . L = £ | Q . if = T \ 8 . g ! D'i2 nDT. 

[#330-54] 

3 ■ (aQ, JR, £, ?U) . Q, R, S, T t K . L = R \ Q . M = T\ 8 . E ! R'Q'a; . E ! T'S'x . 
[#34-41] D . (ga;) . E ! Z'a; . E ! ^'a; . 

[#33-43] D . a ! d'L n (I'M (1) 

h . (1) . #330-41 . D h . Prop 
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#330 611. I- : k s FM - t't'k . L, M « *, . D . g ! L \ M [#330'61 . #34-3] 

#330 612. h : * e JP'Jf- t VA . L, M, Ne * t . D . g ! d'L r> (I'M n (FiV 

Bern. 
h . #330224 . D 
h :Hp. 3.(3^,^5, 5, T > ^).P,Q l i2,iSf,T,W r eK. 

Z = P|Q.M=Pj£.if=?|JF.g!P|Pj7\ 

[*330"53] D . (gP, Q, P, 3, T, W, x) . P, Q } P, S, T, W e k . 

Z = PjQ.i/ = P|^.i^=T|Tf .E!P'a;.E!P^.E!?^. 
[#33054] D . (g#) . E ! L'x . E ! M'x . E ! ^« : D h . Prop 

#330613. \--.Ke FM-i'i'k . L, M, Ne k, . D . g ! Z | M\ N 

Devi. 
V . #330-22-4 . D 
h : H p . D . (gP, Q, P, £ T, W,x) . P, Q,R,S,T,W e K. 

Z = PjQ.4f = P!£.^=TjJF.E! P'R'T'x . 
[#330-54] D . (gP, Q t P, £, 0) , P>Q,R t Seic . 

Z = P|Q.J/-P|^E!P<P<(i^). 
[#33054j :> . (gP, Q).P,Qe*.Z=P|£.E! P'(M'N'x) . 
[#330-54] D . (g#) . E ! L'M'N'x : D h . Prop 

#330 62. !-:*<• PM.Ze* t .£e/c.D.£|ZGZ|£ 
Dem. 
h.*330-561.DH:Hp.P,QeK.Z = P|Q.D.^|PGP|fif. 

[#330-5] D.SiP|QGP|Q|^:Dt-. Prop 



#330 621. h:. K eFM- i l i l k . Z e /c t . OP C s'a«K . g ! P : 

,S€K.Ds.£|PGP|,S::>.g'.P|Z 
Pem. 

f- . #33011 . D h :. Hp . Q, R e x . Z = Q | R . D : 

#P# . D . (g«, *) . uRx . s$y . xPy . 
[#341] I) . g ! P J P j Q . 

[*3305] D . g ! P | R | § . 

[#330-561] D.g!PjQ|P. 

[Hp] D . g I P I Z :. D \- . Prop 
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*330 622. I- : Hp #330621 . 3 . a ! L \ P 

Dem. 
h . #3301 1 . #72-59 .3l-:Hp.Q,iJe*.Z = $jiJ.3.PGQjP|Q. 

[#72-59] D.P\QGQ\P. 

[*330'621] 3 . a ! Q | P | R • 

[#3305] 3 . a ! Q | R | P . 

[Hp] 3 . 3 ! L | P : 3 I- . Prop 

#330623. I- : * € FM . 8 e k . L e Kl .MeFot'L .O.S\MQM\S 

Dem. 

b . #3434 .D\-iUp.S\M<lM\S.D.S\M\LQM\S\L. 
[#330-62] 0,S\M\LQM\L\S (1) 

I- . (1) . #33062 . Induct . 3 I- . Prop 

#330624. I- : k e FM - I't'A . L e * t . 3 . A~ e Pot'l 

Ztem. 
I- . *330'6 . 3 h : Hp . 3 . a '• L (1) 

I- . *330-622-623 . 3 I- : Hp . M e Pot'Z .a!lf.3.a!if|Z, (2) 

I- . (1) . (2) . Induct . 3 h :. Hp . 3 : M e Pot'L . M . a I M :. 3 I- . Prop 

#330625. hiKe^if.Z, if e* t .Q€Pot'(Z|Jlf).£e*. 3. S|QC^|S 
.Dm. 

K #33062. 3 I- :Hp. 3. #|Z1 if GZ|ifjS (1) 

h . #3434 . 3 

h:Hp.22ePot'(Z!if).£|tfG#|£.3.£| J R|Z|ifG22|£|Z|if 
[(!)] dk\L\M\S (2) 

K (1) . (2) . Induct . 3 f- . Prop 

#330-626. I- : * e Pif - t't'A . L, M e * 4 . 3 . A ~ e Pot'(Z | if) 
Dew. 

h. #330611. 3h:Hp.3.a!Zjif (1) 

I- . #330-621-625 • 3 I- : Hp . Q e Pot'(Z \ M ) . a ! Q ■ 3 . a I Q I L (2) 

I- .#330-625 . 3 h : Hp . Qe Pot'(Z | M) . £« * . 3 . S\ Q\ L G Q \S\ L 
[*330-62] CQ\L\S (3) 

h . (2) . (3) . #330-621 . 3 I- : Hp . Q e Pot'(Z |if).alQ.3.a!#|Z|if (4) 
K (1). (4). Induct. 3 K Prop 
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#330 627. \--.kcFM- t't'A . L, M € Kl . P € Fot'M .D . 3 ! P | Z, . a ! £ [ P 
Bern, 

h.*330611 . DI-iHpO.alJIflX.alZjM (l) 

h. #330623. 3h:Hp.5e*.3.5|PiLGP|5iZ. 

[*330'62] -}.S\P\LGP\L\S (2) 

I- . (2) . #330-622 . 3l-:Hp.a!Pji.D.a!ifJP|Z (3) 

I- . (1) . (3) . Induct . 3 h : Hp . D . a ! P | X (4) 

I- . (2) . #330-621 . D I- : Hp . 3 ! L | P . 3 . 3 ! L \ P \ M (5) 

I- . (1) . (5) . Induct . D h : Hp . D . 3 ! L | P (6) 

h.(4).(6).Dh.Prop 

#330 63. h : « <? PAf . Z, 3/ e * t . E ! L'x . E ! Z'itf 'x . D . Z-Wa = M'L'x 

Dem. 
h . #330-56 .^\-:H v .Q,R,S,T€/c.L = Q\R.M=S\T.^. 

Q'R'S'T'x^Q'S'R'T'x 
[#330*5] =*S'Q'2\R'a: 

[*33056.Hp] = S'FQ'R'x : D h . Prop 

#33064. I- :. xeFM . L, M e* 4 . D : 

E ! Z'a . E I Z'Af' ar . = . E I M'x . E ! M 'L'x [#330*63] 

#330'641. h :. k e FM . L, M e * t . E ! L'x . E ! M' x . D : 

E ! Z ( Jtf'aj . s . E ! M'L'x . = . Z' M i x « if'i'o; [#33063 64] 

#330642. I- : KtFM-iH'k .IJe/c t .3. (gas) . E ! L'x . E ! JWa 

h . #33021 . D 

f-:Hp.D.(3P,Q,E,^a ; ).P ) Q,Ji J ^e*.i; = P|Q.M- J R!*S.E!P^. 

[#330-53-54] 3. (^P,Q,R > S,x).P > Q,R > Se l c.L = P\ Q. M = R\S. 

E ! P'Q'a . E ! P'Q'R'S'x Oh. Prop 

#330-643. h : * £ Pif . P e k . L e * t . E ! L'x . D . P'L'a = Z J P^ [*330 56 5] 

#33065. YiKeFM.Q,R,S,T e K. R'Q'x = T'S'x .O.T'Q'x** R'S'x 
Dem. 

h . #7224 . 3 h : Hp . D . Q'* = £<?<£■* 

[#330-56] = ?'£'£<# • 

[#7224] D . 7*Q'a- = R'S'x Oh. Prop 
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#33066. I- :. * e FM . Q, R, 8, T e k . E ! R'Q'x , E ! T'S'x . 3 : 

R'Q'x = T'S'x . = . T'Q'x = R'S'x 
Dem. 

\- . #33056 . 3 I- : Hp . T'Q'x = R'S'x . 3 . T'R'Q'x = R'R'S'x 

[#72-241] = S'x. 

[#72-241] 3 . R'Q'x « ?'£<£ (1) 

I- . (1) . #330-65 . 3 h . Prop 

#3307. h i k € FM . P, Q € k . p e NC ind - t'O . E ! Q'(P j Qy-*'P'x . 3 . 

Q'(P\Qy-' u P<x = (p\Qy'x 

Dem. 
h. #330-56. #301 2. 3 

h : Hp . E ! Q'(£ I Q) w P'a? ■ ^ . Q'(P | Qf'P'x = (P | Q)»s (1) 

K #33056. #301 21. 3 

f- :. Hp : E ! Q'(P j Q)'-' 1 ' P'# . 3,, . Q'(P \ Qf~^P'x = (P | QY'x ; 3 : 

E t Q'(P | Qy'P'a; . 3 . Q'(P j QY'P'x = (P | Qy'Q'P'a 
[*330-56,*301"21] =(P\QY +l 'x (2) 

I- . (1) . (2) . Induct . 3 h . Prop 

#33071. I- : * e FM . P, Q e k . p e NC ind - I'O . E ! P»'a; . 3 . E ! (P [ £)><# 

I- . #330-54 . 3 I- : Hp . E ! P"x . 3 . E ! (P | Qf'x (1) 

h . #301-21 . 3 I- :. Hp : E ! P<"x . 3* . E ! (P | QY'x : 3 ; 

E ! P* + * l 'x . 3 . E ! (P | QY'P'x . 

[#330-52] 3 . E r Q'(P | £>><-?<# . 

[#330-7] D.E\(P\QY+' l 'x (2) 

H. (1). (2). Induct. 3 h. Prop 

#330-711. h'.KeFM.Qe s'FoV'k . 3 . d'Q = s ( (I"* 

I- . #33052 ,3h:Hp.Pe*.3. d'P = s'd"* (1) 

r . #37-322 . 3 

I- : Hp . P e k . Q e Pot'P . <I<Q = s'<I"k . 3 . d'(Q | P) « s'd"*: (2) 

K (1) . (2) . Induct . 3 h . Prop 
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#330 72. h : k e FM - I't'k . L,M e * t . p, o- e NC induct . 3 . a ! (I'2> rt (Pitf* 
Z)em. 

h.*330'7ir23.3 

l-:Hp.P > ii! e «.3.(aa).E! J R"a.i2"a€a i P'. 

[*33052] 3 . (a«) . E ! P^'R^'a (l) 

h . *33057 . 3 1- : Hp (1) . x = P°'R<"a . 3 . E ! P"a? . E ! R°<x (2) 

h . (2) . *330-71 . 3 

\-:Uv(2).Q,S€K.L = P\Q.M=R\S.'}.K\L<> t x.E\M<"x. 

[*33'43] 3 . <r € a'i" a a 'if' (3) 

I- .(l).(3).3KProp 

We have " NC induct " in the above proposition, nJ "NCind," because 
it is necessary to have E I L? . E ! M a , and by *301'16 this may fail if either 
p or a is null in the type of L and M. The existence of a family does not 
imply the axiom of infinity, siuce the family may be cyclic. 

*330-73. h : k e FM . P, Q e k . p e NC ind . E ! (P | QY'ce . 3 . 

(P\Qy'x=Po'Qf>'<c 
Dem. 

H . *330-56 . 3 h : Hp . E ! P'y . 3 . Q'P'y = P'Q'y (1) 

I- . (1) . 3 I- : Hp . Q'pp-< v x-Pf lf Q t oo . E ! P^y . 3 . Q ( h ( y-P ( Q?P>- a 'y 
[Hp] ~P<F»-i<Q<y 

[*301-2S] ~P>'Q'y (2) 

I- . (1) . (2) . Induct . 3 h : Hp . E ! P*y . 3 . <2<P"y = P^'Q'y (3) 

I- . *301-23 . 3 r- : Hp . (P | Qf'x - Pp'Qp'* ■ E ! (P [ Q)"+» H ar . 3 . 

(P\Qy+' u x = P<Q'P<"Q"x 
[(3)3 ^P'Pp^'Qo'or 

[*301'23] = po+.KQp+.i'a; (4) 

r . (4) . Induct . 3 h . Prop 



*331. CONNECTED FAMILIES. 

Summary of *331. 

A "connected point" of a family k is a point of the field of tc from which 
every member of the field can be reached by a member of tc or the converse 
of a member. That is, if a is a connected point, we are to have 

x e s'<I"k . X . faR) .Retc.x(RvR)a 

as well as a e s'Q."tc. This amounts to saying that every member of s'G"* 

is of the form R'a or R'a, where R e k. The definition is 

*33101. conx'* = s'(1"k r\ a (s'tc'a w s'tc'a = s'0."k) Df 

Here we include the factor s'Q."tc in the definition, in order to exclude 
the case when tc = t'K. If s'G."tc were not included, we should have 
conxVA = V, whereas with the above definition conx'i'A = A. 

In the case of any other family, the factor s'(I"tc makes no difference, 

since if s'Q."tc exists, 

— * <— 

s'tc'a w s'tc'a = s'C'tc . D . a e C's'k, 

and if tc is a family, C's'k = s'G."k. But in the case of t'A, the factor 
s'G."/c insures that no connected point exists, thus securing, conversely, that 
a family which has a connected point is not i'A. This is convenient since 
the case of t'A, which is trivial, would often otherwise have to be explicitly 
excluded. 

The definition would be more analogous to the definition of a connected 
relation in *202 if we put 

— > 4— 

voux'k = s'Q."k n a (s'K d 'a v s'/c d 'a w t'a = s'Q."k) Df. 
But this definition fails to give us the information that there is a member 
of * which relates a to itself, whereas our definition does give this informa- 
tion, and hence leads to the proof that I j" s'G."k e k, i.e. that there is a zero 
vector. 

We say that a family " is connected " when it has at least one connected 
point, i.e. we put 

*33102. FM conx = FM r\ ft (a ! conx'*) Df 
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When all points of the field are connected points, the family " has con- 
nexity " (cf. #334-27), provided * =}= i l k. For the present, we only assume 
tbat at least one of the points of the field is a connected point. To 
take an illustration; the family whose members are of the form 
(x„ ft) £ (NC induct— i'0), where /* e NC induct — t'O, has only one con- 
nected point, namely 1. If we had taken positive and negative integers, 
both as multipliers and as constituting the field, we should have had two 
connected pointa, namely 1 aud — 1. 

Almost all our future propositions on vector-families will be confined to 
connected families. In the present number, we prove first that in a connected 
family *, the vector which relates a connected point to itself also relates any 
other member of the field to itself (#331 - 2), whence it follows that I\ s'Q."* 
is a member of * (#331 22), and that every other member of * is wholly 
contained in diversity (#33123), and that * v Cnv"* C * t (#331-24). We 
next prove that the product of two members of * is a member of * or of 
Cnv"* (#331-33). We then proceed to consider « t , and prove at once the 
two fundamental properties of * t in a connected family, namely (1) that 
between any two members of s'(J"* there is a relation which is a member 
of * t (#331'4), and (2) that two members of * t whose logical product exists 
are identical (#331'42). From these two propositions it follows that there is 
just one member of * t which relates any two members of s ( G."/c (#331 '43). 
Finally we prove that any power of a member of * is a member of * »j Cnv"* 
(#331*54), and that any power of a member of * t is contained in some member 
of * t (#331-56). 

Stated symbolically, the above propositions are as follows : 
#3312. h :. * e FM . a e conx'* . as e s'd"* . R e * . D : R'a = a , = . R'x = x 
#33122. h : zee FM conx. 3. 1 [s'(I"k etc 
#331-23. I- : * e FM conx . 3 . * C Rl'/ u Rl'J 
#331-24. I- : k e FM conx . D . * u Cnv' '* C * t 
#331-33. \- : * e FM conx . D . s'* I"* C * w Cnv"* 
*331-4. h : * e FM conx . x, y e s'(I"fc . D . (3I) .LeK t .x = L'y 
#331-42. I- :, K e FM conx .L, MtK^liftl L * M . = . L = M 
*331-43. Y-.kcFM conx .x,ye s'Q"k .D,M(M€K t . xMy) e 1 
*331-54. \--.fce FM conx . P e * . 3 . Pot'P C«w Cnv"* 
#331-56. h z k eFM conx . Z«* t . MePot'L . 3 . (<&N) .Ne^.M^N 



*33101. conx'* = s'CI"* a a (s'/c'a w sVa = s'O"*) Df 
*33102. FM conx = FM n £ ( a ! conx'*) Df 



24 
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*3311. \-:aeconx'K. = .aes<a."K.s'K'aus'K'a = s'a"K [(*331'01)] 

#33111. H :■ a e conx'* . = : a e s'CI"* : x e s'<J"* . 3* . (ftR) .Reic.x(RuR)a 
[#331*1] 

#33112. f- : a ! com'* . 3 . * =f= i'A [#331 1] 

#33113. I- :. * e CI ex'cr'a . 3 : a e com'* . = . k =|= t'A . s'tc'a w s'«'a = s'G."k 

Bern. 
\- . *5324 . 3 I- : Hp . * 4= t'A . s'*'a w s'* 'a - s'<J"* . 3 . g ! s'*'a w s'* ( a . 
[#33013] 3.aes'<J"* (1) 

h.(l).*33M12.3l-.Prop 

#331131. \-::xe CI ex'cr'a. 3 :. aeconx'*. = : *4= i'A :xes'CL"/c . 3^. 

(giJ) . R € * . a (R u £) a [#33] 13] 

— » 
#33114 I- :. X. = * w Cnv"* . 3 : a e conx'* . = . a e s'<J"* . s'X'a = s'<J"* 

r*3311] 

*331'2. \- :. * e FM . a e conx'* . x e s'G."/c . R e * . 3 : #'<& = a . = . R'x = or 
Bern, 
t. #33111. 3l-:Hp.3.(a^).iS' e *.ar(iS'c;S)a (1) 

I- . #3305 . 3 h : Hp . Se * . x = S'a . R'a = a . 3 . R'x = S'R'a 

[Hp] = S'a 

[Hp] ^ « (2) 

H. #33056. 3 1- :Hp. £<=*.# = /S'a. R'a = a. 3. R'x = S'R'a 
[Hp] =S'a 

[Hp] »* (3) 

I- . (1) . (2) . (3) . 3 h :. Hp . 3 : R'a = a . 3 . R'x = x (4) 

Similarly I- :. Hp. 3 : R'x=x. 3 . iil'a = a (5) 

I- . (4) . (5) . 3 I- . Prop 

#831-21. f- :. * eFM . ae conx'* . E e * . 3 : R'a^a . = . I rs'<J"* = ft 
.Dera. 

h. #331-2. 3h:Hp. J R'a = a.3./rs' <I "* = ii! i 1 ) 

I-. #3311. 3 h : Hp. I [ s'a"* = R. 3. ft'a = a (2) 

h . (1) . (2) . 3 h . Prop 

#331-22. h : * e FM conx .3.7^ s'<3"* e * 
Dem, 

V . #331-11 . 3 I- : Hp . a e conx'* . 3 . (glfc) . R e k . R'a = a (1) 

I- . (1) . #331-21 .31-. Prop 
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*33123. h'.fceFM conx . 3 . k C Rl'J u Rl'J 
Dem, 

r . *331 2 21 .3lrHp.#€*.a!22Aj.3. J RG/:3l-. Prop 

#33124. I- : k e FM conx . 3 . * w Cnv"« C *, [*330'42 . *331'22] 

*33125. I- : k e JFJf conx - 1 . 3 . a ! * n RI< J [*331>22'23] 

*331'26. I- : * « JFJf conx -1.3. s'tc t s'k, ~ e * 4 
Dem. 

I- . #331*22-25 . 3 h : Hp . 3 . (^a, P, £, or) . P, £ e * . aRa . aSx . a 4= as . 
[*71-172.*41-11] 3.4'«~el-*l. (1) 

[*331'24] 3.*'/e,~el-»l (2) 

K(l).(2).*33()-52.3KProp 

*331'31. \- :. « e FM . a e conx'* . xe s'Q."/c . P e k . N e * t . 3 : 

P'a = N'a. = .P'x = N'x 
Dem. 

r.*33ril.*330'4.3 

\-:K V .D.(<ZQ,R,S).Q,R,S€K.x(QvQ)a.N = R}S (1) 

h . *330'5 . 3 

b:Kv.Q,R,SeK.x=Q<a.N=R\S.P'a = N<a.-}.P<x = Q'R<S'a 

[*330-56] = R'Q'S'a 

[*330-5] ^R'S'Q'a 

[Hp] -JV'* (2) 

I- . *330-56 . 3 

b:1Ip.Q,R,SeK.x=Q<a.N=R\S.P<a = N<a.D.P<x=Q'R<S'a 
[*330'5] = P ( Q'S'a 

[*33056.Hp] = R'S'Q'a 

[Hp] = JV'<p (3) 

I- . (1) . (2) . (3) . 3 h : Hp . P'a= N'a . 3 . P<# = tf'ar (4) 

Similarly h : Hp . P'ar = tf'a . 3 . P'a = JT'a (5) 

f- . (4) . (5) . 3 K Prop 

*33132. h:.K€ FM conx .Pe^.^f^.D^lPA J. = .P = I 

Dem. 
I- . *331'31 . 3 h :: Hp . a e conx'* . 3 :. x t y e s'd"* . 3 : 

P'x = N'x.~.P'a = N'a. = .P'y = N'y (1) 
I- . (1) . (*33102) . 3 r :. Hp . 3 : <c, y esW/c . P'x^N'x . 3 . P'y^N'y : 
[*33-45.*72-94] 3:a!P«iV r .3.P = iV r (2) 

I- . *33112 . *33016 . 3 I- :. Hp . 3 : P = i^ . 3 . a ! P a J^ (3) 

I- . (2) . (3) . 3 I- . Prop 
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#831-321. h :. k e FM conx . P,Q e *.D:a!PA#. = .P = Q [#331 '32-24] 

#331-33. H : k e FM conx .0.8'k \"k Ckv Ctxv"k 
Dem. 

!- . #331 11 . 3 h :. Hp . D : ( a a) : P, £ e * . Dp.q . (a-R) . (P'Q'a) (12 o £) a (1) 

h . #330*5 . D 

l-:Hp.P,^,72e«:.P'Q'a = E'a.5 e /c.y = ^a.D.P'Q'y = /Sf f P f Q'a 

[Hp] =S'R'a 

[#330'5.Hp] = R'y (2) 

h . #330-56 . 3 

HrHp.P^^^.P^a^iZ'a./STe^.y^^a.D.P'g^^^P^a 

[Hp] « S'lil'a 

[#330*56.Hpj = R l y (3) 

h.(2).(3).#33ril.3l-:Hp.P,Q,ii;€*.P^ f a = i2'a.3.P|Q = Ji (4) 

Similarly 1- : Hp . P,Q,R €K . P<Q'a = R ( a. D.Pj Q = R (5) 

K(1).(4).(5).D 

h:.Hp.P,<2e*.D:(aE):iJe/c:P|Q = J2.V.P|Q=^:.DI-.Prop 

#331-4. I- : k e FM conx . «, y e *<(I"a: . 3 . (gZ) .Le/c i .x = L t y 
Bern. 

\-.^Sl-ll.Db:H V .0.(<3ia,R t 8),R > SeK.a;(RuR)a.y(Sv}S)a (1) 

I-. #330-56.3 h:Hp.E, #6*. v= R'a.y^S'a.l .x^S'R'y. 
[#330-4] D.(aZi).£ew..tf*2/y (2) 

h . #331 -24-33 . D 

f-:Hp. J R,fi' e *.fl ; =i2'a.y = S r a.D. J R|^e* t .^ = (i2|^ (3) 

I- . #331-24-33 . D 

\-:^p.R,S € K.x = R t a.y = S t a.^.R\S€ Kl .a; = (R\Syy (4) 

I- . #330-4 . 3 

h:Hp.iJ,^e>e.ar= Sj R' a .y = / S , a.D. J Rl^e* l .a: = ( J R|^)^ (5) 

K(l).(2).(3).(4).(5).DKProp 

#33141. I- : K e FM conx . D . «'*, = («'<!"*) | (*'<!"*) [#3314] 

#331-42. h :. K e FM conx . Z t if e * t . D : £ ! Z A if . = . £ = AT 
Dem. 
f- . #330-6 . #331-12 .Dh:Hp.Z = if.D.a!Znilf (1) 

1- . #331-4 . D 
\- : Hp . Z'# = if' a? . E ! L l y . D . (g^) . NeK t . N'x = y .ElL'y . 
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[#330*63] 3 . (g- JV) .NeK i .N t x = y.L'y = N'L'x 

[Hp] ^N'M'x 

[*330'63] = M f N*x 

[#13*12] ^.L { y = M f y (2) 

Similarly f- : Hp . L'x = M <x . E ! M 'y . 3 . L'y = M l y (3) 

I- . (2) . (3) . #71*35 . 3 I- : Hp . g ! L A M . 3 . L = AT (4) 

h.(l).(4).3h.Prop 

#331-43. t- : * e JPAf conx . x> y e s'(1"k . 3 . &(M e *, . a;4fy) e 1 

Dew. 

K #3314. 3 h : Hp . 3 . ( a AT ) . (M e k, . xMy) (i) 

I- . #331-42 . 3 I- : Hp . L, M e * t . xMy.xLy . 3 . Z = if (2) 

h.(l).(2).3KProp 

#331-44. h:.*e J Ofconx.P > Qe*.D:a!PnQ.= .P = Q [*331*42'24] 

#331*45. hi. k e FM conx. L,M,N a Kt. 3: 

RlL\MfxN. = .L\M = Nta<(L\M) 
Dem. 

\- . #33061 1 .0\-:Kp.L\M^N[ Q<(L I if). 3 .gl L\M*N (1) 

K #33063. 3HHp.£'if'a-~tf^.ElZ^.Z€*..y = Z-#.3. 

Z'if'y « L'X'M'x . E I Z'J/'ar . E ! L'X'M'x . E ! Z<# . 

[#33063] 3 . Z'if'y - X'L'M'x . E ! Z<# . 

[Hp] 3 . Z'Jf 'y ~ Z'tf'a . E ! X'x . 

[#33063] 3 . L'M'y = JIT'Z'ar 

[Hp] - N'y (2) 

I- . (2) . #331-4 . 3 h : Hp . i/ifa = Wx.ye <J'(Z | if ) . 3 . Z'if 'y = N l y (3) 

h.(l).(3).3KProp 

#331-46. h:.Hp#331'45.3:ifjI-^ra f (if|i). = .Z|i/=^ra'(2:|if) 

Dem. 
V . #330-642-63 . 3 I- : Hp . L \ M = N \ d l {L \ M ) . 3 . fax) . M 'L'x = N l x . 
[#331-45] D.M\L = N[a ( (M\L) (1) 

Similarly h :Kp . M\L = N ta<(M\L) .3 . L\M=N\-(I<(L\M) (2) 

K(l).(2).3h.Prop 

#331-47. y:KeFMcoxm.L,M€K t .^.(^N).N€K,.L\M<LN.M\L(lN 
[*33l'46'45-4] 

#331*48. Y:<e FM .ie^.gl conx'* r\ C'L .0 . L e k v Cnv"* 

I- . #330-41 . 3 h :. Hp . a e conx'* nC'i.Diliejt.iElI'a.v.Eli'a: 
[#331-11] 3 : Z, L € * t : (giZ) zRe/cu Cnv"* : Z/a = ii'a . v . L'a = £<a : 
[#331-24-42] 3 : (a J?) :Ee*u Cnv"* : L = R.y .L*= Rz.Dh . Prop 
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*331'5. I" : k e FM conx . P e k . L e * t . D . L\P t P\Le * t 

K #33133. D 

(-■.Hp.Q.Ee/e.i-QlE.D.^iS^.Se/ewCnv^.ilP^QlS (1) 

|-.*3304.Dl-:Hp(l). i S«/c.X|P = Q|/Sf.D.i|P€K l (2) 

I- . #34-2 . D 

|-:Hp(l).5eCnv"/e.Z|P = Q| < S.3.( a r).7'e*.i|P = Cnv'(r|Q). 

[#331 33] D . £ | P e « w Cnv"* . 

[#332-24] 3.X|Pe/e t (3) 

I- . (1) . (2) . (3) . #330-41 . Z) I- . Prop 

#33151. h : KeFM conx. Pe*. 3 . Pot'PC/e t [#331*5 . Induct] 

#331*52. l-:/eeP3fconx.P,Qe*. J £e* l .:>.PJZ,]<2eK t [#331-5] 

#331-53. I- : * € FM conx . P, Q € * . p, <r e NC induct . D . P" | Q* e *, 
[#331-5 . Induct . #331-51 . *330'43] 

#33154. I- : k e FM conx . P € k . D . Pot'P C « w Cnv"/e 
Dem. 
h . #330 711 . D h : Hp . a e conx'* . Q e Pot'P . D . E ! Q'a . 
[#331*11] D . (gT) . T e * v Cnv"* . Q'a = T<a . 

[#331-51-42-24] 3 . Q € * w Cnv"* OK. Prop 

#331-55, I- : * e FM conx . P, Q e * t . p e NC induct . D . 

(P [ Qy G P" | Qf . P' J Qf € * t [#330-73 . #33153] 

#331-56. I- : * e P3f conx . I e * t . AT € Pot'X . 3 . (g#) . N e k, . M <z N 
[#331-55 . #330-4] 



#332. ON THE REPRESENTATIVE OF A RELATION IN A FAMILY. 

Summary of #332. 

We saw at the end of the last number (#331*56) that any power of a 
member of /c t is contained io a member of K t . When a relation is contained 
in a member of /c t , we call this member the "representative" of the relation 
in the family. For purposes connected with the application of ratio, the 
" representative " is an important function of a relation, especially when the 
relation concerned is a power of a member of tc u . By the definition of ratio 
(#303-01), we shall have L(pja) M if g ! L" n Me and p Prm <r. Now if Is 
and Me each have a representative, then they must have the same representative 
if a ! L q f\ M p (by #331-42). Hence we are enabled to substitute an equality 
for g[ ! L a f\ M p in dealing with ratios of members of * t . The elementary 
properties of representatives are dealt with in the present number. 

We denote the representative of P in the family k by " rep/P" In order 
to insure E \ rep/P under all circumstances, we do not define rep/P as the 
only member of x t which contains P, but as the logical sum of the class of 
members of * t which contain P, i.e. we put 

#33201. rep/P = s f (* t n G'P) Df 

In a connected family, if P is not null, *, r> G'P cannot have more than 
one member (#332-21), and therefore the representative of P, if it is not null, 
must be a member of # t (#332 - 22). If P is a member of k 1} it is its own 
representative (#332-241). 

We prove in this number that, if P,Q,R } ... have existent representatives, 
the representative of their relative product (unless this product is null) is 
the representative of the relative product of their representatives (#332"37). 
Among other important propositions in this number are the following : 

#33232. h : k e FM conx . £, Jf e *< . D . rep/(X \M) = rep^itf | L) 

#332-51. h : « e FM conx . P, Q e * . D . rep/(P| Q) =Q\P 

#33253. h : « e FM conx . P, Q e k . p e NC induct . D . rep/(P | Qy = P" \ Q" 
#332 61. b : Ke FM conx .le^.D. rep/'Potid'i C * t 
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#332 8. Y'.kcFM conx . L, M e * t . f e NC ind . D . 

rep/(Z|ilf)f = rep/(ZMifO 

#332-81. h : * e FM conx , v, <r e NC ind - t'O . L e *< . D . 

rep/D"*^ = rep/^p/Z")' 



#33201. rep/P ^'(k^G'P) Df 

#3321. I- . rep/P = s'(«, n^G'P) = $$ {( a X) . Z <= * t . P G D . xLy) 
[(#332-01)3 

#33211. I- : a ! rep/P .3.PG rep/P [#332*1] 

#33212. h : a ! rep/P . 3 . a ! (* t nC'P) [#3321] 

#33213. r- . rep/A = *<* t [#3321] 

#33214. h : P G Q . D . rep/Q G rep/P [#3321] 

#33215. I- . rep/P = Cnv'rep/P 
Dew. 

h . #330-41 .DK«, nC'P = Cnv"(/c t nG'P) (1) 

I- . (1) . #3321 . D h . Prop 

#33216. r- : * = i l k . D . rep/P = A [#3321] 

#3322. h :. « e FM - i l i l k . D : 3 ! (*. n G'P) . = . a ! rep/P 
Dew. 

h . #3306 . D h : Hp . g ! (* t n^P) . D . 3 '. (* t nG'P) - t'A . 
[#332-1] D . a I rep/P (1) 

h . (1) . #33212 . D K Prop 

#332-21. Y-.KeFM conx . a ! P • 3 ■ (** « G'P) e w 1 
Dem. 
h . #33 1 42 O h : Hp . D, if e « t . P G D . P G i*f . D . D = ilf : D h . Prop 

#33222. h :. k e FM conx . a ! P • 3 ■ rep/P e « t . v . rep/P = A 
Dew. 

f- . #33221 12 . D h ; Hp . a ! rep/P . D . (*, n g\P) e 1 . 
[#3321] D . rep/P e * c : D h . Prop 

#332-23. h :. k eFM conx . a ! P . D : rep/P e *, . = . g ! (* t n G'P) 

Dem. 

h . #332-22-2 . D h : Hp . rep/P ~ e * t .D.(«,nG'P) = A (1) 
h . #330-6 . D h : Hp . rep/P e *, . D . a ! rep/P . 

[#332-2] D.a!(*,*G'P) (2) 

h.(l).(2).Dh. Prop 
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#332*231. Y:.k€FM conx - 1 . D : rep/P e * t . = . 3 ! P . g ! (* t n G^P) 
Dew. 

I- . #331-26 . D r :. Hp . D : rep/P e * t . D . rep/P 4= s<« t . 
[*332-13] D.P + A (l) 

I- . (1) . #332*23 . D I- . Prop 

#332232; h :. k e FM conx - 1 . D : rep/P e « t . = . g ! P . g I rep/P 
[#332-231-2] 

<— 
#33224. h :. /c e Jf*AT conx. g!P. D:Ie(/K,n C *P) . = . a ! rep/P . rep/P = Z 

I-. #332-211. DI-:.Hp.D:Z€« t n^P.D.rep/P = Z; (1) 

I-. #3322. DI-:.Hp.D:Ze*, ncF'P.D.gJrep/P (2) 
I- . #332-22 . D h :. Hp . D : a ! rep/P . D . rep/P e * t : 

[#1312] D:a!rep/P.rep/P=Z;.D.ie« t (3) 

I- . (3). #33211 . D r :. Hp . D : a ! rep/P . rep/P = X . D . £ <= (* t n*G'P) (4) 
I- . (1) . (2) . (4) . D r- . Prop 

#332241. I- : k e PJtfconx . P e * t . D . P = rep/P 
Dew. 
I- . #33224 . D h :. Hp . a r P. D : Pc« t nC'P . = . a ! rep/P . rep/P = P : 
[Hp] D: rep/P = P (1) 

K #330-6. Dr:Hp.~a!P.:>.K = t<A. 

[#332-13] 3. rep/P = A (2) 

I- . (1) . (2) . D I- . Prop 

#332242. Y'.kcFM conx . a ! P . g ! rep/P . D . rep/P = rep/rep/P 

V . #332-22 . D h : Hp . D . rep/P e *, (1) 

I- . (1) . #332-241 .Dr. Prop 

#332-243. I- : * € Pif conx . g ! P . P <Z / f *'<I"* . D . rep/P = I f s'Wk 
[#332-24 . #330-43] 

#332 244. \-i.iceFM conx - 1 . D : 

g ! P . P G / f 8'<I"k . = . rep/P = / r s'd"* 
Dem. 

I" . #331-26 . #330 43 . D I- :. Hp . 3 : s<«, ^I[ s<(I"fc : 

[#33213] 3: rep/P = If s'<I"* . D . g I P (1) 

h. #33211. DH:.Hp.D:rep/P = /ps f a"fc.D.PC/p8'a"« (2) 

I- . (1) . (2) . #332243 . D h . Prop 

K.&W. III. 
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*332'25. f- : « e FM conx . g ! P . g ! rep/Q . P G Q . 3 . rep/P = rep/Q 

7)em. 

r- . #33211 . D I- : Hp . D . P G rep/Q (1) 

h . #33222 . 3 h : Hp . 2 . rep/Q e * t (2) 

f- . (1) . (2) . #332-24 . D h . Prop 

#33226. \-:k€ FM conx . g ! P A Q . g ! rep/P . g ! rep/Q . D . 

rep/P = rep/Q = rep/(P n Q) [#33225] 

*33227. r : k ePif conx . g'P . a ! rep/Q . g!Q n rep/P . D . rep/P = rep/Q 

Dm. 

I- . #332-11 . D h : Hp . D . Q G rep/Q . 

[Hp] D . a ! rep/P A rep/Q (1) 

h . #332-22 . D h : Hp . D . rep/P, rep/Q <= *, (2) 

r . (1) . (2) . #331-42 . D r- . Prop 

#332-31. I- : k e FM conx . L, Me tc, . D . rep/(Z \M)e/c t 
[#330-611 . #331-47-12 . #332-23] 

#332-32. V : k e FM conx . L, M e * t . D . rep/(Z | if) = rep/(4f 1 £) 
[#330-611 . #331-47-12 . #332-24] 

#33233. L : K eFM conx . rep/P, rep/Q e * t . g ! P | Q . D . rep/(P | Q) 

= rep/{(rep/P) j (rep/Q)} - rep/{(rep/P) | Q} = rep/(P | rep/Qj 
Dem. 
r- . #3306 . #331-12 . D h : Hp . D . g ! rep/P . g ! rep/Q . 
[#33211] D. P G rep/P. QG rep/Q. (1) 

[Hp] D.g[P|rep/Q (2) 

I- . #330 6 . #332-31 . {1) . D 

r- = Hp . 3 . P | rep/Q G rep/P ] rep/Q . g ! rep/{rep/P | rep/Q} . 
[(2).*332-25] 

D . rep/(P J rep/Q) = rep/{rep/P j rep/Q} . g ! rep/'P , rep/Q) (3) 
Similarly h : Hp . D . rep/((rep/P) | Q} = rep/{(rep/P) | (rep/Q)} (4) 

h.(l).Dh:Hp.D.P|QGP|rep/Q. 

[Hp.(3).*332-25] D . rep/(P | Q) - rep/(P \ rep/Q) (5) 

r . (3) . (4) . (5) . D I- . Prop 

#332-34. r- : Hp #332-33 . D . rep/(P | Q) € * t [#332-31-33] 

#33235. riKcPM conx. L,#,#e *..:>. 

rep/(X | if [ iV) = rep/{X | rep/(if | N)} « rep/[(rep/(Z \M)}\N] 
[#330-613. #332-31 33] 
#332-36. h : Hp #33235 . D . rep/(Z | if | N) e * t [#332-35-31] 
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#332-37. H : k e FM conx . rep/P, rep/Q, rep/P <=K t .g!PjQ]P.D. 
rep/(P \Q\R) = rep/{rep/P | rep/Q | rep/P) 
= rep/[rep K 'P j rep/P | rep/QJ 
= rep/jrep/Q | rep/P | rep/P} 
Ztem. 

h . #332-33 . D 

I- : Hp . D . rep/(P j Q | P) = rep.'{rep/P | rep/(Q | R)} 

[#33,2-333 = rep/{rep/P j rep/(rep/Q | rep/P)} (1) 

[#332-35] = rep/(rep«'P | rep/Q j rep/P} (2) 

K(l). #332-32. D 

h : Hp . D . rep/(P \Q\R) = rep/{rep/P ] rep/(rep/i2 1 rep/Q)} 

[#332-35] = rep/(rep/P ] rep/P j rep.'Q} (3) 

h . (1) . #332-33-32 . D 

I- : Hp . D . rep/(P | Q \ R) = rep/[[rep/(rep/Q j rep/P)} | rep/Pj 

[#33235] = rep/(rep/Q | rep/P j rep/P} (4) 

h . (2) . (3) . (4) . D K Prop 

#332-41. h :. k e Pif conx. Z, if, iVe^.D: 

rep/(Z | if) = rep/(Z \N). = .M=N 
Dem. 

Y . #34-34 . D I- : Hp . rep/(L | if) = rep/(Z j N) . D . 

Z | rep/(Zj if) = 2 1 rep/(Z|#). 

[#332-35] D . rep/(Z j Z j if ) = rep«'(Z \L\N). 

[#330-31] D . rep/if = rep/iT . 

[#332-241] D . if = N : D h . Prop 

#332-411. h :.* e FM conx. Z, if , Ne^.l-.rep/iM | Z) = rep/(iTj Z). = . if •*# 
[#332-32-41] 

#332-42. V-.KeFM conx . L, M <■ * t . D . Cav'rep«'(Z | if) = rep»'(Z | Jtf ) 
[#332-3215] 

#332 43. h :.* e Pif conx. Z, if, Ne^.D: 

N = rep, '(2, | if ) . = . Z = rep/(iV [ if) . = . Z - rep/(Jf | N) . 

= . if = rep/(iV | Z) . = . if = rep/(Z j tf ) 
Dem. 

h . #332-35 . #330-41 . D 

h : Hp . iV= rep/(L \M).1. rep,«(Z \M)M)~ rep K '(N j M) . 
[#330-31] D . rep/Z = rep/(tf | M) . 

[#332*241] D.Z=-rep/(A' I if). (1) 

[#332-32. #330-41] D . Z-rep^ifliV) (2) 

h . (1) . #330-41 . D h : Hp . L = rep/(iV j if ) . D . tf= rep/(Z | M) (3) 
t- . (1) . (2) . (3) . D h . Prop 
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#33244. V:.KeFMconx.L,M > NeK i .3irev lt t {L\M) = ir. = .L\MGN 
[#3306. *332-2431] 

#332*46. l-s.Hp*33il-44.D:rep/(2/}Jlf) = ^. = .rbp»'(Z;|M|i{')-Jfs < a"/c 

Dent. 
H #33235 . 3 1- :. Hp . D : rep/(X | M ) « N . D . rep/(£ | Jf | JV") = rep/(^ 1 1) 
[#332'24.#33031] = J|V(I'V (1) 

(- . #332-35 . D I- :. Hp . D : rep/(Z | M \ N) = / \ b<(I"k . D . 

rep/[{re R «'(Z | Jtf )} | JV> I XsWk . 
t*332'31"43] D . rep/(£ f if ) = rep.'iV 

[#332-241] - N (2) 

K(l).(2).DI-.Prop 

#332-46. !-:.«€ Pif conx .£,#e«t-3:.£|Jf<&/. = .£-sif 

Dtm. 

K #330*43 611. #332243. 3 

h:Hp.£|AfGJ.D.rep/(Z|M) = ir*<(I"*. 

[#332'43.#330'43] D , £ = rep/if 

[#332241 .#33041] =if (1) 

I- . #71191 .-DhiKp.L^M.D.LlMGI (2) 

(- . (1) . (2) . 3 h . Prop 

#332 51. I- : k e FM conx . P, Q e k . D . rep/(P | Q) = Q | P 
Dem. 

\- . #33124 . #332-32 . D I- : Hp . D . rep/(P | Q) = rep/($ J P) 
[#332-241] ^Q|P:Dh.Prop 



v-» V v-» 



#33252. l-:«€Fifconx.P ) Q ) P ) S , €«.D.rep K t (P|Q|iJj^)=Q|S'lP|iJ 
Dm. 

I- . #330-613 . *331'12124 . D h : Hp . D . g ! (P | Q) | (R 1 5) . 
[#332-33-51] D.rep/(P|Q|E|S) = rep/(Q|P|Sj£) (1) 

K #330-561-611. D I- :Hp. 3. Q\P\S\R<£Q\^ P\R .^IQ\P\S\R (2) 
K #331-52. DI-:Hp.D.Q|3|P|22e«i (3) 

I- . (1) . (2) . (3) . #332-24 . D h . Prop 
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#332-53. h : KeFM conx . P t Q e k . p € NC induct . D . rep K '(P | Qy = P» | Qp 
Bern. 

V . #330-624 . D I- : Hp . D . g ! (P j Qy (1) 

K#33073. DI-:Hp.D.(P|Q)»GP>|Q'* (2) 

(-.#331-53. DI-:Hp.D.P"|Qpe« t (3) 
K (*) ■ (2) . (3) . #33224 .31-. Prop 

#33261. \-iieeFM conx . L e k % . D . rep^'Potid'Z; C * t 
Dem, 

I- . #332243 . #33043 . 3 I- : Hp . 3 . rep««(I [ &L) e *. (1) 

»- . #332-31 . 3 h : Hp . M € Pot'Z . rep/3f e * t . D . rep/{Z j rep/3f } € « t (2) 
I-. #330-624. DhrHp.ilfePot'i.D.alil^ (8) 

I- . (2) . (3) . #332-33 . 3 h : Hp (2) . D . rep/(Z | Jlf) e *, (4) 

I-. (1). (4). Induct. DI-. Prop 

#33262. h : k e PAf conx . A ~ e Pot'P . a T rep/P . D . 

rep«"Pot'P C rep/'Pot'rep^'P 
Dem. 

\- . #332-242 . D I- : Hp . D . rep/P = rep/rep/P (1) 

K #332-22. 3 I- : Hp . 3 . rep/P € *. (2) 

I- . (2) . #33261 . D 

H : Hp . Q e Pot'P . rep K 'Q e rep/'Pot'rep/P . 3 . rep/Q « * t (3) 

K #91-36. DI-:Hp.QePot<P.:3.a!PjQ (4) 

I- . (2) . (3) . (4) . #332-33 . D I- : Hp (3) . D . rep/(P f Q) = rep/(rep«'P | rep»'Q} . 

[Hp.*91-36] 3 . rep/(P j Q) e rep/'Pot'rep/P (5) 

h . (1) . (5) . Induct .31-. Prop 

#332-63. I- : Hp #332-62 . D . rep/'Pot'P C *, 

h . #332-22 . D f- : Hp . D . rep.'P € * 4 (1) 

l-.(l). #332-62-61. 3 I-.. Prop 

#332 64. h-.fceFM conx . rep, "Pot 'P C *. . 3 . rep„"Pot'P C rep/'Pot'rep/P 

Defih 
V . #331*26 . #33213 .Dr:Hp.*~el.:>.A~e Pot'P (1) 

I- . #330-6 . #33112 . D I- : Hp . . A ~ * rep,"Pot'P (2) 

I- . (1) . (2) . #33262 . D I- : Hp . *~* 1 . D . rep«"Pot'P C rep^'Pot'rep.'P (3) 
I-. #330-43. #331 -22. 3 h : Hp. /eel .D.* 4 «t'(/f #*a"/e)»/e (4) 
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V . (2) . (4) . #33212 . D h : Hp (4) . D . P C / f s'd"* . (5) 

[*332-24313.(4)] D . rep/P - / [ sWic (6) 

h . (5) . #301-3 . 3 h : Hp (4) . D . Pot'P = t'P . 

[(6).*332-241] D . rep/'Pot'P = t'rep/rep/P (7) 

I- . (3) . (7) . D b . Prop 

#332-65. h : A ~ <= Pot'P . g ! rep/P . D . Pot'P C s'Rl"Pot*rep/P 

Dem. 
|-.*33211.5h:Hp.D.PGrep (C 'P (1) 

h.f^.DhiHp.QePo^P.iJfPot'rep/P.QCE.D.QIPCEIrep/P (2) 
h . (1) . (2) . Induct . D h . Prop 

#332-66. I- : a ! rep/P . # e Pot'rep/P . D . ( a Q) . Q e Pot'P .QCLR 
[Proof as in #332-65] 

#33267. I- : « e J?*Af conx . A ~ e Pot'P . 3 ! rep/P . D . 

rep,"Pot'rep«'P « rep B "Pot'P 
Dew. 
h. #332-242. D I- : Hp . I) . rep/rep/P = rep/P (1) 

h . #332-66 . D h :. Hp . D : iJ € Pot'rep/P . D . 3 ! £ | P (2) 

I- . #33222 . 3 I- : Hp . 3 . rep/P e * t (3) 

I- . (3) . #332-61 . 3 I- :. Hp . D : R e Pot'rep/P . D . rep/iJ e *, (4) 

I- . (2) . (3) . (4) . #332-33 . D 

h :. Hp . D : E e Pot'rep/P . D . rep„'(rep,'jR | rep/P) = rep^iS j rep/P) (5) 
r- . #332-33 . D h : Hp . R e Pot'rep/P . Q <= Pot'P . rep/E = rep/Q . D . 

rep/(Q | P) = rep/(rep/P | rep/P) 
[(5)] =rep/( J R|rep/P) (6) 

r- . (6) . D h : Hp . R € Pot'rep/P . rep/E e rep/'Pot'P . D . 

rep/(jR | rep/P) e rep/'Pot'P (7) 
h . (1) . (7) . Induct . D h : Hp . D . rep/'Pot'rep/P C rep/'Pot'P (8) 

I- . (8) . #33262 . "J I- . Prop 

#33271. h : k e Pi/ conx . Z, if e /c t . D . 

rep/'Pot'(Z | M) = rep/ ( Pot'rep/(X | if) 
Dem. 

h. #330-626. Dh:Hp.D.A~<=Pot'(Z|i/) (1) 

h . #332-31 . #330-6 . D I- : Hp . D . a ! rep/(Z j M ) (2) 

r- . (1) . (2) . #332-67 . D h . Prop 
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#33272. Y : Hp #332-71 . D . rep„"Pot*(£ j M ) C *, [*332"31'61-71] 

#332*73. h : K e FM conx . L, Me * t . D . Pot'(X | M) C *'Rl"Pot'rep/(Z | M) 
[#332-65-31 . *330'626] 

#33274. Y-.KeFM coax . L, if e «, . P e Fot'M . D . 

rep/(Z | P) = rep K <(P | L) = rep/(2, | rep.'P) 
Dem. 

Y . #330627 . #33261-33 . D 

h : Hp . D . rep/(Z | P) = rep«'[Z | rep/PJ (1) 

[*33261-32] « rep/jrep/P | L) 

[#330 b'27.*332-61-33] = rep/(P j L) (2) 

K(l).(2).Dh.Prop 

#33275. r :. Hp #33274 . D . a ! rep/(Z | P) [*332'74-6131 . #3306] 

#332-8. Y\ K eFM conx . Z, M e Kl . f e NC ind . D . 

rep/(Zj4f)f = rep,'(Z*|i^) 
Dem. 

Y . #332-243 . ^ 

r : Hp . £= . D . rep/(£ j if)* = / |V<I"k = rep/(# | Jlf *) (1) 

h . #301-21 . #33233 . #330626 . D 

I- : Hp . rep/(L | My = rep, c (# | if f ) . 3 . 

rep/(i \M)*+° l = rep/{# | if f | L \ M) 
[#332-37] = rep/{# j rep/(Af* | j&) f JIT} 

[#332-32-33] = rep«'{# | rep/(£ | i/*) j if} 

[#332-37] «rep K '(# + «M^ +e1 } ( 2 ) 

^ (1). (2). Induct. DK Prop 

#33281. Y-.KeFM conx . v, <r e NC ind - t'O . L e *, . D . 

rep/2/*"* = rep^rep/Z")* 

h . #301-23 . D h : Hp . rep/Z" x " r = rep^rep/Z")' . . 

rep/Z"*'^*'' 1 ' = rep/CX"*'" | L v ) 
[#332-33] = rep/{(rep/Z") ff | rep/Z*} 

[#301-23] = rep.'(rep/Z") ,r+ ' 1 (1) 

V . (1) . Induct . D h . Prop 

*332 82. Y-.kc FM conx . i> e NC iad - i<0 . Z, Jlf c * t . D . 

rep/(Z | M)" = rep/[rep/(Z | 3/)}" 
Dem. 
I- . #332-33 . D h : Hp . rep/(Z | M)" = {rep/(Z | JIf )}f . D . 

rep/(Z | M)T + ' 1 = rep,'[{re Pie '(Z | i/)}" j rep/(Z I M)] 
[*301-23] = rep„'{rep«'(Z | M )}" + < l (1) 

I- . (1) . #113-621 . #3012 . Induct . D Y . Prop 



*333. OPEN FAMILIES. 

Summary of #333, 

An " open " family is defined as one such that, if L is any member of «, 
which is not contained in identity, then every power of L is contained in 
diversity, i.e. L^ G J. We shall often have occasion, both in this number 
and later, to consider the class k k — Rl'J, and in later numbers we shall often 
have occasion to consider the class tc — R1T. We therefore put 

#33301. K d = K-m<I Df 

#333011. tftf-OOa Df 

Thus K t $ consists of all members of k, which are not contained in identity, 
i.e. (if k is a connected family) all members of «» except I\s i d ii K. The 
definition of an " open " family is 

#333 02. FM ap = FM n k fs'Pot"*^ C Rl' J) Df 

From the point of view of the application of ratio, the hypothesis that 
a family is open is very important. To begin with, it insures (#33318) 
that K.g consists of "numerical" relations (cf. #300), so that if Le/c t $, we 
have Pot'X = fin'X (#333'15), and in virtue of #300-491, the existence of 
open families implies the axiom of infinity (#333*19). 

Again, in an open connected family, if L, M are two different members 

of «„ all the powers of L J M are contained in diversity, and therefore the 
representatives of these powers are members of k^ ; that is, we have 

#33322. h : k e FM ap conx . L, M e * t . L + M . D . rep«"Pot'(Z; [ M) C /e id 

It follows from this proposition that, with the above hypothesis, if a 1S 

any inductive cardinal other than 0, 1? \ M" is not contained in identity, and 
therefore L" =f= M" and rep/Z' 7 4= rep* *.Af <r . Hence by transposition we obtain 
the two propositions : 

#33341. f- :. k e FM ap conx . L, M e K t . a- e NC ind - t'O . D : 

rep/X» = rep/if* , = .L = M 
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*333 42. h :. Hp *33341 . D : Is = M' . = . L = M 

Hence we obtain 

*333 43. h :. Hp *33341 .0 : %l L' n M' . = . L =M 

This proposition shows that in an open connected family, no two 
members of « t have the ratio 1/1 unless they are identical. Again it 
follows from *33341 that if Z> XcT and J M irXcT have the same representative, 
then L p and M" have the same representative, and vice versa, i.e. 

*333 44. h :. k e FM ap conx . L, M e * t . p, <r, r e NC ind - t'O . D : 

rep/Z pXcT = rep yt *if' rXcT . = . rep/2> = rep/Jf* 

Hence we obtain two propositions which are vital for the application of 
ratio, namely : 

*33347. b :. k e FM ap conx . L, M e Kl . p, <r e NC ind - t'O . D : 

rep/I> = rep/Af* . = . 3 ! L p n M" 

*33348. bz.tce FMvp conx . L, Me *, . p, <r, t e NC ind - t'O . D : 

3 ! L p n M" . == . ^ ! Z> XcT n il/'*"" 

On comparing this last proposition with the definition of ratio (*30301), 
it will be seen that, whether p is prime to cr or not, L has to M the ratio a-Jp 
when, and only when, g ! LP n M°, i.e. (by *333"47) when, and only when, 
rep/Z p = rep/ilf". 

From *333"47 it follows also that, if M e * l5 , M p and M" will not have the 
same representative unless p = a (#333 , 51), i.e. 

*333-51. h :. k e FM&y conx . Me « l9 . p, cr e NC ind . D : 

rep r 'if p — rep/itf* . = . p = <r 

From this it follows that no member of k^ has any other ratio to itself 
than 1/1. Again, by *333-47-48-51, we have 

*333 53. b-.feeFM&ip conx . L, Me * (9 . 3 ! L° n M p . 3 ! L" S M* . D . 

Hence if L and jlf have the two ratios p/«r, fi[v, we have p/cr = fi/v ; that 
is, no two members of k$ have more than one ratio. 

The applications of ratio indicated in this summary will not be made till 
the following Section ; they are here mentioned in order to show the utility 
of the propositions of the present number. 



*333 01. K d = K- Rl'J Df 

*333 Oil. K ld = (* t )a Df 

*333 02. FM ap = FM n £ {s'Pot"* l6 C Rl'J} Df 

*333-03. FM ap conx = FM ap n FM conx Df 

25 
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♦3331. \-:M € K id . = .(^P ) Q).P l QeK.M='P\Q^lM^J. 

= .M €Ki .^lM^J [(#333-01-01 1)] 

#333*101. \-:. K eFMa.v.= iK€FMxM€K ib .PeYot<M.3 Mf .P<lJi 

= : Kt FM : M c Kld .0 M . M po GJ [(#333-02)] 

#33311. \-:K€FM&v.L6K ld .5.L<ZJ.L*GJ.L*L~k.L$L.<zlL 

[#333-1-101] 

#33312. h : * e FM&p conx . a ! rep/P .glPnJ.D. 

rep/P e k$ . (rep/P)^ C J 
Dem. 

V . #33211 . D h : Hp . D . a ! rep/P n J . 

[*332-22.*333-l] D . rep/P e « (3 (1) 

h . (1) . #333101 . D h . Prop 

#333-13. h : k € FMap conx . a ! rep/P •a!P/SJ'.D.P p<) CJ 

Dem. 
K #33211. Dh:Hp.D.PCiep K 'P (1) 

h . (1) . #332-22 . 3 t- : Hp . D . a ! (rep/P) n J . P^ C (rep/P)^ . rep/Pe «. . 
[#3331] D ■ Ppo G (rep/PV . rep/P e * i3 . 

[#333101] D . P^ G J : D h . Prop 

#333-14. HiKeFifapconx.Z.Jlfe^.i + itf.D.dlJO^CJ 
Dem. 

h. #330-626.. I) I- : Hp . D . A ~ e Pot'(Z | ilf ) (1) 

h . #332-31 . #330-6 . D h : Hp . D . a ! rep K '(Z | Jlf) (2) 

I- . #332-46 . Transp . D I- : Hp . D . a ! (Z | Jf ) A / (3) 

I- . (1) . (2) . (3) . #333-13 . D h . Prop 

#333-15. h : * e PM ap . Z e * t9 . D . Pot'Z = fin'Z = finid'Z - i'Z 
[#121-501 . #33311101] 

#33316. hue PAT ap conx . L, Me * t . L$ M . D . 

Pot'(Z | M) = fin f (Z | i/) = finid'(Z | M ) - t'(L I 30o 
[#121-501. #333-14] 

#33317. h : * e FM&p conx . a ! rep/P . a ! P A </. D . 

Pot'P = fin'P = finid'P - i'P [#121-501 . #33313] 
#33318. \-iKe FM ap . D . * t3 C Rel nuui [#333-101 . #3003] 
#33319. h:*ePMap-( r t f A.D.Infinax [#33318 . #330624 .#300-491] 
#333-2. h : a ! PMap conx . D . Infin ax [#33319 . *331"12] 
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*333 21. I- : * e FM ap conx . L e /e ld . D . rep/'Pot f £ C K ld 
Dem. 
V . *332-61 . D h : Hp . D . rep/'Pot'Z C *, (l) 

h . #333101 . *330624 . D h :. Hp . D : A ~ e Pot'i . Pot'X C Rl'J : 
[#332-11.(1)] DiMeTevS'Pot'L.l.ftlMnJ (2) 

h . (1) . (2) . #3331 . D h . Prop 

#333 22. I- : * e FM ap conx . £, Jf e « t . i + Jf . D . rep K "Pot"L [ M) C « l9 

t- . #33271 . D I- : Hp . . re Pl( "Pot'(£ | J?) = rep/'Pot*rep/(Z I if) (1) 

h . #332-461 1232-31 . D h : Hp . D . rep/(£ j if) e * (9 (2) 

h . (1) . (2) . #333 21 .31-. Prop 

#333 23. h : * e FM ap conx . A ~ e Pot'P . g ! rep/P .glPn/.D, 

rep/'Pot'P C * l3 
Dem. 
K*332-62. D h : Hp . D . rep/Tot'P C rep/'Pot'rep/P (1) 

h . #332-1 122 . #3331 . D h : Hp . D . rep/P e «, 3 (2) 

I- . (1) . (2) . #33321 . D h . Prop 

#33324. h : *ePilf conx . A~e Pot'P . g! rep/P.i>e NCind . 3 ! 

(v+„l)n * 2 <P . D . rep/P" = rep K «(rep/P)* 
Dem. 
h . *301-2 . #332243 . D h : Hp . D . rep/P = I [ sKI"* = rep/(rep/P)° (1) 
h . *332-63 . *330-6 . #30116'22 . D 

h : Hp . D . rep/P", rep/P e «, . g ! P"^ 1 . (2) 

[#301-21. #332-33] D . rep/P" +el = rep/{(rep/P") | rep/Pl (3) 

H . (2) . (3) . D I- : Hp . rep/P* = rep/(rep/P)- . D . 

rep/P" +cl ~ rep/jrep^rep/P)" | rep/P} . 

rep/(rep/P)", rep/P e *, (4) 

h . (2) . #330-624 . #301-21 . D h : Hp . D . g ! (rep/P)' | rep/P (5) 

h . (4) . (5) . #332-33 . D h : Hp (4) . D . rep/P"+ cl = rep/{(rep/P)" \ rep/P} 
[#301-21] -rep^rep/P)"** 1 (6) 

K (1). (6). Induct. DK Prop 

A hypothesis equivalent to v e NC ind . g ! (y -t- 1) ^ £ 2 'P is * e CE' tf£ *" ^- 
It is sometimes convenient to substitute this for the other. 

#333-25. Y-.iceFM conx . L, Me *, . i> e NC ind . g ! + c 1 ) n i"Z . D . 

rep/(X | MY = rep„'(rep/(£ | #)}" 
Dem. 

t- . #330-626 . #331-12 . D h : Hp . D . A ~ € Pot'(£ | M) (1) 

I- . #33231 . #3306 . D I- : Hp . D . 3 ! rep/(I | M) (2) 

I- . (1) . (2) . #333-24 . D h . Prop 
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•333 32. h : k e FM conx . L, M e * t . P , a e <T'( U £ t?'L) . D . g ! 2> | M ' 
Dem. 

V . #330-61 .*3012 . D 1- : Hp . D . g ! 1° | if (1) 

I-. •330-623. Dh:.Hp.D:£e*.D s .£|Z>|M'GZ>|if'|£: (2) 

[•330622] D:g[!Z>|ii/'.D.a! /> +cl | Jf* (3) 

t- . (2) . •330621 . Dh:.Hp.D:3!Z>jif'.D.a!Z>|if'+' :1 (4) 

h . (1) . (3) . (4) . Induct . D h . Prop 

•333-33. t- : « e Wconx . Z, iTe * t . cr e d'(£H P*Z) . D . 

rep/(I'|ilf') = rep/(Z|Jlf)' 
Dew. 

h.*33 332. *332- 243. D 

h : Hp . 3 . rep/(Z° | if ) = 7 p s'G 4 '* = rep/(Z j ilf)» (1) 

h . #332-37 . *30121 . D 

h : Hp . D . rep/(I»+« 1 j iW r «'+<' a > = rep/(rep/(£' [ M°) | rep/Z | rep/ If } (2) 

h . (2) . D h : Hp . rep/(Z' | if') = rep/(Z j M)° . D . 

rep/(L' + ' 1 1 i/'** 1 ) = rep/frep/(Z | if)' \ rep/Z | rep/if} (3) 
h . (3) . •333-32 . #332 37 . D 

I- : Hp (3) . D . rep/^'*' 1 1 if'*' 1 ) = rep/{(Z | if )' | Z | if } 
[•301-21] = rep/(Z j M y + <* (4) 

h. (1). (4). Induct. Dh. Prop 

•33334. h : Hp*33333 . D . rep/(Z"| M" )= rep/{rep/(Z|if)j'=rep/(Zjif)' 
Dew. 

l-.*330-626-6.*332-31.D 

h : Hp . D . A ~ e Pot'(Z | M) . g ! rep/(Z | M) (1) 

r- . (1) . #333-24 . D h : Hp . D . rep/(rep/(Z j if)}' = rep/(Z | i/)' (2) 
V . (2) . *333-33 . D h . Prop 

#333-41. h :. K eFM apconx . Z, i/ e*, . <reNC ind - t'O . D : 

rep/Z' = rep/if' . = . Z = if 
Dem. 

V . *333-34-22-2 .Dh:Hp.Z + if.D. rep/(Z'j if*)e * (3 . 

[*33321-32.*332-33] D . rep/{rep/Z' | rep/if'} € * iS . 

[*332-44.Transp] D . ~ {rep,'Z* | rep/if' G 7 f s'd"*:} . 

[*33215-46.Transp] D . rep/Z' + rep/if- (1) 

h.(l).Transp.Dh.Prop 

•333-42. h :. Hp *33341. D:Z' = if'. = .Z = if [#333-41] 
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#33343. h :. Hp*33341 . D : a ! Z/ *M* . ~ . i = M 

Dem. 
h .#333-21 .#33226 . D h : Hp . g ! Is n Af" . D . rep/Z" = rep/ Af" . 
[*33341] D.£ = A/ (l) 

f-.(l).*330-624.3h.Prop 

#333*44. h :. « e Fif ap conx . D, Af e k, . p,a,T j NC ind - i r . D : 

rep/D"* cr = rep/Af"^* . = . rep/2> = rep/Af 7 
Dem. 
f- . #3015 . #333 24 . D 

f- :. Hp . D : rep/D 1 *^ = rep/Af 7 *' 1 " . = . rep/(rep/I>) T = rep/(rep/Af r ) T 
[#33341'21] = . rep/2> = rep/Af" :. D h . Prop 

*333'45. h :. Hp #33344 . D : />*<* = M«** T . D . rep/Z> = rep/A/* [#333-44] 

#333-46. h :. Hp #333*44 . D : g 1 Z>* cr *S Af**° r . D . rep/X" = rep/ A/' 
Dem. 

h. #332-26. #383-21.3 

h ; Hp . g ! />*" /\ Af 7 *" . D . rep/Z> Xcr = rep/A/ 17 ^* (1) 

h . (1) . #33344 . D h . Prop 

#333*47. h :. * « FM ap conx . L, M e k, . />, o- « NC ind - t'O . D : 

rep/2> = rep/ Af* . = . g ! Z> r» M° 
Dem. 

h . #333-46 . D h : Hp . g ! Z> A M" . D . rep/2> = rep/ J/' (1) 

h. #332*53. #72*92. 1) 

h:Hp.P,g,ii > ^e*.2;-P|Q.Jlf = l|5f.D.Z> = (PMQ p )r a( ^- 

M* = (tt 7 1 ^) [ (I'M " . rep/Z> = P" \ Q? . rep/Af 7 = £" | tf 7 (2) 
h. (2). #35-14. D 

h : Hp (2) . rep/Z> - rep/Af 17 . D . 2> A M' - (P> | Q>) f (d r ^> a Ct'Jf") . 
[#330-72] D-a!Z>n^ (3) 

H . (1) . (3) . D h . Prop 

#333-48. Y:.k€ FM ap conx . L, Me k, . p, cr, t € NC ind - t'O . D : 

3 ! Z> A Af 7 . = . g ! 2> XcT r\ M aXcT 
Dem. 
h. #33346. DHHp.aSZ'nA/'.D.rep/D^rep/Af 7 (1) 

I- . #330-624 . #332-61 . D V : Hp . D . A ~ e Pot<2> . g ! rep/D> . 
[#333-24] D . rep/D 1 *" = rep/(rep/i>)-- (2) 

Similarly V : Hp . D . rep/A/" x " = rep/^ep/if 17 )-- (3) 

h . (1) . (2) . (3) . D h : Hp . ^ ! 2> A M" . D . rep/i> x "- = rep/ilf <rX<:r . 

[#333-47] D.<zlb>x° r nM" xcr (4) 

h . #333-46-47 . D h : Hp . g ! Z> Xl!r A Af' Xe > . D . g ! If A A/" (5) 

h . (4) . (5) . D h . Prop 
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#33349. h : k e FM&p conx . L,Me tc t . p,<r€ NC ind - i '0 . rep/Z" = rep/itf" . 
D . L» [ (I'M* = M° \ <P1> . (D'M*) 1 Is = (D'b>) ] M" 
Dem. 
V . #33321 . #330'6 . D h : Hp . D . g ! rep/Z" . 
[#332'11] D , Z> G rep/i> . 

[*72-92] D . £p = (rep/i/) f a r Z> (1) 

Similarly h : Hp . D . ilf' = (rep K 'M*) X (I'M* . 

[Hp]* D . if" = (rep/Z?) f (I'M" (2) 

h . (1)_.(2). D t- : Hp . D . If \ (I'M* = (rep/Z>) p (0^ n Cl'if') = M" X d'Z<> (3) 
Similarly Y : Hp . D . (D'A/') 1 2> = (D'ls) 1 if' (4) 

h . (3) . (4) . D t- . Prop 

#333 5. I~ :. k e CT ap conx . P, Q e * . a e NC ind - i'O . D : 

P*= Q- . = . & ! P* n Q- . = . P = Q [*3334243 . #33124] 

*333'51. h :. k e FM ap conx . M e * (3 . p, <r e NC ind . D : 

rep/i/ p ~ rep/if" . = . p = <r 
Dem. 

V . *333'47 . D h :. Hp . rep, 'if' = rep/if" . D : g ! Jkfp A W : 

[*301-23.*120-412'416] D : p > er . D . g ! if""*' A 7 . 

[#333101] D.p = o- (1) 

Similarly h :. Hp (1) , D : tr>p . D . p = <r (2) 

h.(l).(2).Dh.Prop 

#333-52. h :.Hp #33351 .0 : M* = M° . = . p = a [#333-51] 

#333-53. I- : k e FM ap conx . Z, M e tc ld . g ! If n if<> . 3 ! Z" n if* . D . 

jt x c <r = v x p 
Dem. 

h . #333-48 . #301'16 . D h : Hp . D . & ! />*=» n M»*<* . g ! Z' x «' n Jf^xcp . 

[#333-47] D . rep/i> x ^ = rep/if* 1 *-* = rep/Z" Xc <> . 

[#333-51] D./tx c o-=j/x p:Dh. Prop 



*334. SERIAL FAMILIES. 

Summary of *334. 

The purpose of the present number is to consider what properties of 
a family k will insure that s'kq is serial, or has one or more of the properties 
characteristic of serial relations. Suppose, for example, that k consists of dis- 
tances on a line. Then k$ consists of those distances which are members of k 
and are not zero. Any selection of distances on the line may constitute k\ thus 
e.g. k, may consist of all distances which are integral multiples of a given distance, 
or of all which are rational multiples of a given distance, or of all distances 
from left to right, or of all distances on the line in either direction. It is 
plain to begin with that if s 1 k% is to be serial, * must not contain equal 
distances in opposite directions, since if it does, (i'*g) 2 will not be contained 
in diversity, i.e. s'/tg will not be asymmetrical We call a family * asym- 
metrical when no member of «g has a converse which is also a member of 
k$. The definition is 

*33405. FM asym = FM n ft {k n Cnv"« C Rl*/) Df 

It will be observed that s'/eg G J in any connected family, by *331'23. If 
kcFM asym, we have also {PicdftiJ. 

In order to secure that s'tc s shall be transitive, we require that the field of 
k should contain at least one "transitive point," where a "transitive point" 
means a point a such that any point which can be reached from a by two 
successive non-zero steps can also be reached by one non-zero step, i.e. such 

that 

— > — » 

(s'xsY's'K^a Ci'/ctfa. 

The definition of transitive points is 

*334 01. trs'/e = s'0."k n a {(s'K d y's'>c d 'a C s'x^a] Df 

Thus if a is a transitive point, and _R, $e/tg, there is always a member of 
Kg, say T, such that R'S'a = T'a. It will be seen that if * is a connected 
family, the existence of a transitive point implies that the family is asym- 
metrical. Again, if there is a transitive point in a connected family, then 
R, Sefe d . D . R\S e Kg, by *33132 ; hence k s is a group. The converse also 
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holds, i.e. if *g is a group, any member s'Q"« is a transitive point (#33411). 
Hence if there is any transitive point, every point of s ( d lt K is a transitive 
point. 

The definition of a transitive family is 

*334 02. FM trs = FMnie (q I tvs <*) Df 

By what has just been said, a connected transitive family is one in which re* 
is a group, i.e. 

*33413. h : . k e FM conx . D : k e FM trs . = . *Se a \ (i K d C * a 

t} 
A connected family is transitive when, and only when, s 1 k$ is a transitive 
relation, i.e. 

$33414. V : . k e Filf conx . D : * e JP-Af trs . = . k l K d e trans 

In order to secure that s { k s shall be a connected relation, it is not enough 
that k should be an FM conx, i.e. that s l d ft K should have at least one con- 
nected point. We require that every point of s l Q (t tc should be a connected 
point. This will be secured if there is a connected point which belongs to 
the field of every member of «,, i.e. if 

Ql conx 1 k r\ p'C'tCi. 

For suppose a econx'* f\p l G li K t . Then if Z e* t , either L'a or L ( a exists, and 

is of the form R'a or R l a, where Re/e. Hence, by #331 '32, L is identical 

with R or with R ; hence K t = k u Cnv"*. Hence by #331"4, s'a^ e connex. 
Conversely, if KeFM conx and s'« 9 e connex, it follows from #33132 that 
/t,=«uCnv u /t; hence p i C ii K t -s i (l li K, and therefore we have g!conx' lenp'C"*^ 
Hence putting 

*33403. FM con nex = iWn£ (3! conx 'icnp'C"^) Df 

where ".^W connex" means "families having connexity," we have 

#334 26. (- : . k € FM conx . D : k e FM connex . = . s'k^ e connex . 

= . «, = k u Cnv"* . = . C"* t = a"* 
and 

*334'27. h . FM connex = FMkk (s'(1"k = conx'* . * 4 t'A) 

/.e. a family having connexity is one whose field consists wholly of connected 
points and is not null. 

We thus secure (1) s'kq QJby the hypothesis k e FM conx, (2) s'/cg e trans 
by the hypothesis k e FM conx n FM trs, (3) s 1 k^ e connex by the hypothesis 
k eFM connex (which implies /eeFM conx). Hence we secure s'/c^ e Ser by 
the hypothesis kcFM trs r» i*W connex. When this hypothesis is fulfilled, 
we call k a "serial" family; thus we put 
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#33404. FM sr = FM trs n FM connex Df 

and we have 
#334 3. h :*e Wsr.D.s'* a eSer 
#334 31. \-\.K€FM.I[ s'd"* 6K.0:KeFMsr. = . s<K d e Ser - t'A 

An important special case, which is briefly considered in this number is 
the case when the domains of members of * are the same as their converse 
domains, i.e. when 

D"*=d"*. 

This case is illustrated, e.g. by the family whose members are all relations of 
the form (+gX)[ r C i H 9 , where XeG'H'. It is also illustrated by cyclic 
families,, which are considered in the next Section but one. When D"*=G' r K, 
if * is a family, so is * v Cnv"*(#334'4), and if * is a connected family, so is 
* w Cnv"*(#334'41). In the case of the above family, whose members are 
(+ g X)tC'H g where JeC'F, « u Cnv"n will consist of all relations 
(+ g X)t Q'Hg where XsC'Hg, i.e. it will consist of all additions of positive 
or negative ratios to positive or negative ratios. 

A connected family in which D"* = G"* is a family having con- 
nexity, i.e. 

#33442. Y:k€ FM conx . D"* = Q."/c . D . * e FM connex 

The definitions and propositions of this number are much used through- 
out the remainder of Part VI. 



#33401. trs'* = s'<I"k n a {(s l * a )"s'*5'a C s'K 8 'a} Df 

#33402. FM trs = FM n £ ( a ! trs'*) Df 

#334 03. FM connex = FM n ft (g ! conx'* n p'C"*,) Df 

#334 04. FM sr = FM trs n FM connex Df 

#33405. FM asym = FMnft( K n Cnv"* C Rl'/) Df 

#33409. h: /eeFM conx. 3. s' Kd GJ [#331 -23] 

#334 1. hi'.xe FM .Oi.ae trs'* . = : 

ae s'(1"k :R,S €f c 8 . RiS . (&T) .TeK d . R'S'a^T'a [(#334-01)] 

#33411. I- :. * e FM coiw . D : a e trs'* . = . a es'CP'* . s l x d |"* g C « 9 

it 

Dem. 
h. *331 33 24. D I- : Hp . R,Se « 5 . Z> . R\ Sex t (1) 

r- . (1) . *33132 . D h : Hp . Te * 6 . ^SS'a = T'a.3.R\S=T (2) 

r- . (2) . #334-1 . Dh::Hp.D:. 

a e trs«* . = : a e «'(!"* : R, Se K d . D As . (g^) . Tc* 9 . iJ i 5= T: 
[#13-195] = : ae s'<l"te : R,S e >c d .3 RS . R[S e /c d :: D h . Prop 

R. & W. 111. 
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#33412. b :. /ceFMconx . a.a-.es'Q"* . D : 

a e trs'/c . = . a- e Us'k . = . s'tcf, \"ic h C # 9 [#33411] 

jj 

#33413. I- :. « e FM conx . D : * € ^i¥ trs . = . $'ic b |"« 9 C « 9 

[#33412 . #33112 . (#334-02)] 

#334131. I- : k e FM conx n FMtrs . Re k- .D . Fot'R C * s [#334*13. Induct] 

#334132. I- : tc e iWconx n ^4/ trs . D . s'Pot"* C * [#3341 31] 

#33414 b : . k € FM conx . D : « e i^if trs . = . £"** s e trans 

Dem. 
b . #41-51 . #33413 . D I- :. Hp . 3 : k e FM trs . D . (s^ a ) 2 C 6-'k s (1) 

I- . #330-52 . D I- :: Hp . D :. s'ie b e trans . D : 

R,SeK d .xes t (I«K.-} R<s>x .('&T).TeK d *R<S i x=T'x. 
[#331-31'33-24] D AS , X . ( a T) . Te* a . R\S=T. 

[*13195] D ASiI .i2|iSfeic a (2) 

h . (2) . #331-12 . D I- :: Hp . D :. s'k 9 e trans .3:R,SeK d . D AS . i£ | S e Kg : 
[#33413] Z> : * e iW trs (3) 

l-.(l).(3).Df-.Prop 

*33415. h : « e W conx r> iW trs. D .s<k\"k = k 

Dem. 
b .#331-321-22 . D t- :. Hp . R e k- K d . : R = I [s<(I"ic : 

[#50'62'63] }iS€K.5.R\S,S\ReK (1) 

I- . (1) . #33413 . D I- : Hp . D . s'« |»« C « (2) 

I- . #331-22 . #50-62-63 . D r : Hp . D . * C s'/c | "* (3) 

h.(2),(3).Dl-.Prop 
#33416. h : k e FM conx * FM trs. £ e* a . Z) . i^G J [#334-13109] 

#334-161. b: K € FMconx f\FMtrs.Reic d . avs'd"* . D . R*'a e K 
[#33416. #123*191] 

#334-162. F : a ! FMconx n i^if trs - 1 . D . Infin ax [#334-161] 

#334-17. b:K€ FMconx nl.D.« a =A [#33122] 

#334-18. b-.Ke FMconx - 1 . D . CV* 3 = s<a"ic=s'(I"K d . g ! i'/c a . g ! /c a 

*- . #331-22-321 . D F :. Hp . D : a ! « a : 

[*330'52] D : a es'G"* . Z> . (gi2) . £ e * s . a e (Pi? . 

[#40-4] D.aes < a tt x d . (1) 

[#41-45] D.aeC's'Kf, (2) 

t-. (1). (2). #33112. Dr. Prop 
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#33419. h'.KeFM.D. CV* a C 6<(3"« [#41 45 . #33052] 

#3342. I- ::. K e FM . D :: a ep'C"^ . = :. L e «, . D £ : E '. L'a . v . E ! L'a 
[*330-52] 

#334-21. I- : k e FM connex . D . « t = « vCnv"* 

Dem. 
t- . #3342 . #331-11 . D h :. Hp . a e conx'* r>p'C" Kt . L e n t . D : 

(gii) : R e k w Ciiv"k : L'a = R'a.v. L'a = R'a : 

[#331-4224] D : (gi?) : i? <? k w Cnv"* :L=*R.v.l = R (1) 

I- . (1) . #331-24 . D I- . Prop 

#334-22. \-:iceFM connex. 3. p t C"K l =*8 t a tt K [*334'21 . #330*52] 

#33423. I- :iceFM connex."). conx'* = s'd"* [#334-21 . #331'4] 

#334 - 24. h«e FM connex . D . s'k s e connex 
Dem. 

I- . #334-21 . #331-4 . ~> 
V :. Hp .x,yes'(I'*K .x^y . D : (gi?) : Reic^ :xRy . v .yRx:. D I- . Prop 

#334-25. I- : * e i^if connex . D . C"x t = <3"k [#334'21 . #33052] 

#334-251. V : k e FM . *, = * w Cnv"* . D . jo'C"« t = s'(I"k 

I- . #40-18 . #33-22 . D h : Hp . .p<C"K t =*p'C"ic (1) 

I-. (1). #330-52. Dh. Prop 

#334*252. h:«f FM conx . s'k s e connex . D . « t = k v Cnv"* 

Dew. 
1- . #4111 . D t- : Hp . L e Kl . x = L'y . D . (%R) .Reav Cnv"* . xRy . 
[#331-42-24] D.ZeKvCnv"* (1) 

I- . (1) . #330-6 . #331-12 . D h . Prop 

#334-253. Y-.Ke FM conx . C"k, = <J"k . D . k e W connex 
Dm. 

I- . #330-52 . D h : Hp . D . p'C'ic = s'<I"k . 

[#331-1] D . ft &^'C"k, n conx'« .Of-. Prop 

#334-26. h :.K€ FM conx . D : « e i^Jf connex . = . s'tc d e connex . 

= . k, = k v Cnv"* . = . C"k, = <J"k [#334-21-24-25-251-252-253] 

#334-27. I- . FM connex = FMr>1c {s'G."*; = conx'* . « + t'A) 

Dew. 
H , #331-1 . D h : k e FM . k + i'A . s*a"K = conx'* . D . s'x a e connex . 
[*334-26.(*331-02)] D . k e FM connex (1) 

H .#334-23 . (#334-03) . D h : * e jW connex . D . s«XI"« - conx'* . « =}= t'A (2) 
Ktt)./l).3l-.P*>p 
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*334'3. h : k e FM sr . D . £'« & e Scr 

Dem. 

V . #33409 . D I- : Hp . D . s<K d GJ (1) 

V . #334-14 . D I- : Hp . D . s'k 8 e trans (2) 
h . #33424 , D I- : Hp . 3 . s'k 3 e connex (3) 
H.(l).(2).(3).Dt-.Prop 

*334'31. Vx.kgFM . 1 \ s'Wk e k .1 1 iceFM st .= .s<K a eSer - t'A 

Dew. 
h . #41*11 . J I- :. Hp . s'k b e Ser - i'A . D : 

x,y es'G"«. D a> y . (g>R) . i2 € k . x (R ty R) y : 
[#33111] D : s'd'Sc = conx'* (1) 

H . (1) . #33414*26 . D H : Hp (1) . D . tc e FM trs . k e FM connex (2) 

K (2) . #334*3 . #331*12 . D h . Prop 

#334*32. \-.FMsrC FMa.p [*33416'21 . #333101] 

#334 4 ViKeFM. T)"k = a"* . D . k u Cnv"* e ZM 
Dem. 

H . #33*2-21 . D h : Hp . D . D"(k w Cnv"*) = d"(«; w Cnv"«) « a"* (1) 
h . #330-561 . D \- : . Hp . D : ii, £ e k . 3 . £ 1 8 = £ | R (2) 

h. (1). (2). #330*52. DI-. Prop 

#334*41. H : « € -Fif conx . D"tc = d"* . D . * u Cnv"* e FM conx 
[#334*4. #33111] 

*33442. V'.kcFM conx . D"« = <3"k . D . k e tftf connex 
Dem. 

h . #37323 . D h : . Hp . D : R, S e k . D . d'OR | S) = d'S : 
[#330*4] D:C"^ = a"ic (1) 

K (1) . #33426 . D H . Prop 

#33443. h : tc e 1?^ conx n i?W trs . D"« = d"« . D . k e FM sr 
[#334-42 . (#33404)3 

#334-44. h/ce FJWconx . D"k = d"x . X e * t . D . D'Z « d<£ = O'i = s'd"« 
Dew. 

l-.«37-323.DHsHp.B,Se*.D.a'( J B|S)-a'flf:Dt-.ftop 
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#33445. H : * e FM conx . D"k = d"ic .^Me^.D. <I'(L \M) = s*a«K 
[*334'44] 

#334-451. H : Hp #33444. SePot^O.DSSf==a^S = CSS ==*'<!<<* [#334:44] 

#33446. \- :.Hp*334'44 . M,N € K t .3 :&! L\M n N . = . L\M= N 
[#334*45. #33145] 

#3345. V : k e FM conx n FM asym . D . (s'* e ) 2 G / 
Dem. 

V. #332-46 . Dh:Hp. J R ) £f e «. J R|^G7.D. J R = S. 
[(#33405)] D.R~I\-s'(I"k (1) 

I- . (1) . Transp . D I- :. Hp . 3 : R.Se k 9 . D ,~(22 1 SG7) . 
[#331 •33-23] D . i? | S G J :. D h . Prop 



#335. INITIAL FAMILIES. 

Summary of #335. 

A family of vectors may or may not have a point in its field which is a 
starting-point but not an end-point of non-zero vectors. For example, the 
family of which a member is (+, X) £ C'H', where X e C'H', has such a point 
in its field, namely ; but the family of which a member is (+ s A)£ C'H, 
where X e C'H', has no such point in its field, and no more has the family of 
which a member is (+ g X) £ C'H g , where X e C'H'. If such a point exists, it 
is a member of s'(I"ic but not of s'D"/^. Such a point, if it is also a con- 
nected point, must be unique, i.e. we have 

*335 12. t- : k e FM . D . conx<« - s'D"k 8 eOwl 

When conx* k — s'D" k$ exists, we call its only member "the initial point 
of k" putting 

*335 01. init'je = 7'(conx'ie - *<D"*g) Df 

If the initial point of k exists, we call k an " initial " family ; thus we put 

*335 02. FM init - FM n d'init Df 

An initial family is asymmetrical (#335-16) and transitive (#335'18), and 
forms a group (#335'17); and if its initial point is a member of p'C"K t> it is a 
serial family (#335'3). 



*33501. init'K=^(conx'K-s<D"* 9 ) Df 
*33502. FM init = FM rs (Finit Df 

— ► 4 — 

«33511. \-:k€ FM . a e conx'tc - s'D"* 9 . D . s'<I"k = s'k'cl . t'a = s««'a 
Bern. 

K #41-43. #33-4.3 I- :Hp.D.?i s 'a = A (1) 

I- . #331-23-22 . DhHp.D.sVa = «V« y t'a (2) 

r . *3311-23-22 . 3 h : Hp . 3 . s'Wk = §Z'a w Picd'a (3) 
I- . (1) . (2) . (3) . D I- . Prop 
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#335 12. I- : k e FM . D . conx'« - s'D"^ e w 1 

Dem. 

— > 
\- . #33511 . D h : Hp . a, b e conx'« - s'D"k s . D . 6 e *Va . 

[#32182] . a € s<K { b . 

[#33511] D.a = 6:DI-.Prop 

#335 13. r- :. k e tfAf . D : E ! initV . = . g ! conx''« - s 1 T>"k 
[#33512 . (#335-01)] 

#33514. I- : k € FM init . = . *ei?W . g ! conx'x-s'D"^ [#33513. (#335-02)] 

#335-15. t- : KeFMimt . D . s'd"*; = «Vinit ( * [#335-11. (#335-01)] 

#335-16. t- . FM init C FM asym 

Dem. 
I-. #33514. D I- :. Kei^f init. D: 

(aa):aes'(I"K:.Re«.aeD'i2. Djj . i2 e Rl'J (1) 
h . #330-52 . D I- : k <= W . a «=■ a'd"* . 22 c k n Cnv"* . D . a e D'ii (2) 

r . (1) . (2) . D t- :. K e FM init . D : £ e k n Cnv"x . R . R e Rl'J : 
[(#334-05)] D : k e FM asym : . D I- . Prop 

#33517. h ztceFM init. D . s'k\"k = k 

Dem. 
V . #33515 . } h :. Hp . D : i£, Se k . D . (a 7) .Tex. S'/S'init'* = ^init'* . 
[*331-24-33-32] 1 .(%T).TeK.R\S=T. 

[*13195] 3.R\SeK (1) 

K #331-22.3 I- :H P .:>.*Cs<k1"k (2) 

K(l).(2).Dt-.Prop 

#335-18. r . FM init C FM trs 

Ztewz. 
h -*3351*7 . Itz.KeFMimt.D-.R.SeKd.'Z.RlSeK (1) 

I- . #334-5 . #335-16 . D I- :. k e J?Winit. D : R,Seic d . D . R \ 8 G.J (2, 

K (1) . (2) . #330-551 . D t- :. k e FM init .3 : R.Se K d .3 .R\S e K d (3) 

I- . (3) . #334-13 . D h . Prop 

#33519. h :. k eFMimt . D : * eFM connex . = . init'« e/>'C"* t 
[*33423 . (#334-03 . #335-02-01)] 

#335-21. \--.Kf FM init . D . s<K d e trans . ($<« a ) 2 G J [#33518 16 . #334-14'5] 

#335-22. t- :. k e FM init . D : s<K d e connex . = . C"«, = Q"k . = . init'/c ep'O"^ 
[#334-26. #335-19] 
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#335 23. I- :. tceFM init r\FM connex . £e* t9 . D : 

init'* e D'L . = . init'* ~ e <J'L 
Dem. 
Y . *335'19 . D h :. Hp . D : init'* eD'Z . v . init'* ed'Z (1) 

h . #33421 . D h : Hp . Z> . Z e * a u Cnv"* a (2) 

I- . #33511 . D h :. Hp . D : Z, e * a . 3 . init'« ~ e D'Z : 

£ £ Cnv"* a . D . init'* ~ e a* J, (3) 

I- . (2) . (3) . D h :. Hp . D : iuit'* ~eD'i.v. init'* ~ e d'L (4) 

h.(l).(4).*5'17.Dh.Prop 
#335-24. t- :. K eFMinit n FM connex .R,S e k . R$S .0 : 

R'init'ic e D'S . = . S'init'* ~ e D'22 

1- . #71-162 . D t- :. Hp . D : R'imt'K eD'S.s. init'* e <J'(S \ R) . 
[*333'l.*335-23] = . init'* ~ e D'(S | ii) . 

[#71162] = .S'imt'fc~e'D'R:. D I- . Prop 

#335*25. f- ::. k e FM init . D ::s'* a e connex . = :. 

R,SeK.D RS :D'RCD'S.v.D'SCD'R:. 
= :. a,£eD"ie . D«,p : aC£ . v . £ Ca 

h .#202-135 . D I- :: Hp . s'* 9 e connex . D i.s'ice connex :. 
[*2H-6.#330-542] D :. #, Se* . I) : D'£ CD'S . v . D^CD'E (1) 

I- . *71\L62 . D I- : Hp . E'init'* e D'S . D . init'* e a*(5 1 S) (2) 

I- . #71*162 . D I- : Hp . S'init'* <• D'R . D . init'* e D'(5 1 £) (3) 

I- . (2),. (3) . D I- :. Hp . R, S e k : D'R C D'S . v . D'S C D'R : D . 

init'*eC%R|S) (4) 
I- . (4) . #3304 . D I- : : Hp :. R, S e * . D* s : D'iJ C D'S . v . D'S C D'R :. D . 

init'* ep'C"* t . 
[#335-22] D . «'« 3 e connex (5) 

h. (1). (5). #37-63. Dh. Prop 

#335-26. h : * e FM init n M connex . D . D f * e 1 -» 1 

Dew. 
I- . #33-43 . D I- : Hp . R, Sex . iJ'init'* ~ eD'S. D . D'R + D'S (1) 

I- . #335-24 . D h : Hp . R, S e * . R •+ S . £'init'* e D'S . D . S'init'* ~ e D'R . 
[#33-43] D.D'iZ + D'S (2) 

\-.(l).(2).}\-:Hp.R,S€K.R$S.5.D'R$D'S:D\-.-Prov 
#335-3. h:«e J P , if.init'*e^ t C"* l .D.s'* a eSer [#335-21-22] 



*336. THE SEEIES OK VECTORS. 

Summary of #336. 

In this number we consider a relation between members of k or of « t 
which, with suitable limitations as to the nature of the family, may he 
identified with the relation of greater and less. If there is a member of « 
which takes us from a point z to a point y, i.e. if y (s'kq) z> we say that z is an 
earlier point than y\ thus we regard s'k^ as the relation of later to earlier. 
If now M and N are two members of tc t , and if, for some x, M'x is later than 
N'x> we shall say that M is " greater " than N with respect to k. This 
relation we denote by V K , where " V" is intended to suggest that the relation 
holds between vectors. The definition is : 

♦33601. V K = MN [M, Ne Kt : fax) . (M'x) (s'k 3 ) (N'x)} Df 

For the same relation when confined to members of k, we use the notation 
U K ; thus we put 

•836-011. U k =V k \,k Df 

In dealiug with V K and U K it is desirable to be able to express M'x as a 
function of M. We wish to consider (say) a fixed origin a, and the various 
points R'a, S*a, T'a, ... to which the various vectors which are members of k 
carry us from a. For this purpose we put 

R'a = A a 'R, 
where " A " stands for " argument," and " A a 'R " may be read " the vaiue, 
for the argument a, of R." The definition is 

A a = xR(xRa) Df, 
whence we obtain 

*336101. I- : E ! R'a . D . R'a = A a 'R 

Then the points R'a, S'a, T'a, . . ., where R t S,T, ... are the various members 

— ^ 
of k, form the class A^'k, which is thus the same class as s'tc'a. The relation 

A a [ k correlates the point R'a with the vector R. The vector R is analogous 

to the coordinate of R'a when a is the origin ; thus A a \ k is analogous to 

the relation of a point to its coordinate. A relation which is more exactly 

that of a point to its coordinate will be explained in Section C, where, in 

26 
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addition to the above correlator A a [ k, we shall also correlate a vector with 
its numerical measure in terms of an assigned unit. 

If k is a connected family, and a is any point of its field, A a [ «, is a one- 
one relation (#336'2). If k is an initial family, and a is its initial point, 
A a \ k is a correlator of s'G."k and k (#336 - 21), so that in an initial family 
the class of vectors is similar to the field (#336'22). If « is a connected 
family, and a is any point of the field, and X is those members L of «, for 
which L'a exists, then A a \ X correlates the field with X, so that X is similar 
to the field (*336'24). 

By the definition of A a> if M e * t and M'a exists, we have 
M'a = A a 'M = Aa[ic l 'M. 
Hence by the definition of V K , 

h:MV K N.~. ( 3 a) . (A a [ Kl 'M) (*«* e ) (A a f tfN) . 

= . (go). Jf(* 4 1 AJi'K d )N, by *15(H1. 

Similarly h : PU K Q . = . ( 3 a) . P (* 1 Ajs ( K d ) Q. 

Now in a connected family, if a and b are any two members of the field, and 

(P'n) (s<K d ) (Q'a) . = . (P*b) (i'* a ) (Q*b) (*336'38) ; 

hence «1 AJs'kq^ k"\ AJs'kq, 

and hence U K = k *\ AJs'kq (#336'43). 

Since k \ A a is one-one (by #336'2), the above gives an ordinal correlation of 
U K with (s'« s ) £ Aa'x. (#336-461), i.e. U K is ordinally similar to s'kq with its 
field confined to those points which can be reached from a by vectors which 
are members of k. If k is an initial family, it follows that U K is similar to 
6*«5 (#336*44) ; if not, U K is in general only similar to a segment of s'/cg (in 
the sense of #213). 

It should be observed that k^ A a 'x is the member of « t which takes us 

from a to x, and ic 1 ] A a 'x (if it exists) is the member of tc which takes us from 

a to x. Thus k\ A a >s f K^ is the series of vectors which take us from a to all 
the various points which can be reached from a by members of k, the order 
of the series being that of the points to which the various vectors take us 
from a. 

If at is a connected family, U K is the relation which holds between two 
members of k when one of them is the relative product of the other and a 
third (other than the zero vector), i.e. 

#336-41. \-tKeFMconx.D. U K = PQ[P,Qe k :(^T) . TeK ? .P=T\Q\ 
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This is lur many purposes the most convenient formula for U K , If, in 
addition, we have D"k = (I"k, a similar formula holds for V K> i.e. 

*336 54. I- : k eFM conx . D"k = d"ic . D . 

V K =*M{M,NeK.:('KT).TeK b .M=T\N} 
If k e FM conx, V K is contained in diversity (#3366); if k is also transitive, 
V x is transitive (336'61) ; and if tc has connexity, so has V K (#336"62). Hence 
if k is a serial family, V K and U K are serial (#33663'64). 

In addition to the above-mentioned propositions, the tollowing propo- 
sitions in this number are important : 

#336411. hz.Ke FM conx . s'k j "« C k. D : PU K Q . R e k.D .(P\R) U K (Q\R) 
*336'511, h :. k e FMsr . v e NC ind - t'O . D : RU K 8 . = . R^U K 8" 



W VJ 



#336 53. h :. « e F if conx . M t Ne k, . D : itf F K iV . = . NV K M 

The present number is important, since V K and U K are the genera] 
relations from which greater and less among magnitudes are derived, and 
the subject of magnitude is therefore intimately dependent upon them. 



*336 01. V K = MN [M, Near- fax) . (M'x) (i'* g ) (N'x)} Df 
#336011. U k =V k Ik Df 

#33602. A a = $R(xRa) Df 

#336*1. I- : xA a R . = . xFa [(#336-02)] 

#336101. \-:RlR'a.3.R'a = A a 'R [#3361] 

#33611. \-:x(A a \-K)R. = .R€K.xRa [#336-1] 

#33612. r.sVa = 4 a "K = D'(4«r*) 
Dem. 

h . #41-11 . D h . « Va = & {faR) .Re K . xRa] 

[#336-1] = x {faR) .ReK.xA a R}.0h. Prop 

#33613. h . T>'A a [kC s'T>"k 

Dem. 

\- . #3361 2 . #331 5 . D h . D'i a ^C D's'k . D h . Prop 

#33614. l-:KCl-*Cls.:>.^ a r*el-*Cls 
Dem. 

V . #336-11 .^V'.x{A a \K)R.y(A a \K)R.^.ReK. xRa . yRa (1) 
I- . (1) . *7117 . D V : Hp . Hp (1) . D . x = y (2) 

K (2). #71-1 7. Dh. Prop 



396 QUANTITY [PART VI 

#33615. t-ncQcT'a.aea.D.a'(A a \-ic) = tc 
Dem. 

h . #33611 . D h : Re d'(A a [ K ) . = . fax) .ReK.xRa (1) 

K (1). (#330-01). 3 K Prop 

#33616. Viae conxV . = . a e s 1 Q."k . 4 tt "(/c w Cnv"/c) « s'CE"* 
Dew. 

K #3311. #3361 2. D 

h:ae conx'* . = . a e s'<I"k . A a "fe w 4 tt "Cnv"/c = s'<3"* (1) 

K (1). #37-22. Dh. Prop 

#33617. h-.KeFM conx n jFif trs - 1 . P = £</c a . D . 4/'* = P*'a 
Dem. 



h . #3341418 . D h : Hp . D . P^a = P'asjI[ sFWic'a 

[#331-22-23] =Wa 

[#336-12] = J tt »*OKProp 

#336-2. h : *e jFif conx . aes'CI"* . 3 . 4 a f * t e 1 -> 1 

h . #33«14 . D h : Hp . D . A* [ Ki e 1 -> Cls (1) 

I- . #33611 . D I- : Hp . x (A a [ K t )L.x (A a f /c t ) Af . D .L,M e /c t . #Za . fcATa . 
[#331-42] D.Z = M (2) 

K(l).(2).DKProp 

#336-21. I- : k e FM . a = initSc . D . A a [ k e (s'(I"k) sm k 
Bern. 

K #336-2. DhiHpO.^^/cel-^l (1) 

h . #33515 . #336-12 . 3 h : Hp . D . T)'A a { k = s'<I"k (2) 

h. #33615. 3h:Hp.D.aM a ^ = /c (3) 

H . (1) . (2) . (3) . Z> h . Prop 

#336-22. h : * e FM init . D . (s'CE"*) sm * [#33621] 

#336-23. h-.KeFM conx . a e s'CI"* .^^n^ae (FZ) . Z> . 

A a t\e(s<<I"K)sm\ 
Dem. 

H. #336-2. Dh:Hp.D.4 a |^\ e l->l (i) 

h . #336-11 .D h : Hp . D . D<(4 a f X) = £ {( 3 Z) . Z e \ . xLa} 
[Hp] = ^{faL).Le Ki .xLa) 

[#331-4] = *<<!"* (2) 

h . #336-11 . D I- : Hp . D . Q'(4 a f\) = L {fax) . Z <?\. xLa] 

[Hp] = \ (3) 

h.(l).(2).(3).Dh.Prop 
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#336 24. h : Hp #33623 . D . (s<<1"k) sra \ [#336"23] 

#336*25. \-:k€ FM conx . a, b e 8*(I"k . \ = k, a Z (a e <PZ) . 

fi-K,n & (be (I'M). "5. Xsmp [#336-24] 

#33626. h:*6Pif.a6Conx^.\ = /cwCnv" J B(Ee/c.aeD^).D. 

i ( ,[ k X€(s'a"/c)smX [#33623 . #331 -48] 

#3363. h :. k C 1 -*Cls . D : fl(« lI JP)£. == .R,S € k. (R<a)P(S'a) 

Bern, 

Y . #15011 . D h : R (K J \A a }P)S. ~ . (ga^) .R.Seic. xA a R . yA a S . xPy . 

[*336'1] = . fax, y).R,Setc. xRa . ySa . xPy (1 ) 

h. (1). #71 36. 3 h. Prop 

<-» 
#336-31. h : k e FM conx . a e s'<I"k . D . * 9 C D'(* f AJs'kq) 

Bern. 
h. #3363. D 

h : . Hp . D : R e D<(* 1 AJs'* d ) . = .(<&S,T) .R,S € k . T € K d .R'a = 2* S'a (1) 
h . #331-22 . D h : Hp . R e * a . D . i£ e « d . /[Vd"* <? * . E'a =*£'(/ |V(I"*)'a- 
[(I)] Z> . R e T)'(k ] 2 a % s ) Oh. Prop 

#336-311. h : k € JFJf conx - 1 . a e s'<I"k . D . J f s'd"* e (P(«-1 4„iff'* 3 ) 

h . #3363 . D 

h :. Hp . D : S e d<(« \ AJs<K d ) . = . (gii, f) . #,Se* . Te « 9 . R'a=T'S'a : 
[^31'22J3:7r*'a"Kea'(KlI o ;j'K 9 ). = .( a B,2 T ).E€*.TeKg.E'o = r'a. 
[*330-52] ' =-a!* 3 (1) 

I-. a). #334-18. Dh. Prop 

#336-312. I- : k e jPM conx - 1 . 3 . C'(k 1 ii a »£'« 9 ) = * [#336-31'31 1] 
#336313. h : k e FM conx n jFJfasym . a e *'<I"* . D . D'(«e 1 AJs'kq) = * s 

r . #336-3 . D 

h:.K V .3:I\-s<a" K€ I) t (K J \A a is<K d ). = .(KS > T).SeK.TeK d .a=T<S'a (1) 

h . (1) . #3345 . Dh:Hp.D.7ps'a"«~eD'(/«:lJi a J*'* 9 ) (2) 

I- . (2) . #33631 . D h . Prop 
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#336-32. h : k e FM . a e conx'/t . \ = * n R (a e D' R) . 3 . 

C'[(k v Cnv"*) 1 J tt ^/c a } = k u Cnv"\ 
Dew. 

(- . #33616 . #334-18 . D h : Hp . D . C's'K d = d'(* w Cnv"«) 1 ^ . 

[*15<V23] D . C*((* w Cn v"k) 1 4 a M<« 9 } = D<<* w Cnv"*) 1 1 a 

[*336-15-ll] = k w i2 {(gar) . jR e Cnv"* . xRa) 

[Hp] -«u Cnv"X : D h . Prop 

#336*34. I- : tc e jF.M . a = init'w . D . (k 1 A a H'K d ) smor (s ( « e ) 
Dem. 

+- .#336-21 . 3 I- : Hp . D . * 1 Jf a e 1 -> 1 . <F*1 2 a = CV* 5 Oh. Prop 

\*> 
#336*35. V : k e iW . a. € conx'/e . 3 . ((« w Cnv"/c) "j AJs'kq) smor (s f /c 5 ) 

[#336-2-16] 

#336*351. \- :*€ FM conx . a e s'd"*- . D . (k 1 Jv*'« 9 ) smor (a'* 9 ) £ 4«"* 
Z)em. 

h.#3362. Dh:Hp.3.K J |i t el->l (1) 

h . #150*37 . D I- : Hp . D . * 1 Jf a J*'* 9 = * 1 A a >(s f K d ) t A a " K (2) 

h . (1) . (2) . D h . Prop 

#33636. h :. « € FJf conx . Z, if e « t . a, b e d'Z n d'if . Te k ;. 3 : 

Z'a = T'lf' a , = .L'b = T'M'b : Z'a = ?*Jlf' a . = .L'b = T'M'b 
Dem. 

h . #13*12. 3 h :. Hp . if e*. . a = N'b . D : L'a=T'M'a. = .Z'tf'6 = T'M'N'b. 

[#330*63] = . i\T'X f 6 = N'T'M'b . 

[#71*56J = .Z'& = T'lf<6 (1) 

h . (1) . #3314 . D h :. Hp . D : Z'a = T'M'a .= .L'b = T'M'b (2) 

h . #71-362 . 3 h :. Hp . D : L'a = T'M'a . = . Jlf'a* T'Z ( a. 



[#71-362] 

h . (2) . (3) . D h . Prop 



= .L'b= T'M'b 



(3) 



#336-37. h :. k e FMconx . Z, Jlf e * t . a, 6 e d«Z n d'ilf . D : 

(Z'a) (s'* 9 ) (ilf'a) . = . (L'b) (s' Kd ) (M'b) 
Dem. 

V . #33636 . D 

b :. Up . 3 : (rT).T e k . L<a=T'M'a. = .(rT).T t k b . L'b=T'M<b:.1\- .Frop 
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#336 371 h:.«€ FM conx . /,. Me^.ue <1'L rs (I'M . D : 

LV K M.3. (L'a) (s'k b ) (M'a) [*336'37 . (#336-01)] 

*336'38. h :. * e Pif conx . P, Q e x . a, b e s'd"* . D : 

(P'a) (s'fc d ) (Q'a) . = . (P'&) ($'* 3 ) (Q'6) [#336-37 . #331 24] 

#3364. h : k € FM conx . a e s'd"* . D . IT. = PQ [P, Q e k . (P'a) (s'* 5 ) (Q'a)} 

h . #336"38 . 3 

h :. Hp . D : 6 e s'<J"k . (P<&) (s<* 3 ) (Q'6) . = . 6 e s'd"* . (P'«) (s'K d ) (Q'a) : 

[#1011-281.Hp] D : (g&) . 6 e s'd"* . (P'6)(s'* a ) (Q'6) . = . (P'a)(s'/«r 6 )(Q'a) (1) 

h.(l).(*336'011).Dh.Prop 

*336*41. h : k e FM conx . D . U K = PQ [P, Q e * : (a? 1 ) ■ T € k s . P = T \ Q) 

Dem. 
h. #41-11. Dh :Hv.aes'<l"K.P,Qe l c.T€K d .P = T\Q.1.(P'a)(s' / c d )(Q<a) (1) 

h.*41-11.3h:Hp. a e s'd"* .{P'a)(s'K d )(Q'a).O.C&T)>Te *d- P<a ^ T'Q'a . 
[#331-32*33-24] 1.(<&T).T € K d .P = T\ Q (2) 

h . (1) . (2) . #336-4 .31-. Prop 

#336-411. hi.KtFM conx . s'k j "« C * . D : P U K Q . R e k . D . (P ] R) U K ( Q j R) 

[#336-41] 

#336-412. I- : Hp #336-411 . P,Q f R e K .(P\ R)U K (Q\ R).1 . PU K Q 
Dem. 

V . #33641 . D h : Hp . D . (^T) .T e K d . P\R = T\Q\R . 

[*330'5] •D.(^T).TeK d .R\R\P = R\R\T\Q 

[#330-31] D . ( a T) . T e * d . P = T j Q . 

[#33641] D.PCT.Q Oh. Prop 

#336-413. h :. Hp*336-411 . P, Q, R e k . D : PU K Q . = . (P j B) £7, (Q | R) 
[#336411-412] 

#336-4? h : * e FM conx . a e^'D'St . D . V K = Z3? {X, if e * t . (Z'a)(*'* s )(Jlf~'a)} 

Dem. 
h . #330-54 . D h :. Hp . Z, if c * 4 . D : a € d'Z n d'M : 

[*3a6-37 j D : (L'b) (s'k b ) (if* 6) . D . (£'«) (*«* 6 ) (M'a) : 

[(#336-01)] 3 : LV K M . D . (i'a) (k ( K d ) (M'a) (1) 

I- . (1) . (#336-01) . D h . Prop 

#336-43. h : k e Pif conx . a e s'd"/c . D . C^ = k "\ A a >s'/c d 
Dem. 

h . #336-4-101 . D h : Hp . D . U K = P§ {P, Q e k . (^ a 'P) (s ( K d ) (A a 'Q)\ 

[*35-7"J = P§ {(^ a T *'P) (*'* fi ) (i4„ t *'^)1 

[#150-41 .#336-2] = « 1 X^'/^ : D I- . Prop 
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#33644. \-:k€ FM init . D . U K smor {s 1 k b ) 
Demi. 

V . #336'41 . D h : Hp . a = init'/c . D . U K = k \ A a U'K d (1) 

h . #33621 . D h : Hp . a = init'* . D . « 1 I« e 1 -> 1 . (T(/c 1 Jf B ) = s'(I"k (2) 
h. (1). (2). #33419. 3 h. Prop 

#33645. h : «ePif. a e conx'*. A^/o^aeD^,. D . 

r„ t (* w Cnv"\) =(«v Cnv"«) 1 4 ft >«'*9 

h.*4lll.(*336-01).D 

h:.P{F lt Uf w C!nv"\)jQ.-:P,Qe/cuCnv"\:(a^T).re« s .P^=r'Q^ (1) 

l-.(i).*336-36.3h::Hp.D 

P, Q e k u Cnv»\ : ( 3 T) . Te k b . P'a = T'Q'a : 
P,Qetcv Cnv"« : (gT) . T e tc d . P'a = 2* Q'a : 
\P y QeKU Cnv"* . (P'a) (i'*g) (Q'a) : 

P {(« u Cnv"*)1 Z» J *'*a} Q :: D h ■ Pr °P 
#33646. V : Hp #33645 . D . F< £ (* u Cnv"\) smor (£<* s ) [#336-45-2'16] 

#336 461. h : * e FM conx . a e s'CT'k . D . C^ smor (s'ic d ) I (A a "ic) 
[#336-351-43] 

#336 462. h : k e FM conx n PIT trs . a e s'<J"/c . P = s'* a . D . U K smor (P £ P*'a) 
[*33G-46117. #33417] 

#336 47. h : k e PA/ conx . D . « a C D' U K [*336"31 -43] 

#336 471. h : tc e Pif conx - 1 . D . k = 0*7* [*336'312-43] 

#336 472. h : « e Pil/ conx n Pif asym . D . k 3 = D' U K [#336313-43] 

#336 51. h:. k e FM at .R, S etc . v eTXCind- t'O .5 : 

(R'a) (s'K d ) (S'a) . = . (R"'a) (s'k b ) (S"a) 
Dem. 

V . #33342 . #33432 . #330-57 . #331 42 . D 

I- :. Hp . D : T € « 9 . R'a = T'tf'a . 3 . P"a = r"£»"a . 

[#334131] D . (E*'a) (£'* 9 ) (£"a) 

h . (1) . #4111 . 3 h :. Hp . D : (R'a) (s<K d ) (S'a) . D . (i2"a) (*<* 9 ) (S"'a) 



P{V K t( K uCnv«\)}Q.= 
[#14-21.Hp] = 

[#41-111 = 

[*336'3] = 



h " ^ Ws ' D h " Hp ■ D : (>sf ' a) (iV9) (E ' a) ' D " ^"^ ^*'*^ (jK, " a) 

h . #33142 . D I- :. Hp . 3 : R'a= S'a . D . ^'a = fif"o 
h. (3). (4). #334-3. D 

h :. Hp . D : ~ {(/J'a) (*** a ) (fif*a)} . D . ~ K^'a) (s'* 3 ) (S" c a)} 
h . (2) . (5) . D h . Prop 



(1) 

(2) 

(3) 
(4) 

(5) 
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#336511. h i. K€ FM st . v eNCind- i<0 .3 : RU K S . = . &U K S* [«336"51'4] 
#33652. h :. * e FM conx . Q,R,8 t T€K . xe d'(Q | R) n (I<(S j T) . D : 

(Q I R) V K (8 1 T) . ~ . (S'R'x) (** a ) (Q<T<x) 
Dem. 

h. #336371 .D 

¥:.K V .l:(Q\R)V K (S\T). = .{nP).P€K d .Q<R<x = P<S<T'w (l) 

h . *330"56 . D I- :. Hp . P e * d . D : Q'E'a = P'S'T'x . = . Q'R'x = S'P'T'x.. 
[#71-362] = . R'x^Q'S'P'T'x . 

[*330-54-56] = . R'x = S'Q'P'Fx . 

[*71-362.*3305-] = . S'R'x =P'Q<T<x (2) 

\-.(l).(2).?\-:.Rp.0:(Q\R)V K (S\T). = .(nP).PeK d .S'R<x = P<Q<T'x. 
[*41*11] s . (S'J2'*)(«*ic3)(g'Z*«):.D h. Prop 

#336 53. \-:.k € FM conx . if, JT « « t . D : if F K iV . =s . if rjf 

Dem. 
h . *330-5-54 . D 
h:Hp.g,f2,5 J 2 T e/c.if=Q|i2.iV=5|r.a6^a"/c. i r = Q^^ya.D. 

E ! if 'a . E ! i\T'a . E ! i/'a . E ! iV'a (1) 
J- . (1) . #33652 . D h :. Hp (1) . D : MV^N . = . (S'R'x) (s<K d )(Q'T'x) . 
[*330-5] = . (R'S'x) (s c K d ) (T*Q'x) . 

[#33652] = .(T\S)V K (R\Q). 

[Hp] ~.NV K M (2) 

K (2). #3311 2. Dh. Prop 
#33654. Y-.KeFM conx . D"* = d"* . D . 

r (t = s M{jif,iVe*.:(ar).reK3.if«r|^i 

Dm. 
«- . #33446 . D h :. Hp . if, N € *. . 3 : 

(^T,x) .TeK d . M'x=T'N'x . = . (gT) . Te* e . if = T| JV (1) 
I- . (1) . (*336'01) . 3 h . Prop 

#3366. h.'/cejPifconx.^.F.GJ 
Dem. 
h . #331 23 . D h :. Hp . D : if 7^ . 3 . (%x) . #'* + #'* :. 3 I" . Prop 

Observe that, by the conventions explained in #14, " M'x^N'x" implies 
E ! M'x . E ! N'x. From " (g#) . ~ (M'x = N'x) " we cannot infer M =f N. 
r. & w. III. 
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#336-61. I" : k e FM conx trs . D . V K e trs 

Bern. 
V . #330612 . D h : Hp . L, M, N e Kl . D . g ! d'L n (Fif a (Ftf (1) 

h . #336371 . D h : Hp . L V K M . M V K N . a e d'L n (I'M n d'N . D . 

(L'a) (s'k b ) (M'a) . (M { a)(s'« d ) (tf'a) . 
[#334-14] D . {L'a) (s'* d ) (N'a) . 

[(#33601)] D.LV K N (2) 

K(l .(2).Dh.Prop 

#336*62. K : k e jFitf connex . D . F K e connex 

Dew. 
h . #33061 . 3 h : Hp . L, M <? * 4 . D . g ! d'L n a 'J/ (1 ) 

h . #33424 . D h : . Hp . L, M e Kt . a e d'L n (I'M . D : 

L'a = M 'a . v . (L'a) (s'k b ) (M'a) . v . (M'a) (s'/c B ) (L'a) : 
[#331-42.(#336-01)] D : X « M . v . ZFJf . v . AfT K Z (2) 

h.(l).(2).Dh.Prop 

#336-63. h : k e FM sr . D . V K e Ser [*336-6-61'62] 
#33664. h : * e FM ar . D . U K e Ser [#336'63] 



*337. MULTIPLES AND SUB-MULTIPLES OF VECTORS. 

Summary of #337. 

In this number, we are concerned with the axiom of Archimedes and the 
axiom of divisibility. If k is a family of vectors, k obeys the axiom of 
Archimedes if, given any two points x, a in the field of k, and any vector 
R which is a member of *, there is some power R" of R such that R vl a is 
later than x. That is, k obeys the axiom of Archimedes if, starting from 
any given point in the field, a sufficient finite number of repetitions of any 
given vector will take us beyond any other assigned point. A sufficient 
hypothesis for this is that k should be serial and Guv's'kq should be semi- 
Dedekindian (cf. #214), i.e. we have 

#33713. h :. iceFM sr . P«i'« 9 . Pe semi Ded . R e* 8 . ae C'P . D : 

xeC'P.3. (£1/) . v e NC ind - t'O . xP (R*'a) 

The hypothesis P — s'kq, which appears in the above proposition, is often 
notationally convenient. It will be observed that s'kq gives us the series 
in the opposite order to that in which it is usually wanted ; hence the intro- 
duction of the above relation P tends to avoid confusions. 

A family k is said to obey the axiom of divisibility when, given any 
member R of k, and any inductive cardinal v other than 0, there is a 
member L of k such that L v = R. When this axiom holds, every vector 
can be divided into any assigned finite number of equal parts. We shall in 
the next Section (#351) define a family for which this holds as a "sub-multi- 
pliable family," denoted by "Pi/subm." For the present we are concerned 
to find a hypothesis as to £ ( /cg from which this property can be deduced. 
The hypothesis in question is that Cnv's'ic^ is serial, compact, and semi- 
Bedekindian; i.e. we have 

#337-27. \- :. kc FM sr . Cnv's l K d e comp r\ semi Ded . D : 

S e k . v eNCind - 1<0 . D . (gZ) . L e k . S = L v 

The proof proceeds by taking two points a, x in the field of k, of which a is 
earlier than x, and considering the class 

\ = « a nR{{R v 'a)Px) t 
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i.e. the class of vectors such that v repetitions of them, starting from a, do 
not take us as far as m. It is easy to show that, when P is compact, this 
class has no maximum (*337'23), and therefore, when P is also semi-Dede- 
kindian, has a limit, whose vth power is the vector which takes us from a to 
x (*337'26). Hence our result follows. 



•8871. YiKeFM.P = 8<K d .K€K d .a€C i P.'}.'R* t aQP"Ri f <a 

Dem, 
h . #9016 . #41-141 . 3 h : Hp . wR*a . y= R'x .1 ,y e R^a . xPy . 
[#371] D . x e P {i R^a Oh. .Prop 

#33711. V:k€ FM conn ex asy m . P = s f K d ,R€K d .ae C'P . D . se^R^a = A 

Dem. 
h . #20615 . D h : Hp O . 8^ f <R*<a =p?P"%fa - P"p' f P<<R*'a (1) 

h . #330-542 . #40-61 . D h : Hp . x € p ( P"R^a . D . x € D'R . 
[Hp] "D.(kc).x = R'c.cPx (2) 

K #90172. ^h-.ceRx'a.D.R'ce V a ( 3 ) 

h . (3) . Transp . #2005 . *334o . D h : Hp (2) . x » i£'c . D ..c ~ e iJ*' a (4) 

r- . #371 . 3 h : c e P lt R^d . D . (g&) . 6 e R^a . cP6 (5) 

h . (5) . #208-2 . 3 h : Hp . c e P"P*'a . x - i2'c . D . (ftfe) . 6 e.R*' a . xP{R'b) . 
[#90-172] D.^F%'a (6) 

r . (6) . Transp . #20053 . D h : Hp (2) . x = R'c . D . c ~ e P li R^ l a (7) 

I- . (4) . (7) . #202-502 . #334-24 . D h : Hp (2) . x « #'c . D . c e £>'?"£*'« (8) 

h.(2).(8). Dh:Hp(2).D.#eP"p'P"iVa ( 9 ) 

h.(l).(9)Oh.Prop 

#33712. h:«6jPii/sr.P = «'«g.PesemiDed.i2e/c a .aeC f P.3.P"^a=C , P 

Dem. 

— > — * 
h . #337-1 . D h : Hp . D . ~ a ! raax/^Va . 

[#205-7] D.~a!max/P"P*'a (1) 

h . (1) . #206-33 . #337-11 . D h : Hp . D . ~ a I &eq P 'P"~R#'a (2) 

K (1). (2). #214-7. Dh. Prop 

#33713. h :. « € FMsr . P= s'/c e . P*semi Ded . Ee k b .aeC'P . D : 

x € C'P . D . (31/) . i/ <? NC ind - i'O . xP(R"a) [#33712 . #30126] 



SECTION B] MULTIPLES AND SUB-MULTIPLES OF VECTORS 405 

♦33714. h : k e FM sr . P = s ( k b . P e semi Ded . 3 . U K <r semi Ded 
[#336462 . #21474-75] 

#3372. I- : K eFM conx . W K R . R^ If s*<1"k .3.LU k (R\ L) 
Dem, 

V . #336-41 . 3 h : Hp . 3 . faT) .Z,#e/c.Z T e« a .Z=Z T |#- 

[#330-31] 3 . (gZ*) .T eK d .R\L = T. L = T\R. 

'[#13195] ^.R\L",c d .L = (R\L)\R. 

[#330-5. #336-41] 3 . L U K (R j L) : 3 h . Prop 

#33721. I- : K e FM conx n FM trs . R <?/c 9 . veNC ind - t'0-i'l . 1*R*U K R 

Dem. 

h . #334162 . #30123 . 3 h : Hp . 3 . i2" » E"-» j E (1) 

h . #334131 . 3 I- : Hp . 3 . R, R" t R?-' 1 e K d (2) 

K<1). (2) . #336*41 . 3 I- . Prop 

#337-22. h : k e FM sr , P = s'* a . P e comp . aPa; . v e NC ind - i'O . 3 . 

(a.R)..R€* .(#"a)Pa: 
Dew. 
I- . #27011 . 3 I- : Hp . 3 . (gy) . aPy . yPa . 
[#41-11] 3 . (<&R, y).R€K d .y = R<a. (R'a) Px (1) 

V . (1) — . 3 V : Hp . R e « 3 . (J2"'a) Pa . 3 . (g£) . 8 e * d . (SWa) Px (2) 

V . #33664 . 3 V :. Hp (2) . 8 e <c d . (S'R*'a) Px . 3 : R = 8 . v . RU K S. v .8 U*R : 
[#336-511-4] 3 : # = S . v . (Br+* u a) P (iSFU"a) . v . (S* + « u a) P (S'K"a) (3) 
I- . (2) . (3) . #334-3 . 3 H : Hp (2) . 3 . (gfif) . # e * 9 . (£" +• "a) Pa; (4) 

K (1). (4). Induct. 3 h. Prop 

#337-23. h : Hp #337 22 . X « * s n £ {(2fr"a) P<c} . 3 . \ = U K "\ 

Dem. 
V**Z?>frhl\^V\}ly.Re\.SU K R.^.{8 v 'a)P{R»<a),{R vt a)Px. 
[*334-3.Hp] 3.£e\ (1) 

V . #337-22 .3h:Hp..Re\.3. ( a fl) . S « * 3 . (S^R^a) Px . 
[#330-57-5. #33413] 3 . faS) .R\Se k 8 .{(R\ 8)" ( a] Px . 
[#336-41] 3 . (g£) . R j Se k s . {(R 1 £)"a} Pc . # U K (R \ S) . 
[#371] ?.ReU K "\ (2) 
h.(l).(2).3h.Prop 
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*337'24 h : Hp *33723 . L = tl {U K )<X . D . ~ {{L vt a) Px} 

Dem. 

h . *206-2 .Dr-:Hp.D.£~e\. 

[Hp] D . - {(L"a) Px} : D r . Prop 

*337 241. h : Hp *337'24 . D . ~ [xP (L v <a)} 
Dem. 

h . *3372-23 . D I- : Hp . ReX.1.R\LeX. 

[*33253'241 .*334131] D . R \ L e X . (R \ L)» = R" | L" . 

[Hp] D. (£";/"<*) Pa. 

[*7r362.*4Ml] D.(L vt a)P(R vt x) (1) 

I- . #337-23 . D h : Hp . R e * a - X . D . ~ [LU K R\ . 

[*336'511] D . - {{R"a) P (Z/'a)} . 

[*330'5.Hp.*334 14] D . ~ {(i?»"a?) P (Z/'a)} (2) 

h . (1) . (2) . D I- : Hp . D . ~ (rR) .ReK d . (R"'x)P {L"a) . 

[*337-22.Transp] D . ~ {xP (L v 'a)} .Oh. Prop 

*337 25. r : Hp *33724 . D . Z> = * 1 A a 'x 

Dem. 

h . *337-24241 . D h : Hp O . Z/'a = a : D h . Prop 

*337 26. h : Hp *337 23 . Pe semi Ded . D . {tl (tfO'M* = K J \A a 'x 

Dem. 

h.*337-21 . Dh:. Hp.D : R e X . D* . (R'a) Px : 

[*336-4] D-.KlAa'xep'US'X (1) 

h . (1) . *337'2314 . D h : Hp . D . E ! tl ( U K )'\ (2) 

h . (2) . *33725 Oh. Prop 

*337 27. h :. k e FM sr . Cnv's'*g e comp n semi Ded . D : 

Se*.i/eNCind-t'0O.( a Z).Z,<:K.tf=i> [*337"26] 



SECTION C. 

MEASUREMENT. 

Summary of Section C. 

In this Section, the "pure" theory of ratios and real numbers developed 
in Section A is applied to vector -families. A vector-family, if it has suitable 
properties, may be regarded as a kind of magnitude. In order to derive from 
the "pure" theory of ratio a theory of measurement having the properties 
which we should expect, it is necessary to confine ourselves to some one 
vector-family; that is, instead of considering the general relation X, where 
X is a ratio, we consider the relation X £ *, where k is the vector-family in 
question; or sometimes we consider X[.K t) or sometimes X £ (k u Cnv"*). 

Concerning ratios with their fields thus limited, which are what we may 
call " applied " ratios, we have to prove various propositions. 

(1) No two members of a family must have two different ratios. This 
is proved, for an open and connected family, in *35044. 

(2) All ratios except q and oo q must be one-one relations when limited 
to a single family. This is proved, for an open and connected family, in 
*3505; with the same hypothesis, 9 is one-many (*350'51). 

(3) The relative product of two applied ratios ought to be equal to the 
arithmetical product of the corresponding pure ratios with its field limited, 
i.e. if X, Y are ratios, we ought to have 

X^k |Ft*=(Xx,F)C* 

or Xt* t |Ft* t = (Xx,FK* t . 

That is to say, two-thirds of half a pound of .cheese ought to be (2/3 x g 1/2) 
of a pound of cheese; and similarly in any other case. For any open connected 
family, we have (*350'6) 

XD* t jF£*.(:(Zx - r)C*.> 
but in order to obtain an equation instead of an inclusion, it is necessary 
(*35131) that k should be " submultipliable," i.e. that if R is any member 
of k, and v any inductive cardinal other than zero, there should be a member 
of k whose vth power is R. The class of such families is denoted by 
".PWsubm," and considered in *351. 
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(4) If X, Y are ratios and T is a member of the family k, we ought 
to have 

{XI K l T)\{Yt k 1 T) = {X + s Y)t k'T, 

that is, two-thirds of a pound of cheese together with half a pound of cheese 
ought to be (2/3 + s 1/2) of a pound of cheese, and similarly in any other 
instance. This property is shown, in *351'43, to hold for any open connected 
submultipliable family in which all powers of members are members. In any 
open connected family, if R, S, Teic, we have 

RXT .SYT.D.(R\S)(X+ S Y)T (*350'62). 

The remainder of the hypothesis of *351'43 is required in order to prove 
(a) that X Ik'T, YIk'T and (X+ S Y) ^k'T exist, (b) that (X^k'T) | (Y^k'T), 
which is the R\S of #350*62, is a member of k. As applied to * t , we have 
to take the representative (cf. #332) of the relative product; if L e* we have 
(#351-42) 

rep,'{(X t k<<L) | (Ft *'£)) = (X +„ Y) £ k^L, 

provided k is open and connected and submultipliable. 

The fact that the above propositions can be proved for suitable vector- 
families constitutes the reason for studying such families, as we did in 
Section B. The proof of the above propositions, together with other 
elementary properties of applied ratios, occupies the first two numbers of 
this Section. 

We proceed next (#352) to consider all the rational multiples of a given 
vector in a given family, i.e. all the members of a given family k which have, 
to a given vector T, a ratio which is a member of G'H', or, alternatively, all 
the members of * t which have to T a ratio which is a member of C'H g . It 
will be observed that, in virtue of #307, if R and S have a ratio X which is 

a member of C'H', R and S have the corresponding negative ratio X | Cnv. 
The members of k which have to T a ratio which is a member of C'H' are 
those vectors R for which we have 

(RX).XeC t H'.RXT t 

i.e. using the notation of #336, those for which we have 

(KX).XeC'H'.RA T X. 

Thus they constitute the class 

Kr*A T "C'H'. 

Assuming that Tetc, the vector which has the ratio X to T is k^A^X. 
This is the vector whose measure is X when T'\& the unit. Thus *1 A T \G l H' 
is the correlator of a vector with its measure. It is easy to prove (#352'12) 
that *1 A T [C'H' is one-one. 
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We can arrange the vectors which are rational multiples of T in a series 
by correlation with their measures, putting vectors with smaller measures 
before those with larger measures. The ordering relation is T K) where 

T^k^At'H' Df. 

Similarly the members of K t which are positive or negative rational multiples 
of T may be ordered by the relation T*,, where 

T„ = K^A T >H g Df. 

We prove that change of units makes no difference to T K , i.e. if S is any 
member of k which is a rational multiple of T, then S K = T K (*352"45). The 
corresponding proposition holds for T Ki if S has a positive ratio to T, but if S 

has a negative ratio, 8 Ki = T Kl (#352 , 56 , 57). 

If k is a serial family, T K is the converse of U K (cf. #336) with its field 
limited to rational multiples of T (#352*72). This proposition connects the 
generalized form of greater and less represented by U K with the form of 
greater and less derived from greater and less among the measures of vectors, 
since it shows that, in a serial family, the vectors which have greater measures 

come later in the series U K , and those with smaller measures come earlier. 

We next proceed (#353) to consider " rational " families. These are 
families in which every member is a rational multiple of some one unit T, 
i.e. in which 

(aZ T ).z T e*g.*Cii r "C£r. 

It is obvious that, given any family, the rational multiples of one of its 
members constitute a rational sub-family. In a rational family, rationals 
are sufficient for measurement, and irrationals are not required. If the 
family has connexity, it will be serial; in fact, if T is one of its vectors and 
a is a member of its field, we have (cf. *353'32-33) 

U k = k j \ A T '>H' .s i K d = A a '>/c J \ A T '>H\ 

Thus both U K and s { /c d are ordinally similar to H'\,A T il ic. If k is sub- 

multipliable, U K is ordinally similar to H' (*353'44). 

We proceed next (#354) to consider " rational nets," which are important 
in connection with the introduction of coordinates in geometry. A rational 
net is obtained from a given family, roughly speaking, by selecting those 
vectors which are rational multiples of a given vector, and then limiting their 
fields to the points which can be reached by means of them from a given 
point. In order to make this more precise, we proceed as follows: Let us 
define as the "connection" of a with respect to k the class A a li K t , i.e. all the 
points which can be reached from a by a member of « t . We will now define 
as the " a-connected derivative of k " the class of relations obtained by limiting 

27 
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the field of every member of k to the connection of a with respect to k. This 
class of relations we denote by cx/k, putting 

CX a ( K=t(A a «K t )"K Df. 

Instead of k, we take, in order to obtain a rational net, all the rational 
multiples (in k) of a given member T of k, i.e. G i T K . Then cXa'C'T K is a 
rational net, namely the rational net associated with the origin a and the 
unit vector T. 

In proving propositions concerning the rational net cXaC'T*, we often 
require the hypothesis that k is a group. In order to avoid having to make 
this hypothesis concerning our original family, we construct a closely allied 
family, which is always a group when k is connected. This family, which we 
call Kg, is obtained from k by including the converses of those members of k, 
if any, whose domains are equal to their converse domains, i.e. we put 

*,= *uCnv"(*nDV(I"iB) Df. 

Then if k is a connected family, ie g is a connected family which is a group 
(*354'14-16), and (k 9 \ = * t (*354'15). Then putting X = Kg , we take cxa'C'T*. 
rather than cx. a l G t T K as the rational net to be considered. If * is an open 
and connected family, this rational net is a family which is open, connected, 
rational, transitive and asymmetrical (#35441). 

We proceed next (#356) to the application of real numbers to vector- 
families. For the application of real numbers, it is essential that our family 
should be serial. Given a serial family in which a given vector S is the limit 
(in the series U K ) of a set of vectors which are rational multiples of another 
vector R t it is natural to take as the measure of $, with the unit R, the limit 
of the measures of the vectors whose limit is 8. It is convenient to take our 
real numbers in the relational form given in #314, i.e. if | is a segment of H> 
we take s'% as the corresponding real number. Thus positive real numbers 
are the class s"C@, while positive and negative real numbers together with 
zero are the class s"C'& g . If £e C®, a vector which has to R a ratio which 

is a member of £ has a measure which is less than s'f. The class of all such 

— > — * 

vectors is s'%'R, i.e. if X = s'i;, it is X'R. The limit of such vectors in the 

series U K , if it exists, will naturally be taken as the vector whose measure is 

X. Remembering that U K proceeds from greater to smaller vectors, we see 

that the first vector which is greater than every member of X'R will be the 

— > 
lower limit of X'R with respect to U K . Hence, if we write X^R for the 

vector whose measure with the unit R is X, we have 

X K 'R = vrec(U lc y~X<R. 
Hence we may take as our definition of X K 

X K = -prec(U K )\'X[K Df. 
Then X K is an " applied " real number. 
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The properties to be proved concerning applied real numbers almost all 
require that the family to which they are applied should be serial and sub- 
multipHable, and most of them also require that Cnv's'v^ should be semi- 
Dedekindian. Assuming this, we can prove that, if X, Y6s"G'<d, X K [ tc is 
one-one, and, with various hypotheses, 

(Xt*)|(Ft*) = (Xx r F)t* (#356-31), 

X K \Y K = (Xx r Y) K (#356-33), 

(X K 'R) \(Y K 'R) = (X + r Y) K 'R (#356-54). 

These are the essential properties required of measurement, as in the 
analogous case of ratios. 

We might proceed to consider " real " multiples of a given vector, and 
"real" nets. But these subjects have less importance than in the analogous 
case of rationals, and are therefore not discussed. 

The Section ends (#359) with a number on existence-theorems for vector- 
families. The most important of these are derived from rationals and real 
numbers. The family whose members are of the form (+ s X) £ C'H' t where 
X eC'FP, is initial, serial, and submnltipliable (#359 , 21). The family whose 
members are of the form (+ P /j)t O'W, where fieC'W, is initial, serial, and 
submultipliable, and has CnvV* 3 = ©', so that Cuv's'/cq e semi Ded (#359'31). 
Finally we prove that the properties of families are unaffected by the 
application of correlators, whence it follows that, given any series P whose 
relation-number is i-j-??, or is 0' where 6' + \ = Q, th^re is an initial serial 
submultipliable family k such that Cnv's'/c d = P. Such a family may be 
used for the measurement of distances in P. 

It is of some interest to observe that, given a suitable family k, ratios 
with their field limited to * 9 form a family whose field is k s . In this family, 
the zero vector is (1/1) £*- 5 , and the family is connected if « is a rational 
family. If we wish to obtain a serial family, we must limit ourselves to 
ratios not less than 1/1, i.e. to 

D* a "tf*'(i/i). 

This family is serial, and if we call it X, we have (with a suitable hypothesis) 

It is necessary, however, if we are to obtain a family, that our original family 
should be submultipliable, since otherwise we do not necessarily have 
d l X\ r K d = K d . For this reason, we cannot use the family of ratios without 
a frequent loss of generality in the resulting theorems. 

The theory of measurement developed in this Section is only applicable 
to open families. The application of ratio to cyclic families is more complicated 
and is considered separately in Section D, 



*350. RATIOS OF MEMBERS OF A FAMILY. 

Summary of #350. 

In this number we introduce no new definitions, but merely bring together 
the propositions of #303 on the pure theory of ratio, and the propositions of 
#333 on powers of vectors in open connected families, especially #333'47 , 48. 
We thus find that, if k is an open connected family, and /z, v are inductive 
cardinals which are not both zero, 

M {{pjv) I * t j N . s . M, Ne k l . a ! M* A JV> . (*350"4) 

= .M,N6K t . rep^'Af" = rep/JV* (*350"41), 
while if R, T are members of k, 

R (fi/p) T. = .R» = T* (#850-43). 

We prove also, by means of #33353, that if L and M are members of « t other 
than / \ s l Q il it, they cannot have more than one ratio, i.e. 

#35044. h : « 6 FM ap conx . X, Ye C'H' . 3 ! X £ * ld n Fp * (3 . D . X = F 

We next prove that any ratio other than 0, and 00 q becomes one-one when 
its field is limited to « t (*350'5), while Q q becomes one-many (#350-51) and 
00 q becomes many-one (#350-511), ? being in fact the ratio of the zero vector 
/ I s l d"tc to any member of ie ly and oo q being the converse of ? . 

We consider next the multiplication and addition of ratios, but in this 
subject we cannot obtain some of the main theorems without the hypothesis 
that our family is submultipliable (introduced in #351). In the present 
number, we prove that, if * is an open connected family, and (x, p are inductive 
cardinals other than 0, 

(fifl) t *. i (l/v) t * t G {fifp) £ Kl (#350-53), 

(1» t *, ! (fijl) t Kl = (fi/v) t K g (#350-54), 

(,*/l) t * 4 ; ( v fl) t Kt = {(,* x Q „)/] } l Kl (#350-55), 

and (1/V) I Ku , (l/„) I Kl = [l/(^ x v )} t Ki (#350-56). 

Hence we find that, if X, Fare ratios other than q and co q , 
XI k l 1 T [> t G (X x, F) [> ( (#350-6), 
while if R, S. T are members of tc, 

HX T . S YT . D . ( R S) (X + s Y) T (#350-62), 
and if L, M, X arc members of k l , 

LXX . M YN . D . {w\>SL \ M)\ (A' +, Y) N (#35003). 
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We then prove similar results for subtraction, and thus arrive at the following 
proposition concerning generalized addition of positive or negative ratios: 

#35066. h : * eFMap conx . L, M^Ne^ . X, Ye C'H g . LXN . MYN . D . 



#3501. h : * e FM&y . D . * t C Rel num id . K id C Bel num 
Dem. 

h. #333-101. DhiKy.LeKj.l.Li-l^l.L^CJ (1) 

h . (1) . #300-3 . D h : Hp . D . * t9 C Rel num (2) 

h . *3331101 . D h : Hp . L e * t - * l3 . D . L Q I . 
[#300-325] D , L e Rel num id (3) 

h . (2) . (3) . D h . Prop 

#3502. h : /ceFM&pconx . a ! * t5 . D.Infinax 

Dem. 
h . #330624 . #333-15 . D h :. Hp . L e K id . D : A~e nnid<£ : 
[#121-11-12] D : v e NC induct . D, . (gar, y) . L (x m y) e „ + c 1 : 

[#120-3] D:Infinax:.Dh.Prop 

#350-21. I- : a ! FM ap conx - 1 . D . Infin ax [#334-18 . #3502] 

#350-31. \-:.K6 FM ap conx ./x^eNC ind - t'O . if, iVe * t5 . D : 

M(fi/v)N.'= .q\M v nN* 
Dem. 
I- . #303-1-. (#3020203) . #1 13-602 . D 
h :: Hp . D :. M(ji(v)N. = : (ap, <r, t) . p Prm <r . r e NC ind - t'O . 

/i = px T.y = o-x T.a!Jif a niV< , .p40- o " s r" (): 
[#333-48] = : (a/J, <r, t) . p Prm o- . t e NC ind - t'O . p + . <r =j= . 

/i = px c T.v = o-x T:a ! M v r\ iV M : 
[*1 13-602. (#302-02-03)] = : (ap. o) . (p, a-) Prm (/*, v) : a I ^" * ^* = 
[#302-36] =:a!^ ,, ' : »^::^H.Prop 

#350-32. h :. Hp *350 ! 31 . D : M {pfv) N . = . rep/if " = rep/^ 
[#35031 . #33347] 

#350-33. h :. k e FM&$ conx . ft, v e NC ind - t'O . if = / |* s'CI"* . #e * t . D : 

ifO*/*) # . = . if= tf . = ■ a '■ #" * ^ M 

Don. 
h . #301-3 . #333-2 . D h :. Hp . D : a- e NC ind - t'O . D . M* = M (1) 

h. (1). #303-1. D 

h :. Hp . D : M{(ijv) N.= . (ap, <r) ■ (p, <0 Prm (/*, *) . a ! ^ A ^ p ■ 
[#333-101] = . (ap, <r) . (p, <r) Prm (p., y) . if = N . 

[#302-36] =.M=N. (2) 

[(l).*331-42] =.zlM"r>N» (3) 

h . (2) . (3) . D h . Prop 
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#350 331. h :. k e Fif ap conx . /x, v e NC ind - t'O . Me *, . N= I [ sW/c . D : 

M (fi/v) N. = .M = N. = .r\M**N<* [*350-33 . #30313] 

#350-34. h :. * e FM&y conx . v e NC ind - t'O . M, Ne *, . D : 

jtf(o/*)iv\ = .;if=.z"|va"* 

Dem. 
h .#303151 . D I- :. Hp . D : M(0Jv)N. = . ifG 7 . a ! CM n CJV. 
[*330'43-61] = . M = I \s'<I"k :. 3 h . Prop 

#350 35. h :. * e .W ap conx . i> e NC ind - t'O . M, N e k» . D : 

M(0j v )N. = ^lM"nN 
Dem. 

h . #3012 . D h :. Hp . D : a ! M " n if . = . a ! I' n 7 (V<2"« . 
[#333101.*33112] =.ilf=/|Va"A: (1) 

I- . (1) . #35034 . D h . Prop 

#350'351. b:.K€ FMfvp conx . p e NC ind - t'O . D : 

if (/x/0) # . = . N = I [ s'a"K [#35035 . #303-131 

#350-4. h :.« e TW ap conx. /x,veNC ind .^(fi = v = 0) . D : 

JH" {(/*/») p «,] JV. = . M,NeK t . a ! if* n iV> [#350-31 -33-331-35-351] 

#350-41. h :. Hp #350-4 . 3 : M {(fi/v) £ *.} JV . = . M,Ne * t . rep/if" = rep/JV" 
Dem. 
I- . #332-243 . #3013 . D h : Hp . M = I [ s'<I"k . D . rep/if * = M (1 ) 
h . (1) . #350-33-33 1-32 . D f- . Prop 

#350-42. h :. Hp*3504 . Q. R, 8, Te K . D : 

(Q S ^) (/*/*) (S | T 7 ) . = . Q- 1 i?" = ^ | T^ [#350-41 . #332-53] 

#350-43. h :. Hp*350'4 .^Tex.D :R(fi/v)T. = ,R V = T» 



#350-42 



I\8 i a it K i I\s t a tt ic 



Q, 



s 



*350'44. h : K e FM ap conx . X, Y e VH' . a ! X £ * [8 n Y £ ^ . D . X = F 

Dem. 
h . #350-4 . D h : Hp . D . (aZ, if, fi, v, p, a) .L,MeK ld . 

3 ! Z* A if" . g ! Z v n M * . X = fi/v . F = p/o- 
[#333-53] D. /i x o0 - = ^x p.X = ^/v. F=p/<r. 

[#303-39] D . X - F : D h . Prop 
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#350 5. h : K eFM ap conx . /*, v e NC ind - t'O . D . (fi/v) p * t e 1 -► 1 

Bern. 
h. #350-41. Dhj.Hp.D: 

L,M,Ne Kl .L (ji(v) N . M (jijv) N . D . rep/X" = rep/i^ = rep/if - . 
[#333-41] D.Z = if (i) 

h.(l). Dh:Hp.D.(^)p* t el-*Cls (2) 

Similarly Y : Hp . D . (jif v ) £ * t e Cls -► 1 (3) 

h . (2) .(3) . D Y . Prop 

#350-51. h : * e FM ap conx . v e NC ind - t'O . D . 

(O/i/) £ *, e 1 -► Cls . d'(0/iO t *» = *. . D'(0/v) P * t = t' J r s ' a "« [#350-34] 

#350-511. I- : Hp #35051 . D . 

(v/o) t *, e cis -> 1 . D'( v /o) p * t = *. . a'( v /o) p *, = i i i \ s'(1"k 

[*35051. #303-13] 

#35052. h ; * eW ap conx . X e C'H.3 . X p *, e 1 -► 1 
[#850-5 . #30434 . #333-2] 

#350-521. Y : k e FM a. v conx . X eC'H' .0 . X t K t el -+Cte 
[*35052-51 . #303-1] 

#350-53. h : Hp #350*5 . D . {(/*/l) p *<} i {(V*) t *4 G (W*0 D *< 

h . #350-4 . D h : Hp . L ((/*/l) p * t } if . if {(1/*) t^jN.D. 
L, M , i? e * t . g; ! L *S if" . a ! N n M v . 
[#333-48] D . L, if, Ne *, . a ! L" A if**-" . a ! JV* A i^* " ■ 

[#333-47] D.L,M,N€K,. rep/Z," = rep/if" x <" = rep/tf* . 

[#350-41] D . L {(fi/v) t Kl }N:DY. Prop 

#350-54. h : Hp *350'5 . D . {(l/v) p *.j | {(/t/1) P *.} = (/*/*) t ** 

Z>em. 
h. #350-41. #332-241. D 

t- : .Hp.D:X[KWU.}IKWl)D^]^. = . 

( a if ) .L,M,NeK t . rep/Z" = if = rep/tf* ■ 
[#332-22] s • L, N e * t . rep,'!/ = rep/iV" . 

[#350-41] =.L (/*/!/) A T :.Dh. Prop 
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#35055. h : Hp*350'5 . D . [(/i/l) t *,} I {(w/1) £ *.} = {(ft x c v)/l} t «, 

HOVDO'JUWUUI 

I) em. 
Y . #3504 . D h :. Hp . D : X [{(^/l) £ « t } | {(r/1) £ «,}] ^ T ■ = ■ 

(gif ) . i, Jlf, i^e « t . g ! Z n ^ . a ! M n N" . 
[#333*47] = . (g A/) .L t M,N€ ^.RlLr\M*.M*= rep/^ . 

[#333-21] ~ . L, X e Kt . 3 ! L n (rep/#*)' 4 ■ 

[#333-47] =.L,Ne Kl .L = rep/ [(rep/^^j . 

[#333-24] H.Z^e^.^rep/^")*. 

[#35041 . #301-5] =.Z[{(*x /a)/1} £«,].#■ (1) 

K (1). #11327. 1) h. Prop 

*350'56. 1- : Hp #3505 . D . {(1//*) £ « ( { | {(ljv) T. «.} = [1/0* x „)} £ Kl 

= {{ljv) t K t ] | {(!//*) t **} [#350-55 . #303-13] 

#350-6. h : « e FM ap conx . X, Ye C<H . D . (X £ O | (F £ «,) G (X x„ F) £ * t 

h . #304-34 . 3 

H : Hp, 3 . (g/i, v, p, <r) . ^t, v, p, a e NC induct - t'O . X = /jl/p . Y=p/<r (1) 

h . #35054 . D h : k e FM ap conx . fi, v, p, a e NC induct - i'O . D . 

{(fi/p) t *,} I {aM p *,} = i(i/u) t *} | KWi) D *.} I {(iM D *c li [(p/i) D *4 

[*350-53-54] G {(1/,) £ «J | {(l/«r) C *.} | {(^/l) C *J | {( p /l) p *,} 

[#350-56-55] G {l/(„ x <r)} £ *, | {(,, x oP )/lj £ * t 

[#350-54] G {(/* x c /,)/(!/ x <r)} £ «, 

[#305-14] G l/i/r x, p/o-} £ « t (2) 

h.(l).(2).Dh.Prop 

#35061. h :. K e FM ap conx . X e C'H .3 :M = (X £ Kl )'N. = . X = (X £ K t )*M 
[#350-52] 

#35062. h : k eFM&p conx . X, YeC'H' .R,S t Te K . RXT.SYT. D . 

(R\S)(X+,Y)T 
Dent. 

f- . #350-43 . 3 h : Hp . X = /*/* . F= p/«r . 3 . 

[*301%5] D . R vx ^ = T^^ . S vX ^ = r" x ^ . 

[#330-57] 3 ■ OR | ^ Xtff = r^ x ^)+c(,x cP ) _ 

[#350-41. #306-1 4] D . (JK j S)(X +, F) Y 1 : D h . Prop 
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*350 63. V : k e FM ap conx . X, Ye C'H . L, M, N e « t . LXN . M YN.D. 

{rep K \L\M)}(X+ s Y)N 
Den 1. 

h.#350'41 .3 

h : Hp . A r - jt/y . V = p/cr . I> . rep,'// - rcp/iV^ . rep, 'if' - rup,' JVp . 

[#332'8l ] 3 . rep K '/> r> ^ = rep/iV^" 7 . rep/itf""*'^ = rep/X 1 '*"* . 

[#332-38] 3 . rep/(Z/^' , M»*°*) = rep^X"^ 1 ^ ''"^p' _ 

[#332-8] 3.rep/(/.!iV)' x ^ = rep/X , < iX ^ lf ^ x ^ . 

[*332'82] D . rep K '(rep K '(£ j i/)}" x ^ - rep/X"^^ ■■ <«-x.-pi . 

[#350-41 ] D . {rep/(Z, ; M)} [{(,* x c <r) + c („ x c ,,)}/(„ x c <r)] X . 

[*306'14] D . {rep, '(2, j M)} (X +„ Y) N : D r . Prop 

#350-64. h : Hp #350-63 .XBY.O. [rep/(Z ! 3/)] ( Y -„ X) X 
Bern. 

h . *332-15-81 . D r : Hp . D . rep/L"*<" = Cnv'(rep/X)" x ^ (1) 

Thence the proof proceeds as in #350'63. 

#35065. 1- : Hp #350-62 . D . (R \ &)( F- X) T [#350'64 , #308-21] 

#350-66. h : * e FM ap conx . L, M, N e Kl .X,Y € C l H g . LXN .MYN.D. 

rep K c (L\M)=(X+ g Y)t Kl ( N 
Devi. 
h . #35063 . D 

h :. Hp . W= rep/(i | M) . D i X., Y e C'H . D . W = (X + p Y) £ k/X (1) 

h. #350-64. 31- :Bp(l).XeC ( H n . YeC'H.D. W = (X+ g Y)t Kl 'N (2) 
h . #350-63 . #307-1 . 3 r : Hp 1 1) , X, Y e C<ff n . D . W = (X + g Y) fc k/X (3) 
h . #350-34 . D h : Hp . X = 9 . 3 . re Plc '(Z j M) = if 

[#308-51] -(X + p F) £ */# (4) 

Similarly V : Hp . X = 0„ . D . rep/(L I i/) = (X + 5 7) £ */X (5) 

h . (1) . (2) . (3) . (4) . (5) . D V . Prop 



B. &W. III. 



#351. SUBMULTIPLIABLE FAMILIES. 

Summary of #351. 

A " submultipliable " family is one in which any vector can be divided 
into v equal parts (where v is any inductive cardinal other than 0), i.e. in 
which, if R e k, there is a vector S which is a member of k and is such that 
S v = R. The definition is 

#35101. FMsxxhm = 

FMnZ{Re K .veNCw(i-L'0 . D E>U .(>3_S) .Sex . R = S"\ Df 

In open families, such as we are considering in this Section, S will be unique 
when R and v are given. But in cyclic families, as we shall show in 
Section D, there will be v values of 8. For example, let k be a family of 
angles. Then the vector-angle 2fnrjv has its vth. power equal to 2tt for any 
integral value of p, since 2fnr is the same vector as 2ir ; and 2fnrjv has v 
different values, since, considered as a vector, any angle 6 is identical with 
$+2tt. In the present Section, however, these complications are excluded, 
owing to the fact that we confine our attention to open families. 

In virtue of #337*27, a family is submultipliable if it is serial and 
Cnv'i'/eg is compact and semi-I)edekindian (#351'11). 

When k is a family which is open, connected, and submultipliable, if 
Le k l and fi e NC ind — t'0, we have 

(>&M).Me Kl .rep K ( M» = L (#351-2). 
Hence if X is any ratio (excluding oo^, now and always henceforth), we 
have 

El X^kSL (#351-21). 

In order to obtain the same result for k, we have to assume that all powers 
of members of k are members of k (#351'22), but we can obtain the same 
result for k \j Cnv"« without this assumption (#351'221), because of #331-54, 
which shows that in any connected family all powers of members of «vCnv"« 
are members of «w Cnv"«. 

In virtue of the above propositions, the propositions on products and 
sums of ratios, which in #350 only stated inclusions, now state identities. 
Thus if X, YeC'H', we have 

{X I * t ) | ( Y t «.) = (X x s Y) t « t (#351-31 ), 
rep.'KX I k<L) j (Yt k<'L)} = (X + s Y) t Kl 'L (#351'42), 
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where Letc t \ also 

rep.'KZ t tfL) \{?l kJL)) = (Z -, F) t «.*£ (*351-45). 

The corresponding propositions for ratios confined to k instead of to k 
require the additional hypothesis s'Pot"* C tc y because this hypothesis is 
required in #351*22; on the other hand, in the analogue of #351*42 "rep*" 
does not appear, and we have (with the above hypothesis) 

(Z I k'R) I ( Yt k'R) = (Z + s F) I K <R (#351*43), 
where R e k. For ratios confined to k v Cnv"/c instead of to k, the corre- 
sponding result can be proved without the hypothesis a'Pot^/eC k (#351'431). 
It will be observed that the hypothesis s l Pot"ic C k is satisfied if k is a group, 
though it may also be satisfied when « is not a group. Since a transitive 
connected family is a group, a transitive connected family always satisfies 
s'Pot"* C k, as has been proved already (#334*132). 



#35101. FM subm = 

FM n k [R e k . v € NC ind - i'0 . D«, „ . (g£) .Se/cR^S"} Df 

#3511. \-:. K € FM subm . = : * e FM 1 R e k . v e NC ind - i'O . D B>V . 

(g£). 3 <■«.£ = £" [(#351*01)] 

#351*101. Y\r\FM subm . D ..Infin ax [#3511 . #30116 . #30014] 

#35111. h : k e FM sr . Cnv-s'wg e comp n semi Ded . D . k e FM subm 
[#337*27] 

*351'2. h :. k e FM ap subm conx . D : fi e NC ind - t'O . L e « ( . D . 

(;jif ) . M e k, . rep/Jf* = L 
Bern. 

K #3511. D f- rHp.^eNC ind -i f .Q,Re K .L = Q\R.^ . 

(RS ) T).S,re f c.Q = &.R = r I>. 
[#332-53] D.(<&S,T).S,T€k.L «-rep/(5 | T )* : I> h . Prop 

#351-21. h : Hp #351-2 . X e C'H . L e « t . D . E ! X £ «/£ 

h. #351 2. #332-61. 3 

f- : Hp . p, i/eNC ind - t<0 . X = ^v . D . (&M) . Me « t . rep.'Jf* = rep/i" . 

[#35041-5] O.ElXt^L (1) 

h . #35034 . D 

h : Hp , fi = . v e NC ind - 1*0 . Z = ^/i» . 3 . Z £ *SL = 7 p s'CI"* (2) 

r- . (1) . (2) . D h . Prop 
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#351 22. h : Hp #3512 . *Tot"« C k . X t C'tf' . f£ e k . D . E ! X \ k'R 

Dent. 
h . #301-22 . D h : Hp . ^, v e NC ind . v + . 3 . R» e * . 
[#3511] D . falj) . 8 e k . & = 8" . 

[#350-4.*33M2] 3.(&S) t Seic.S(fi/v)R (1) 

h. (1). #350-521. 3 I- . Prop 

#351-221. r : Hp #351-2 . X e C'W . X = * u Cnv"« . ft e \ . D . E ! X I \ ( R 
[Proof ass in #351*22, using #331-54] 

#351-3. I- : Hp #351-2 . p, v e NC ind . v + . D . 

{(/*/i)D*li{(i/*0U! = (/*/*)£* 

K #350-41 .DH:.Hp. /*=}=(>. 3: 

Z {(/*/!/) t k l ] N . = . X, 7^ e *, . rcp K <L» = rep/ JV> . 
[#351-2] = . (gJlf ) .L,M,Ne Kt . Z = rep/M* . rep/Z/ = rep/JV* . 
[#333-24] = . (gM) .L,M,Ne Kl .L^ rep/Jf* . rep/Jtf * X6 " = rep/iV* . 
[#333*44] s . (gjlf ) .L,M,Ne k l . L = rep/i/* . rep/;V/ v = rep/iV . 
[#350-41] = . ( a Jf ) . Z (0*/l) t Kl }M.M {{1/v) t «<] JV (1) 

I- . #350-34 . D h :. Hp.^=0.D: 

£ KW*0 t *c} JV . = . l = /t s*a"/c . # £ « t (2) 

I- . #350-34 . #351-21 .Dh:.Hp./x=0.D: 

x {(Wi) t «4 1 {(!/") D *.} & • = • £ = * T «'<!"* • ^ e ** (3) 

h.(l).(2).(3).Dh.Prop 

#35131. I- : Hp #351-2 . X, Ye C'H' . D . (X £ « ( ) , ( F £ « t ) = (Z x, F) £ «, 
[Proof as in #350'6, using #35 1 -3 instead of #350'53] 

#3514. h : k e Fifap subm conx . fi t v, p, a- e NC ind . v=^0 . er =f . Le «, .D . 

rep K '[{(,i/i/) £ kSL] I {(p/ff) £ *.'£}] = (fi/v +, p/<r) £ k*L 
Dem. 

h . #350-41 .Dh:Hp.^0.p=j=0.if = (/*/i/) £ « t 'L . 3 . rep/jtf * = rep«'2> . 

[#333-44] 3 . rep/jtf"*^ = rep,'/**"* (1) 

Similarly 

h:Hp.^0.p=}=0.iV = (p/a) I k?L . D . ve-p K 'N" x <* = rep.'Z"^" (2) 

h . (1) . (2) . #333-34 . #332-33 . D 

h : Hp(l) . Hp(2) . D . rep, '(if | Ny x <" = rep K ( [L^^ | Z«' x «"»»} . 

[*301-23.*333-24] 3 . {rep/(if | N)\**°« = rep^Z"*^^ +« '" x ^) . 

[#306-14.#350'41] D . rep/(if | N) = (^/y -K p/o-) ^ «/Z (3) 

h . (3) . #351-21 . #35034 . D h . Prop 
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*351'41. h : k e FMap subm conx . $'Pot"« C « . 

fi, v,p,<r e NC ind.^=)=0.cr=|=0.jRe«:.D. 

10*/*) D «<#} i {(p/*) t k'R\ = (/*/* +, p/«r) £ *<fl 
Dew, 

h.*351-21-22.D 

h : Hp . 3 . (^/v) £ k'R = (/*/v) £ */i2 . {pj a) I k'R = (pi a) £ Kl 'R (1 ) 

h.(l),*332-241.*331-24-33.D 

h : Hp . D . {^v) t «<£} j {(pM I k'R] = rep.'[{(^) £ «/#} | {(?/*) t k'R)] 

[*351-4.(1>] = (fil„ +, pi a) \; K 'R:D\-. Prop 

*351 411. h : Hp *351'4 . \ = « v Cnv"« . £ e X . D . 

{(/*/») p \*S} j {(p(a) I \'8\ = (/*/" +. Pl*) t VS 
[Proof as in *351'41, using *331'54] 

*351'42. 1- : k e FM ap subm conx .X,Ye C'H' . L e « t . D . 

rep«'{(Z p */i) | (F [: *.'£)} = (Z +, Y) t Kl 'L [*351"4] 

*351 43. h : k e FM ap Rubra conx . a'Pot"* C « . Z, F e C<#' . # e k . D . 

(X £ k'R) | ( Ffc k'R) = (Z + s F) £ «<# [#351-41] 

*351'431. h:Hp*351-42.X=« \j Cn\"K ,Se\ . 3. 

(Zp\'<Sf)|(FtVS) = (Z+ K F)pViS [*351-4U] 

#35144. h : k e FM ap subm conx . 

fi, v, p, <x e NC ind . v + . a =j= . (p/cr) tf ' (jijv) .Le^.D. 

rep/EK/*/*) t kJL] I {(p/cr) £ «//,}] = (/*/* - p/<r) £ *SL 
Dem. 

As in #35 14, 

H : Hp . M^(njv) I Kl 'L . tf = (p/ff) £ «/^ . D . 

{rep/(j¥|^}* x ^=rep/{i> Xf *|£ , ' xp '>} (1) 
V . #30123 . #308-13 . D h : Hp . T = (/* x c <r) - c (* x p) . D . 

vep/{/> x <" ! )>*"»} = rep,/{Z/| />* cp ', Z" XeP l 
[*72'59.*332-25] = rep. 4 // (2) 

h.(l). (2). #350*41 .3 

h : Hp-(l) . Hp (2) . D . rep/(itf j tf ) = {r/(* x c a)} t « t 'L (3) 

h . (3) . #308-24 . 3 H . Prop 
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#351*441. I- : k e FM ap subm conx . 

fx, v, p, a e NC ind . v =£ . a =|= . {fijv) H' (p/cr) . Le /c t .D . 

r*P/[{(/*/<0 t K >' L \ I l<P/») t */£)] = 0*/" -. p/*> t *fL 
Dem. 

I-. #33215. #303-19. J 

V : Hp . 3 . rep.'[{(/i/p) £ */£} f {(pM £ */£}] = ^ 

Cnv'rep.'[((,,/«r) £ *<Z} | {(^) £ *'Z)] 

[#351 '44] = Cnv'(p[<T -,/*/") £ «/Z 

[#303-19] = (p/<r ~ s il}v) t Kt 'L 

[#308-21] = (fifv -, pj<r) I Kl <L : D H . Prop 

#351-45. I- :k e FM ap subm conx . X, Ye C'H' . L e « t . 3 . 

rep/{(X t k*L) ( ( F £ *'!)} = (X -. Y) £ k?L 
Dem, 

h . #351-21 . #350-34 . #308-12 .Dl-:Hp.X=r.D. 

rep/{(X t Kl <L) \(Yt Kg 'L)} = / $ s'W'k = (X -, F) £ */£ (1 ) 

h . (1) . #351-44-441 Oh. Prop 

#351-46. VnceFMa,? subm conx . s'Pot"* C « . X, Fe C"#' . 22 <? * . D . 

2)em. 
K #351-22. Dh:Hp.D.X^«^ € «.FC«'22e*. 

[#37-62] D . X £ «'iJa . Cnv'Ft *'22 eCnv"« OF. frop 

#351-47. h, : Hp #351-46 . D . (Cn v< F £ «<fl) | (X £ k(R) = (X -. F) I Kl l R 
[#351-45-46] 



*352. RATIONAL MULTIPLES OF A GIVEN VECTOR. 

Summary of #352. 

By a " rational multiple" of a given vector in a family k we mean, if we 
are dealing with k, any vector in the family which has to the given vector 
a relation which is a member of G'H\ and if we are dealing with « t) we mean 
any member of k< which has to the given member of « t a relation which is 
a member of G f H g . We will call the former "rational K-multiples" and the 
latter "generalized rational multiples." It will be observed that if k contains 
pairs of members which are each other's converses, only one member of such 
a pair can be contained among the rational K-multiples of a given member 
of k, provided « is an open family. Hence the rational K-multiples of a given 
vector all have one " sense," even if this was not the case with the original 
family. 

Rational multiples of a given vector T can be arranged in a series by 
correlation with their measures with T as unit. These measures are ordered, 
in the case of rational K-multiples, by the relation H', and in the case of 
generalized rational multiples, by the relation 'H g . Moreover if X is the 
measure of a given member of k with T as unit, the given member of k is 
k\A t 1 X\ while if X is the measure of a given, member of k,, the given 
member of « t is K t 1 A T ( X. Hence the rational K-multiples of T are ordered 
by the relation k 1 ] A t >H', and the generalized rational multiples are ordered 
by the relation k,1 A T >H g . These two relations, therefore, are the relations 
we shall consider in this number. We put 

*352 01. T K = K J \A T >H' Df 

*352 02. T^^K^A^Hg Df 

We assume throughout this number that k is open and connected. In 
dealing with T K , we assume fe^, and in dealing with T Kl , we assume 
T e Kg. We then prove the following propositions among others: 
K^Arf-CWel-il (*35212), 
K^ArtC'Hge 1 -* 1 (*35215), 
i.e. the relation of a rational multiple of T to its measure is onerone. 
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T K) T Ki e8ev (*35216-17). 

Observe that this requires only that k should be open and connected. The 
serial property results from the correlation with H ' or H g . 

0'T K = k n A T "C'ff' . C<T Kl = Kl n A T «C l H„ (*3523-31). 

If S is any non-zero member of C'T K , C'S K = C'T K (#352-41), i.e. the rational 
/e-multiples of T^are the same as those of any rational «-multiple of T\ with 
a similar proposition for G i T Kl (#352"42). 

RT K 8. = :R,Se K ry A T '<C'H' : (^fi,v).fi,v € NC ind tf i < v. R v = S* (#352-43). 

This is a convenient formula for T K> and leads immediately to 

T K = {s<H'<(ljl)} i(K*A T ft C'H') (#352-44). 

— > 
Observe that H"(l/1) is the class of rational proper fractions, including 9 . 

By #35244 and #352-41-3, we see that, if S^ I \s*d tt K t 

S e C'T K .D.S K = T K (#352-45), 

i.e. the order of magnitude of a set of vectors which are rational K-multiples 
of a given unit is independent of the choice of the unit. 

In order to establish the analogous property for T Kll we first prove a 
formula analogous to ^352-44, namely 

T Kt = CnvS{s'tf'(l/l)} t (k, nA T "C'H) £ 

{& t H''(l/l)}t(ic l nA T "C t H') (#352-54). 

Here the first term gives the. series of negative multiples of T, while the 
second gives the series of positive multiples of T (including I |" s'G"*), 

From the above formula it follows, as in the case of T K , that if 8 is a 
positive multiple of T (not including I [ s c G."k), S Kl —T Kl) while if S is a 

negative multiple of Z\ S Kl = T Kl (#352-56-57). 

Finally we deal with the relation of U K to T K . Here we have to assume 
that k is a serial family. We then find that U K with its field confined to 
rational K-multiples of T is the converse of T K , i.e. we have 

#352 72. h : k € FM sr . Te k ? . D . U K 1&T K = * 1 A T '*H' = T K 



#35201. T^k\A t W Df 

#35202. T.^K^Ar'Hg Df 

♦852-1. H :. RT K S . ^:R,Se K : (gl, Y) • XH*Y. RXT.SYT [(#352-01)] 

#35211. r- :. RT Kt S .--:R,SeK t : (%X, V) . XH (J Y. RXT.SYT [(#352-02)] 
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#35212. bziceFMupcoTLx.TeiCfi.D.ic'] A T [ C H' e 1 -+ 1 

Dem. 

r . #336'1 . Dh:R( K J \A T { C'H') X.~.R€k.X € C'H' . RXT (l) 

h.*350-521. H-:H V .R,S€ K .X € C'H' .RXT.SXT.3.R = S (2) 

h.*350-44. 0\-in v .Re Kd .X,YeG l H' . RXT . RYT .1 . X ^ Y (3) 
h . #3o0'34'4 . D 

f- : Hp . # = / ts'(I" K . X, YeC'H' . RXT.SYT. D.X = O q .Y=O l[ (4) 

r . (3) . (4) . D h : Hp . R e « . X, F e C'H' . RXT . SYT .D.X^Y ( r, ) 
1- . (1) . (2) .(5).Dh. Prop 

*35213. f- : « e W ap conx . T e K ld . D . « t n A T "C'H C « (B 
.Dm. 

I- . #3504 . D I- : Hp . R e « t n A T "C'H . 3 . 

(g^ pJ./j.j/eNC ind - i<0 . g ! #* n 7* . 
1*333101] D . R e K id : D h . Prop 

#352 131. h : Hp #352-13 . D . « t n A T "C'H n = Cnv"(«, n A T "C'H) [#307-1] 

#352132. h:Hp*35213.D.« t n4 y * t C ,t F„CK ia [*35213131] 

#35214. h : K e FM ap conx . Te « lg . D . « t n A T "C'H' n A T "C'H n = A 

h.*307l.*350-4.*352132.Dl-:Hp. J B j) Sfe« l . J Re^ r "C« J ff ft . ) Sfe^ J ,"C f //'.3. 
(3/*i "» P. °") • fi,v,p,(T6 NC ind . v =}= . p + . er 4= . R e K id . 

rep/i?" = rep/ 7* • rep/fl* = rep/T" . 
[*333"44] D . (g/i, p, p, <r) . /t, v, p, tr e NC ind . v =f* . p =f . a =j= . # e « l3 . 

repSR"**? = rep/^ Xep = rep/^*'" . 
[#333-47] D . (3^7?) . tn e NC ind . £+ . a ! # f * £" • R e ^ • 
[#71-192] D . (gf, i?) . £ t? £ NC ind . £+ . a 1 1 * R il S" .#<■«„-, - 
[#333101.Transp] D . 72 =J= S : D h . Prop 

*352'15. h : k e FM &p conx .Teic ld .D. k^ A T [ CH^e! -+l 

Dem. 
\- . *Mfrl .3 \- :Hp . RM A T [ C'H g ) X . RM A T [ C<H (I ) Y . D . 

Re^.X.YeC'H^UXT.RYT (D 

h. (I). #352-14. DH:.Hp(l).D: 

R e *, . X, Fe C'tf' . UJT2* . flFT . v . R e «, . X, Fe C"tf„ . RXT . tf FT* : 
[#307'l.*350-44.*352-13-132] D : X = Y (2) 

r . #336-1 . D h : Hp . R (« 4 1 A T [ C'H ff ) X.S^A^ C<H fl ) X . D . 

J2, S e «. . X £ C'H, . i^XT 1 . ^ f X7' . 
[#350-521. #307-1] D.R = S (3) 

I- . (2) . (3) . 3 f- . Prop 

2S 
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#35216. h : k e tfflf ap conx . Te k b . D . T K e Ser [#352*12 . #304'48] 

#35217. h : /ceWapconx . Te^ . D . T Kl e Ser [#352-15. #307 '45 .#30423] 

#35218. r : «e Wapconx . *'Pot"* a C K d . /c a o Cnv"/c a - A . Te * fl . D . 

*nii 2 ."C7/„=A 

Dem. 
r . #350-43 . D 

h:.Hp. / A )i /eNCina-i'0.Z = (/i/ t ')iCnv.>S6/c.D:>SZT. = .>S'' = T' i . 
[Hp] D.^e« grt Cnv% (1) 

I- . (1 ) . Transp . D r : Hp . D . ~ faX, S).Xe C'H n .St k.SXT:D\- . Prop 

#352181. b:K€ FM init .T €Kpi .D .KnA T "C<H n = A [#352-18 . #33521] 

#352-2. I- : k e FM ap conx . Te K d . D . (/ |Vd"*) ^ T 7 
£te?n. 

1- . #350-34 . #331-22 . 3 I- : Hp . D . (I \ s'd"*) q T (1) 

h. #350-31. DrsHp.D.T^l/l)! 1 (2) 

I- . #304-45-48 . Dr:Hp.D.0 9 #'(l/l) (3) 

K(l). (2). (3). #352-1.3!-. Prop 

#352-21. I- : k e FMnp conx . Te k# . D . (I \ s<a" K ) T Kl T [Proof as in #352-2] 

#352-22. I- : k e FM ap conx . T e tc b .D .#1 T K [#352-2] 

#352-23. r- : * e FM ap conx . T e * t5 . D . £ ! T Kl [#35221] 

*352'3. h : k e W ap conx . T e « a . D . OT, = * n A T "C'H' 
Bern. 
u . #350-31 . #304-48 . J 

r : Hp . X € C'H' . X + 1/1 . D . X {Hi v H') (1/1) . T (1/1) T . 

[#3061] D.X e .(H'vH')"A T "K (I) 

I- - #350-34 . #33122 . #304-45-48 . D 

I- : Hp . X = 1/1 . D . XH' %.(![ s'd"*) 0, T . 7 r s'd"* e k . 

[#306-1] D.X € H'"A t "k (2) 

h.(l).(2). 3h:H.p.D.C , H'C{H'wHy'A T "K (3) 

I- . #150-201 . 3 r : Hp . } . C l T t = k \A t "{W v Hy<A T ".K . 

[(3)] O.K J \A T "C'H'CC'T lt (4) 

h. (4). #1 50-202. Dh. Prop 
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#352 31. h : k e FM ap conx . T e x td . 3 . C'T Kt = k,. n A T "C'H g 
Dem. 

As in #352-3, h : Hp . D . G'H' C (H g u; H g )"A T "K (1) 

K #350-31 . (#307-05). D I- : Hp .XzC'H n . D.XH g (l/l) . T(\jl) T. 
[#336-1] D.XeH 9 "A T "K (2) 

I- . (1) . (2) . D h : Hp . D . C<# 9 C (£T, i» /f 9 )"A r «* (3) 

h . (3) . #1 50-201-202 . D h . Prop 

#35232. I- :. Hp #352*3 . X, Ye C'H f . i2 « X £ K 'T . 8=Y[, k'T.D : 

RT K 8 . s . XH'Y [#3521 . #350-521] 

#35233. I- :. Hp #352-31 . X, Y e C'H g . 22 = X £ *,T . S=Yt Kl 'T . D : 

RT Kl 8 . = . X# p Y [#352-11-15] 

#35234 h :. Hp #352-3 .0:RT K T.~. (gX) . XH' (1/1) . 22 = X i>c<T 
[*352'1. #350-521-31] 

#352341. f- :. Hp#352*3 . D : TT< R . = . (gX) . (1/1) H'X . 22 = X £ *«T 

#352-35. h :. Hp #35231 . D : 22T <t T. = . (gX) . XH g (l/l) . 22 = X £ k?T 
[*352-ll-15] 

#352-351. Y :. Hp #352-31 . D : ZT„fl . = . (gX) . (1/1) H g X . R^X^T 

#35236. I- : Hp #352-3 . s'Pot"* C * . D . PotT- t'TC T K l T 
Dem. 
h. #350-43. Dh:Hp. i/eNCind- t'0-i'l . D . T'(v(l)T. 
[#304-4.#352-341] 3 . ffj' : h . Prop 

#35237. H : Hp*352-31 . ^ * u Cnv"* . D . PotT- iTcE'^ 

H . #33124-54 . D h : Hp . D . PotT C * t 
Hence as in *352'36. 

#352-38. h : Hp #352'31 . . rep K "(Pot<r - t'T) C ZVT 

Dem. 

h . #332-61 . h : Hp . D . rep/ f (PotT - t'T 7 ) C Kl 

Hence as in #352*36. 

#352-41. H : k € FM&p conx . 8, Te * e . 8 e C'T K . D . 

C'S K = C'T k = kk A T "C'H' = tcr\ A S "C'H 
Dem. 
f- . #3523 . #350-43 . D h : Hp . D . (g/*, vJ.^hNC ind - t'0 . #■ = 7" . (1) 
[#3523] D.TeC'S. (2) 
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I- . (1) . #3523 . *350"43 . D r : Hp . R e C'S K . D . 

(g/i, v,p,<r) ./x.^ffeNC ind - t'O . p eNC ind . S»= T* . R* = S* . 
[#301-504] D . (g^, i/, p, <r) . /*, v, a- e NO ind - t'O . p e NO ind . fl". x "* - T"*» . 
[*352-3.*350-43] D . R e CT, (3) 

h . (2) . (3) -p- . D I- : Hp . J? e CT« . D . J2 e C'S, (4) 

I- . (3) . (4) . #352-3 . D h . Prop 

#352 42. r : * 6 iW ap conx . S, T e K id .S € C'T Kl .3 t C*S Ki = C'T Kl 

Dem. 
h . *352-3 . #350-4 . #307'1 . 3 

I- :. Hp /D : (g^, v) : p, ve NC ind - t'O : g ! £* A 7> . v . g ! S» A 7> : (1) 

[#352-31] D-.TeC'Sn (2) 

I- . (1) . #352 3 . #350-4 . #3071 . D 
l-i.Hp.igeC'S^.D^a^^p.^i^v.ireNCind-i'O./ieNCind: 

[#333-48] D : ( 3/i) *, p, <r) : /*, *, <r c NC ind - i'O . p e NC ind : 

g ! _R ff x<^ A J 1 "-*"? . v . g ! ij** 1 "* a. ^"Xcp : 
[#352-31] D:ReC'T Kl (3) 

I- . (2) . (3) p-| . D I- : Hp . R e C'2^ . D . £ e C"& t f4) 

h . (3) . (4) . D h . Prop 

#352-43. r::*e//Wapconx .re^.D:. 

RT K S. = iR,SeicrsA r "C'H , i(Kft,v).fi,v<:'SCm(l.tt< v .R'' = S'' 
Dem. 
f- . #3317 . D h : J2T.S . = .R,Se C'T K . RT K S (1) 

h . (1) . #352-3-1 . #350-43 . D h :: Hp . D :. 
7?7 , (t ;S'.-:^ I ^6«n^/ f C' r // / :(gp, < 7 ) ^7 ? ). o - ) f7 ? eNCind-i'0.peNCind. 

[#333-5] ■=:J2 J Se**iV«C'/7':( a p, ff> £, 7 ).«r,£i 76 NC ind -I'O.peNCind . 

p x c 77 <<x x c £ . i^ x °f = 7> x ' f = S» x °v : 
[*12G-14] D:R,8 eKn a t "C'H': (g/i, i/) ./t,^NC ind . p.<v . R" =S» (2) 
I- . #35043 . #304-4 . D 
I- :. R, 8 e k n A T "C'H' : ( aA t, v ) l/tlVe NC ind . p < v . R* = S" : D : 

R,SeKf\ A T "C'H' : (gX) . .Y//' (1/1) . TLTtf 
[#3361] D : Ji, ,S'e k : (gX, r,Z) . XH' (1/1) . F, Z* C*#' . RX8 . RYT . 8ZT 
[*350-6.*305-71'51] D:R,8e K : (gZ, Z) . (X x„ Z) //'£ . # (X x, Z) 7 1 . 8ZT 
[#3521] ?:RT K S (3) 

I- . (2) . (3) . D h . Prop 
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*352'44. h : * e FM ap conx . Te k 8 . D . T K = (i'#"(l/l)} £ (* n A/'C'W) 

Devi. 
V . #362-43 . #304-4 . D h :: Hp . D :. 

7er (t <S.s: J B l iS€*n J A r »0'//':( a Z).Z//'(l/l),ieAS:OI-.Prop 
#352-45. \-nceFMap conx . S,Te K S .SeC'T K .D . S K = T K [*352-4441] 
#352-5. h : * e FMapconx . Te * l3 . . CV1 4 r >/T = * t n A T "C { H' 
[Proof as in *352'3] 

#352-51. I- : « e FM ap conx . Te tc lh . D . C'k, 1 A T >H n = Kl n A T "C'}l n 

Dem. 
h . #150-202 . D h : Hp . D . CV 1 A T '*H n Qtc t n A T "C'H n (1) 

I- . #352-131 . D h : Hp *R e* ( n A T "C'H n .D .faX).X e C'tf. .ft E ^..RXT 1 (2) 
h . #304-23 . D h : Hp . X e Cfl- f'(l/l) ie«,. EXT . D . 

X (ffoff)(l/l) ie« t . EXT. T(l/1) T. 
[#307-1. #3361] D . iJ e CV 1 -4 r iff„ (3) 

I- . #35238 . D h : Hp . X = 1/1 . R e * t . MT . D . £ (^ 4 r >ff ) (rep/T 2 ) . 
[#307-1] D.ReC'K^AriHn (4) 

h . (3) . (4) . DhHp.IeC^.L/c,. flXT 7 . D . R e C"* t 1 4 r ;ff n (5) 

h.(2).(5). D\-:Kp.2. Kl r>A T "C ( H n CC i K l J \A T '>H n (6) 

K(l).(6).3KProp 

#352-52. h : * e FM ap can x . T e ^ . D . r„ t = *, 1 A T ">H n $ ie t 1 4 r J tf ' 

= Cnv J* t 'j ^j-Jff 4- * t 1 A T '>H ' 
Dem. 

V . #160-43 . (#307-05) . D 

V . T Kl = *. 1 A r Ji/ K u /c t "l 4 r ;#' m (*, 1 A T "C'H n ) t (* t 1 4 r "CW) (1) 
h . (1) . #352-5-51 . #3071 . D h . Prop 

#352-53. I- : k e FM ap conx . T e K ld . D . 

« t 1il r Jfl"'»{«'5''(l/l)}t(*.«^ r "Cf'£r') [Proof as in *352"44] 

#352-531. h : Hp #352-53 .^.k^A t '>H= {i'#'(l/l)} t (** rt ^r"C"#) 
[Proof as in #352-44] 

#35254. I- : Hp#35253 . D . T n = Cnv Jfi'^l/l)} £ (*. n A T "C'H) £ 

{^"(l/l^CC^rt^/'Cfl"') [*352-52-53'531] 
#352-55. h : * e Wap conx . S, 5T e tc ld . S e k, n A T "C'H . D . 

k, n A S "C ( H' = tc t nA T "C'H' . Kl a A S "C'H= K,rs A T "C l H 
[Proof as in #352-41] 
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#35256. h : k e FM ap conx .S,Te K ld .Seic^A T "C'H .D.S Kl = T Kl 
[#352'5455] 

#35257. H : k e FM ap conx . S,T eic id . S e ^n A T "C'H n .D.S Kt = T Kl 
[#352-54-55 . #307-1] 

#352 7. h :. KeFM sr . X, Ye C'H' .Te « d . P,QeK. PXT . QYT . : 

PU K Q. = .XH'Y 

Bern. 

h . #35218 . Dh:Hp.QIPe^.D.Q|P~ 6j 4 T "C'H n . 

[*350"t>51 D.X^YeCH' (1) 

h. #350-52. Dh:Hp(l).D.Z^F (2) 

I- . (1) . (2) . #336-41 . D h : Hp . PU K Q . D . X - g Ye C'H . 
[*30812-19.Transp] D . XH'Y (3) 

I- . #33664 . D h :. Hp . ~ (PU K Q) . 3 : P = Q . v . QU K P : 

[#350-44.(3)] D : X = F . v . YH'X : 

[#304-48] D:~(X^'7) (4) 

h . (3) . (4) . D h . Prop 

#35271. h :. xeFMsr . Te « a . P, Q e C'T K . D : PU K Q . = .P(A T '>H') Q 
[#352-7-3] 

#35272. h :K€FMsv.T€ Kd .D.U<t C'T K = K J \A T m , = T K [#352-71] 

#35273. I- :. k e FM sr subrn . X, Ye C'H' . Te* b .D: 

(X I k'T) U K (Yl k'T) . = .XH'Y [#352-7 . #351-22] 



#353. RATIONAL FAMILIES. 

Summary of #353. 

A " rational family " is one which consists entirely of positive rational 
multiples of one of its members. We denote rational families by " FMvt"; 
the definition is 

#353-01. FM rt = FM n £ {(^T) .T€K d .tcQ A^'CH'} Df 

It is obvious that, if tc is any family, k r\ A T et C'H', which we considered 
in the last number, is a rational family. If k is a connected family, it does 
not follow that k r\ A^'CH' is a connected family, but the proofs of its 
properties, as we saw in #352, make use of the fact that it is contained in 
a connected family. Many of the most important properties of connected 
families hold equally of sub-classes of connected families, notably the property 
that two members of k or # t whose logical product exists are identical 
(#331 , 42 , 24). In dealing with rational families, a good many propositions 
can be proved by merely assuming that they are contained in connected 
families. We put 

#35302. FM ex = FM n \ {(a*) . * e FM conx . X C *} Df 

#35303. FM rt ex = FM rt n FM ex Df 

We will call a family " sub-connected " when it is contained in a connected 
family. When a family k is open, rational, and sub-connected, any member 
of k b may be taken as the T of the definition #353-01 (this is proved in 
#353'13) ; and if 8, T are any two members of kq, some power of 8 will be 
identical with some power of T (#353 - 12). An open rational sub-connected 
family is asymmetrical (#353'2) ; no power of a member, and no product of 
two members, is the converse of a non-zero member (#353'22*23). Hence by 
#33r54"33, if the family is connected, and not merely sub-connected, it is 
a group and transitive (#353'25'27). 

If X is a family which, besides being open and rational, has connexity, 
then if a is a member of the field and Te k^ we shall have 

s'X d = A a '>X J \A T '>H' . Ux = \']A T >H' (#353-32-33). 
That is, the series of points in the field and the series of vectors are both 



432 QUANTITY [FART VI 

ordinally similar to part or the whole of the series of ratios; they will be 
similar to the whole if X is submultipliable (#353'44). But when \ is 
submultipliable, a smaller hypothesis suffices, for in that case we can prove 
that if X is connected, then X t = Xw Cnv"X (#353"41),8o that X has connexity, 
and is serial (#35342). Thus we have 

#35344. h : X e FMa.p conx rt subm . D . s'X^ smor W 

#353 45. h . FM ap conx rt subm C FM sr 

#353 01. FM rt = FM nH{(^T). Te^.xCA T li G l H ] Df 

#353 02. FMcx=FMr*\{(>£K).tceFMc(mx.\Ctc} Df 

#353 03. FM rt ex - FM it n FM ex Di 

#353 1. \-:.KeFMrt. = :K€ FM : ( a T) .Teic d .icCA T "&H' [(#353-01 )J 

#353 12. h:\eFM ap rt ex . 8, T e \ b . X C A T "C'H' . D . 

(Kfi, v) . ii, v e NC ind . v 4= . S" = T» [#350-43] 

#353 13. I- : X e FM ap rt ex . T e X d . D . X C A T "C'H' 

Dem. 
h. #353-1 2. D r : Hp . S e X ? . X C A S "C<H' .ReX.D. 

(31*,, v, P , <r). fi, v, p, <r eNC ind. p ^0.v^0.<r$0.H , ' = 8*. T°=S?. 
[#333' 5] 

D . (g/x, y, p, o-) . fi t v, p, <t e NC ind . p + ° ■ *> + • a + 0- -K" Xcf) = £' iXc < ) = 7 T * iXc ' 7 . 
[#350-43] D . # e A S'C'H' Oh. Prop 

#353 14. h : Hp #353-13 . D . \ C A T "C l H g 
Dem,. 

h . #353-13 . D h : Hp . £, tf e x . D . ( a X, F) . X, Fe CiT . RXT.SYT . 
[*350-65] D.(R\8)(Y- S X)T. 

[*308'2] D . 5 1 8eA T "C ( H g Oh. Prop 

#35315. h : * e W conx . r e * & . 3 . * n 4 /<C"#' e FM rt ex 
[#353-1 . (#353-02)] 

#353-2. h : X e W ap rt ex . D . X 5 n (^»v"X 5 = A . X e W asym 

h.#35:H213 

h : Hp . A', R e \- . D . ( a/ii „).,*, * 6 NC ind - t<0 . ifr = #" (1) 

h . (1 ) . *301 -23 . D h : Hp (1) . D . (g^, v ) . /*, i/ e NC ind - a<0 . R^" G / (2) 
h. #333-1 01. Dh:Hp(l).D.Pot'fiCRl f t / (3) 

r- . (3) . (2) . Transp . (#334-05) . D h . Prop 
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#353 22. h : Hd #3*3-2 . D . s' Pot"X a n Cnv"X 8 = A 
Dew. 

I- . #3531213 . #301-5 . D I- : Hp . ae NC ind- t'O . R, R° eX d . D . 

(3/*, ^.^i/tNC ind - t'O . R'**" = R* . 
[#301-23] D. fop, v).p, veTSC ind -i'0.F»+<<?**»Gl (i) 

h . #333-101 . #330-23 . D h : Hp . M e X a . D . Fot'R GJ.A~f Pot'iJ (2) 
f- . (2) . (1) . Transp . D h : Hp . R eX a . D . ~ 3 ! Pot'K n Cnv"X Oh. Prop 

#353'23. I- : Hp #353-2 . D . (s'X | "X) n Cnv"X 5 = A [Proof as in #353-22] 

#35324. h :Hp #3532. XeFM con x O . s'Pof'X C X [#35322 . #331'54] 
#35325. h :Hp #353-24 0.6'X"XCX [#353-23 . #33133] 

#35326. h : Hp #35324 . D . *'X a ; "X 5 C X a 

>> 
Bern. 

h . #353-12-13 . 3 h : Hp . R, S e x d . D . ( aA *, y ).^^NC ind - t'O . R> » #" . 
[#330-57] D . (a^ r)./t,^NC ind - t f . (R 1 #)" = #*+«" . 

[#333101] D-alPot^jfifJ-nRl'/. 

[#30r3.Transp.*331-23] O.R\Se Rl'J (1) 

I- . (1) . #353-25 .Dh. Prop 

#35327. h : Hp #35324 . D . X e FM trs asym [*353'26*2 . #334-13] 

#3533. I- :. Hp #353-2. *> eNC ind - t'O.s'Pof'X Cx . D:RU^S.^. R'^S' 

h . #33641 . D h : Hp . D . (rT) . T e X d . R = T \ S . 
[#33057] D . {rT) . Te X d . R" = 2> | tf* . 

[#336-41 . Hp] D . i£* E/\£" Oh. Prop 

#353-31. h :. XeFMap it connex . K, #eX . yeNC ind - t'O O : 

RU,S,= .R"U K S" 
Demi. 

V . #336-62 O h : Hp . R + £ . ~(RU K S) ,0.SU„R. 

[#353-3-24] D.S v U k R". 

[#336-6-6 1. #353-27] D . ~ (IP U K S") (1) 

h. #336-6. ?\-:Hp.R = S.D.~(R*lT K S v ) (2) 

h . (1) . (2) O h : Hp . ~ (RU k 8) O . ~ (R"U,S") (3) 

h . (3) . #353-3 Oh. Prop 

R. &W. III. 
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#35332. H : \ e FM ap rt conuex . T eX b .D . U k =X J \ A T '>H' 

Bern. 
h . *353-12*13 . #350-5 . 3 h : Hp . R, Se X . R ^S. 3 . 

(a^, v, p, <r) • /*, *, p, <r € NC ind . w 4= . o- 4= . R" = Z* . 5* = T" . pf *+ p/«r (1) 
h . (1) . #35043 . 3 h :. Hp (1) . 3 : U (X 1 ii r »ff') S ' . v . S (X ]A T >H') R (2) 
h. #301-5. D 
h : Hp (1) . /*, v, /a, <r e NC ind . w + . o- + . ie' = T^.S"= Tf>^x c (r<vx c p.D. 

h . #334-21 . 3 h : Hp (3) . 3 . fl | S e X « Cnv"X . 

[*331-54.#332-241] 3 . (R | tf)" x ^ = rep/(5 j £)" x ^ 

[#332-53.(3)] =f" x ^ , -^ Xc11 (4) 

h . (4) . #353-24-2 . 3 h : Hp (3) . 3 . R \ S eX . 

[#336-41] 3 . SU K R (5) 

r . (1) . (5) . #304-4 . 3 r : Hp . R (X \ A T >H') S . 3 . SLTJ2 (6) 

I- . (2) . #304-4 . 3 h : Hp(l) . ~ [R(\ "\A T iH')S} . 3 . S^A^H') R 

[(6)] D.RU K S. 

[#336-6-61. #353-27] D.~(SU K R) (7) 

h . #336-6 . 3 I- : Hp . R = S . 3 . ~ (5 */«£) (8) 

r . (6) . (7) . (8) . 3 I- . Prop 

#353-33. h : Hp #353-32 . a €s'G."X . 3 . s'X d = AJX )A T '>H' 
Dem. 

h. #336-43. 3h:Hp.3. U K = \] A a '>s'X d (1) 

h.(l). #336-2. D\-:Hv.D.s<X d = AjU, (2) 

h . (2) . #353-32 .31-. Prop 

#353'34. h . FM ap rt con'nex C FM sr [#353'27] 

#353 4. r : X e FM&p rt ex . s'Pof'X C X . Z e \ ld . 3 . 

(go-) . o- e NC ind - t ( . rep*'/, 17 e X w Cnv"X 

K #353-1 2- J 3. 3 

r : Hp . 3 . (g/*, v> #, S) . p, v e NC ind . R, Se X . L = R I S . y^4= p . R" = ^ (1) 
(-.#301-23.3 

I- :. Hp . fi, v € NC ind . R, S e X . R" = 6> . 3 : p < v . 3 . R" | 3* = S"-" . 
[#332-53] 3 . rep K '(R \Sy*X (2) 

Similarly r :. Hp(2) . 3 : ^ > j» . 3 . rep/(E j Sy e Cnv"« (3) 

H.(l).(2).(3).3l-.Prop 
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#353 41. I- : \ c FM ap conx rt subm . D . \ = X u Onv"\ 
Bern. 

V . *3534 . D 

h : Hp . L € \ a . D . (3K, a) . R e X u Cnv"X . o- e NC ind - i<0 . rep/2/' = iJ* . 
[#33341] D.IeXu Cuv"A, : D h . Prop 

#353 42. I- : Hp#353'41 .D.XeFMsv [#353'41 . #334-26 . #353"27] 

#35343. h : A, e Map ex it subm . 7'e \ a . PotidTC X . 3 . C'H' C A T "\ 
Dem. 

V . #3511 . D I- : Hp . /*, v e NC ind . v + . D . (%S) . SeX .S"=T" . 
[*350"43] D.(nS).8e\.S(vlv)T (1) 
I- . (1) . #3361 . 3 h : Hp . Z e C'H' . D . (rS) . Se X . SA T X : 3 h . Prop 

#353 44. I- : X e iW ap conx rt subm . D . s'X d smor #' 

h . *353-42-33 . 1h -.11? .a,€ S t a«X.D .s'X d = AJX] A T '>H' (1) 

h . #35343 . 3 h : Hp (1) . D . C'H Cd\A a \ X"\A T ) (2) 

h . #3362 . #352-15 . D h : Hp (1) . D . A a \X^A T [C'H e 1 -» 1 (3) 
h.(l).(2).(3).Dh. Prop 

#35345. I- . FM ap conx rt subm C Wsr [#353-42] 



#354. RATIONAL NETS. 

Summary of #354. 

The subject of " rational nets," which is to be considered in this number, 
is of importance for the introduction of coordinates in geometry. We have 
three stages in the construction of a rational net. First, taking any vector 
T in a family k, we construct C'T K) i.e. the positive rational multiples of T, 
as in #352. The result is, as a rule, a family which is not connected, even 
when the family k is connected. For if there are in k any vectors other 
than C ( T K , any point of the field which is reached from a given point a by 
one of these " irrational " vectors cannot be reached from a by a member of 
C f T Ky though it will be in the field of C'T K . Thus in order to obtain from 
C'T K a connected family, we shall have to limit the fields of its members to 
the points which can be reached from a given point a by one or more 
rational steps backwards or forwards, i.e. to the points A^^C'T^. It will 
be observed that whereas, in the construction of C'T K , only positive vectors 
are used, negative vectors, i.e. the converses of positive vectors, are also 
admitted in constructing what we may call the " rational points " with 
respect to a and T. Having constructed these points, i.e. the class 
Aa'^C'TtX we then proceed to the third and last stage in constructing a 
rational net, by limiting the field of every member of C'T K to A a "(C'T K \. 

Many of the propositions concerning rational nets require the hypothesis 
that the family concerned is a group. If this is not the case with the 
family tc from which we start, we replace k by K g , where k 9 is formed by 
adding to k the converses of those members of k (if any) whose domains 
are identical with the common converse domain of members of «, The 
definition is 

#35401. ^ = k yj Cnv"(« n D VCT'k) Df 

We put also 
#35403. FM grp =FMkk (s'k j «k C k) Df 

We then easily prove that if k is connected, k 9 is a group (#35414), and 
if k is open and connected, K g is open and connected and a group (#35417). 
If k is connected, (« ff ) t = K t (#354-15), so that properties only dependent on 
K it like that of openness, always hold for k 9 when they hold for k. 



SECTION C] RATIONAL NETS 437 

Next, we prove that if k is open, connected, and a group, C i T K is open, 
rational, sub-connected and a group (#354-22). Hence if k is open and 
connected, and X = tc g , C'T K is open, rational, sub-connected and a group 
(#354-24). 

The "rational points" with respect to a and T are A a "(C t T lt \. In order 
to study them, we consider A a "\, where X is a family concerning which we 
make hypotheses which will be fulfilled in the case of C*T K . We prove that 
if X is a family which is a group, and Se X . aes l Q"X> then 

A a <% C 8"A a "X t (#354-31), 
whence S$(A a "K)~(A a "\ l )'\S*=St(A a "\) (#354-312). 

Next we prove that, with the same hypothesis, if b is any other member of 
A a "X„ then 

A a «\ = A h "K (#354-33). 

Thus the rational points with respect to a and T are the same as the 
rational points with respect to b and T, if b is one of these rational points. 

The "rational net" is the family tlAa'^CTWC'T*. Writing \ for 
C'Tt, this becomes £(ii a '%)"\. In order to obtain the properties of the 
rational net, we therefore continue to consider a family X, concerning which 
we make hypotheses which are verified in the case of C € T K , and we put 

#35402. cx/A = fc(.4 a "X t )"A Df 

Thus cXa'C'Tt is the rational net defined by k, T, and a. We prove 
(#3544) that if A. is a group, cx a 'A is a family whose field is A a li X t . We 
prove that if A is a family, and a a member of its field such that any 
member L of \ t for which Z'a exists is a member of A w Cnv"A, then a is a 
connected point of cx a 'A, i.e. 

#354-32 Y'.Xe FM . a e s'(I t( X . A t n Q.'A a C X u Onv"A . 3 . a e conx'cx/A 

The hypothesis X t n d l A a C A w Cnv"A would be verified if A were a 
connected family and a were a connected point of A. But we want to be 
able to replace A by G ( T K , which is in general not connected. The above 
hypothesis, unlike XeFMcom, is satisfied by C'T K , provided k is open and 
a group and a is a connected point of k (#354*34). Hence it follows that if k 
is a family which is open, connected, and a group, and a is a connected point 
of k, cXct'C'T* is open and connected, and a is a connected point of cx a l C l T K 
(*354 , 401). Again, in virtue of #354312, if A is a family which is a group, 
and a is any member of its field, cx/X. is a group (#354-313); hence when 
k is a family which is open, connected, and a group, cx a < C < T K is a group 
(#354402) ; and it is easy to prove that it is also a rational family 
(#354-403). Hence, by #35327, cx a 'C'T K is a family which is open, 
connected, rational, a group, transitive, and asymmetrical (*354'404). If our 
original family is open and connected but not a group, we only have to 
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substitute tc g for k, i.e. putting X = k 9 , we only have to take cx a c C l T k , in 
order to obtain a rational net with all the above properties. This is stated 
in the proposition 

#354 41. h : k e FM&p conx . T e /c^.ae conx'/e . X = k 9 . 3 . 

cXa'C'Tx € FM ap conx rt trs asym 



#354 01. K, = «uCnv"(*ft Dva"«) Df 
#35402. cx a '\ = l,(A a «X)"~K Df 

#35403. FMgT V = FM*Z{s f K \"KCic) Df 

#3541. r-:.iJe^. = : J R€«.v.ii€/c.a'ii: = ^a <f Ac r(*354-01)] 

#35411. h: K €FMconx.R,S€fc.D.R\S€fCg [#33 1-33. #3541] 

#35412. h : Hp #35411 . D'R = s'(I"k .D .R\S = S\R .R\Se k 9 
Dem. 
(- . #330'52 . 3 h : Hp . a e conx'* . 3 . E ! X'S'a . (T(# | S) = s'(I"« . 
[#331 11-42] D.R\84!kv Cnv"« . <P(# | S) = s<d" K . 

[#3541 .#330-561] D . R\Se * g . S\R = R\S :D \- . Prop 

#35413. I- : Hp #35411 . D'R .= D'S^s'Wk m 0.R\8e/c g 
Dem. 

h . #331-33 . 3 h : Hp . 3 . R | 3 e k w Cnv"« (1) 

I- . #37-323 . 3 I- : Hp . 3 . a'(R \ S) = s'(I" K (2) 

h . (1) . (2) . #354-1 .31-. Prop 

#354-14. H : * e FM conx . 3 - *'*„ | "*„ C «„ [#3541112131] 

*354'15. h : ac e i^AT conx . 3 . (k 9 % = k l 

Dem. 
V . #3541 . J H :. Hp . R, Se k 9 . 3 : 

R, S e k . V . R t S e « . v . R, S e k . v . R, S e k . d'R = d'S = s'(I" K (I) 

h . #330-4 . 3 h : Hp . R, S e k . 3 . R \ S e Kl (2) 

h . #331-33-24 . 3 h :. Hp : R, Se k . v . R, Se k : 3 . R \ Se k, (3) 

K #354-12. Db-:Uv.R,S€ K .a'R = a'S = s'a"K.O.R\SeK t (4) 
h . (1) . (2) . (3) . (4) . 3 h . Prop 

#35416. \- : ie e FM conx. D. K g eFM conx [#3541 12] 

#35417. h : « e FM ap conx . 3 . k 9 e FM ap conx grp 
[#354161514. #333101] 
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*35418. \-:.KeFMgrp. = : f ceFM:R,SeK. 3 RiS .R\SeK [(#354-03)] 

#35419. h : * e FM grp . 3 . s'Pot"* C * [#354-18 . Induct] 

#3542. Y'.KeFM apconx . Te k b . 3 . C"Z\ ePil/ap rt ex 
[#353-15. #352-3] 

#354-22. h : k e FM ap conx grp . T e K d . 3 . C'T K e FM ap rt ex grp 

Dem. 
\- . #350-62 . #354-18 . 3 h : Hp . R, S, Te k . X, YeC'H' . RXT . SYT . 3 . 

(R\S)(X+,Y)T.R\SeK. 
[#306-67.#3o2-3] D.R\SeC'T K (1) 

r . (1) . #352-3 . 3 h : Hp . R, S e G l T K . 3 . J? | S e CT* (2) 

h . (2) . #354-2 .31-. Prop 

#35423 h-.fceFMrt conx . T e * a . 3 . CT, = « [#353'13 . *352'3] 

#354-24. b-.K€ FM ap conx . T e K d . \ - * ff . 3 . C'T K e FM ap rt ex grp 
[#354-22-l7] 

#354-31. h : X. ePMgrp . a €s'd"\ . Se\ . 3 . A a "\ C S",4 n <% 
Dem. 

h. #336-1. Dh:.Hp.D:^ e ^ a i %.D.(aP,Q).P ) Qe«.« = P < Q'a. 
[#330-56] 3 . (aP, Q) . P, Q e * . S'w = P'S'Q'a . 

[#354-18] 3 . (gP, P) . P, P e « . S'x = P'R'a . 

[#336-1] D.S«are4 "X t . 

[#37106] 3 .xeS"A a "K :. 3 h . Prop 

#354-311. h : Hp #354-31 . 3 . S"4 a '% C A a "\ [#354-31] 

#354312. I- :Hp #35431 . 3 . ,S't;(i4/%) = ( J 4/%) > JN = ^| fc ( J 4 a ( %) 
[#354-31-311] 

#354-313. h : X <= FMsvy . a e $'<1"\ . /* = cx a '\ . 3 . .s'/i j "u C u 

Dem. 
V . #354-312 . 3 

I- : Hp . R, S € X . 3 . {R £ (A a "\)} ! {8 £ (A n "\)\ =(R\8)t (A a "\ t ) (I) 

h.(l). #354-18. 3 

r : Hp . P, S e X . 3 . {R I (A a "K)} j [8 £ (A a "K)} e cx a <\ : 3 r- . Prop 

#354-32. h : X e PJVf . ft e s'C["X . X t n (IM a C \ o Cnv"X . 3 . a e conx'cx„'X 

Pern. 
I- . #336-1 . 3 h :. Hp . 3 : a e A a "\ . 3 . (gZ) . Le\.x= L'a.Le QM fl . 
[Hp] =>-(a^)- LeWCnv«\.x=L'a. 

[#330-43] 3 .(rM).M ecx a '\\jCnv"cx a '\.x = M'a: 

[#331-11] 3 : a e conx'cx„'X :. 3 Y . Prop 
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#354 33. h : \ e FM grp . a e s'd"\ . b e A a "\ . D . A a "K = A b "K 
Dem 
h . *336"1 . D 

I- : Hp . c e A b "X . D . ( a P, Q, R, S) . P,Q, R, S e k . c = #<£'/ J <Q<a . 
[*330-56] D . (51^, Q,R,S) . P,Q, R,Se k . c=R'P'S'Q'a . 

[*354'1 8] D . (ftM , N ) . M, N e * . c = Jf r i\ r V/ . 

[#336-1] D.ceil fl '% (1) 

Similarly h : Hp . ce 4/% . . c e il,,"\ t (2) 

r.(l).(2).I)r.Prop 

#35434 I- : k e i'J/ ap conx grp . T e «^ . X. = 6"^ . a e conx'« . D . 

\r>a s A a C\ uCnv ( 'X 
Dew. 

h. #354-22. OhiRp.O.XeFMfiprtcx. 

[*35314] D.X.ft^wCnv'^CXwCnv^ (1) 

I- . #331-11-32 . D h : Hp . L e \ n Q.'A a . D . L e k w Cnv«* . 

[(1)] D.if\u Cnv"X. OK Prop 

#354'35. h : k e FM ap conx . Te K h . ft = tc g . X = C ( T„ . a e conx'tc . . 

Xn<l'A a C\vCnv"\ [#354-34-17] 

#354-4. h : X e FMgrp . a e *'<I"\ O . cx„<\ e FM . sWcx^'X = A«"K 

Dem. 
K #330-52. DKHp0.cx '\Cl-*L (1) 

r . #354-311 . D h :. Hp . : R e X . Z> . (T'fl = 4 a "\, . D'i? C d'tf (2) 

K #354-312. DI-:Hp.i2 I flre\.D.|Bt(^«'%)]l|SC(^«"M}-(B!S)t(4 fl "X l ) 
[#330-5-52] =(5f,it:)t;(^ fl f %) 

[*354'312] ={St(A a "\ l )} [ {Rt(A a "\)} (3) 

r ■ (3) . #330-5 . D r : Hp . D . cx/X e Abel (4) 

r . (1) . (2) . (4) . #330-52 OK Prop 

#354-401. h : K€ FM up conx grp . a e coux'k . Te k- . . 

cXa'C'T* e FM ap conx . a e conx' ; cx a l C f T K 
De»t. 

r . *354-4-22 . D r : Hp . D . cx a 'C'T K e FM (1) 

r- . *354-34-322 . D f- : Hp . D . a e conx'cx/C*?',, (2) 

K (1) . (2) . #333-101 OK Prop 

*3fi4402. F : Hp #354-401 . D . cx^CT, e FM grp [*354-313"22-401] 
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*354403. h : Hp *354401 . D . cx 'C"Z; e FM rt 

Dem. 
h . *353'12 . *354-2 . D 

h : Hp . 8 € C'T K . \ = C'T K . D . (g/*, v) . /i, v e NC ind . j, * . S" = ?V . 
[*354-312.Induct] D . ( a/ *, v) . fi> v e NC ind . v + . 

{St (ii.";oj' = ^ C W*0 = ^ t W*0 = in (4.'%)}* . 

[*350'43.*354-401] 

D . ( 3/i , v) . * v e NC ind . v * . {#£ (il fl '%)| (^) {^ t WMj (I) 
h.(l).*353-l.Dh.Prop 

*354'404. h : k e i<Wap conx grp . a e conx'* .Teic d .O. 

cx a 'C'T K e FM ap conx rt grp tra asym [*354'401'402'403 . *353'27] 

#354 '41. h : « eFM ap conx . Te/eg . a e conx'* . \ = /c ff . D. 

cx a 'C'Ti e i^ilf ap conx rt trs asym [*354'17'404] 
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#356. MEASUREMENT BY REAL NUMBERS. 

Summary of #356. 

In this number we consider the application of real numbers to the 

measurement of vectors in a family. The principle of this application is 

as follows : If a given set of vectors, all of which are rational multiples of a 

given vector R, have a limit with respect to U K) and if their measures 

determine a segment of //, then we take the real number represented by 

this segment as the measure of the limit of the given set of vectors. 

For the sake of homogeneity with rational measures, it is well to take our 

real numbers in the relational form given in #314; i.e. if f e C c %, we take 

.s'f as the corresponding real number. With a suitable hypothesis, the 

result of the above principle for applying real numbers is, where rational 

multiples of the unit R are concerned, to replace the ratio X by the 

— » 
rational real number s'H'X, as the measure of the vector X I k'R 

(cf. #356"63). Then the measure of the limit of a set of rational vectors 

will be, by our principle, the limit of their measures. Thus our principle is 

conformable to what is required for an application of real numbers. 

It should be observed that, if any application of irrationals is to be 

possible, it is necessary that the vectors of the family concerned should 

have a serial or quasi-serial order, independently of the order generated by 

their measures. The order generated, among rational multiples of T, by the 

ratios which are measures of these multiples, is T K (cf. #352). A vector 

which is not a member of C'T K cannot be the limit of any set of vectors 

witn respect to T K . But we saw (#352'72) that if « is a serial family, 

T K =U K tC'T K . 
Hence when k is a serial family, a vector which is not a member of C f T K 
may be the limit of a set of members of C'T K with respect to U K . It is the 
existence of an independent series U K , not generated by measurement, which 
makes the application of irrationals as measures possible. 

The following phraseology may be found convenient. Taking a unit T 
in a family k, and an origin a in its field, if X eC'H' and $= X £«T and 
x = S'a = (X I ic'Tya, we call X the "rational measure" of S and the 
' rational coordinate " of x. We have, in the same circumstances, 
S = k 1 A T 'X . x -r A a '$ - A a * K 1 A T 'X. 
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We will call S the vector of X, and x the point of X ; and the same 
phraseology will be employed for the vectors and points obtained by 
measures which are real numbers. We may now state the principle 
according to which we apply real numbers as measures as follows. Given 
a segment f of H, take all the vectors of f's : these form the class k n A T "%. 
Then the real number s'f is to be the measure of the limit (with respect 
to U K ) of the class k n A T "^. Since U K has the opposite sense to that of T K , 
i.e. U K proceeds from the vectors with bigger measures to those with smaller 
ones, the limit we shall have to take will be the lower lim. with respect to 
U K . Thus the vector whose measure is s'g will be 

prec (£/,)<(*: nil j,"f). 

— > 
Now if we put X = s i ij, A T "g = X'T, and X is a relational real number. 

— * 
Hence using #206131, the vector whose measure is X is pvec(U K yX'T. 

Hence if " X K 'T" represents the vector wb^se measure is X (unit T\ 

we put 

#35601. X« = prec(Z7 K )jXr« Df 

Assuming now that k is a serial subtnultipliable family, in which we take 
R as the unit and a as the origin, and putting, for notational convenience, 

we have first a set of preliminary propositions (#356 - l — '191), of which the 
most important are 

IF ^{C'H'^AxyP^iC'H'^Ax'AjQ (#35613), 

PlCn^K^AjH' (#356-14), 

giving the relations between the series of ratios, the series of their vectors, 
and the series of their points. 

We proceed next (*356'2— -26) to the proof that X K [ k e 1 -» 1. This 
requires, in addition to our previous hypothesis, that Q should be semi- 
Dedekindian. With this hypothesis, we first prove that if X, V are 
relational real numbers, 

d<X K = a<Y K = ,c d :X K =Y lc . = .X=Y (#356-21). 
We then prove, by the help of some arithmetical lemmas, that the lower 
limit of the submultiples of a given vector is the zero vector, i.e. 

tl/£ {S*k: ( a „) . R = S"} = I T C'Q (#356-22). 

Hence we easily prove that, if R is any non-zero vector, and \ is a class 
of vectors having a lower limit L, the lower limit of the relative products of 
R and members of \ is the relative product of R and L, i.e. 

XC K .L = t\ P 'X . R €Kd .D.R\L= t\ P 'R j "\ (#356221). 
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Remembering that the relative product is represented arithmetically by 
the sum, we may express the above proposition by saying that the limit 
of the sums of a given vector and a set of vectors is the sum of the given 
vector and the limit of the set. From this proposition we easily deduce that 
if RPS, X K 'R =f X K 'S, whence it follows that 

X K T k e 1 -> 1 (*356-26). 

Onr next set of propositions (*356"3 — 33) is concerned in connecting the 
relative product of X K and Y K with the arithmetical product X x r Y, where 
" x r " has the meaning defined in #314. Here we only require that k should 
be serial and submultipliable, and we obtain 

X K \Y K = (Xx r Y) K (*356-33). 

This proposition is the analogue of #35131 (except that tc L is replaced by k) ; 
it has a similar importance, and calls for similar remarks. 

Our next set of propositions (#3564 — 43) is concerned in proving that 
the limit of the points of a segment of ratios is the point of their limit, in 
other words, that the limit of a set of points whose coordinates are a segment 
of rationals is the point whose coordinate is the limit of the segment. Here 
we again require that our family should be semi-Dedekindian ; then if f is 
a segment of ratios, and X = s'tj, the above proposition is 

(X K 'R)'a = seq Q 'A a "A R «% = seq Q <A a "X< R (*356"43). 
Here X K 'R is the vector of X, (X/i2)'a is the point of X; A R tt ^ = X t R ) 

and each is the class of vectors of members of £ ; and A a it A R ti ^ or Aa'X'R 
is the class of points of members of f. Moreover X is a relational real 
number. Thus the above proposition states that the point of X is the 
segment (i.e. the limit) of the points of the ratios contained in X ; i.e. of the 
ratios which may be considered less than X. 

We next proceed (#356*5 — '54) to connect the relative multiplication of 
vectors with the addition of their measures. Here we require that k should 
be semi-Dedekindian as well as serial and submultipliable. We then find 
that if X, Y are relational real numbers, and R is a non-zero vector, 

{X K 'R)\(Y K 'R) = (X + r Y) K <R (#356-54). 

This proposition is the analogue of #351-43, and calls for similar remarks. 
The proof proceeds without much difficulty by means of #356'43. 

Finally we have a set of propositions (#3566 — '63) to prove that the real 
number which measures a rational vector is the real number corresponding 
to tne ratio which is its measure ; i.e. if X is a ratio, the vector which has 

the ratio X to the unit has the real number s'H'X for its measure. It is to 
be remembered that rational real numbers must not be identified with ratios, 
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any more than integral ratios (i.e. ratios oi the form v(\) must be identified 

— > 
with cardinals. The real number corresponding to a ratio X is s'H'X ; this 

is what we call a " rational real number." In measurement, when we are 

measuring by ratios, if R is our unit, X will be the measure of X £ k'R ; but 

when we are measuring by real numbers, the measure of X £ tc'R must be a 

real number. The real number which is the measure of X £ k 1 R will, by our 

definition, be a real number Z such that 

XtK<R = prec(U K )'Z'R. 

Thus we have to prove that, if X is a ratio, the above equation is satisfied if 

— * 
we put Z = h i H t X. This requires that k should be serial, submultipliable 

and semi-Dedekindian ; we then have 

XeC'#.:>.(s'/?<X) K =Xt* (#356-63). 

Thus although the "pure" real number s'H'X is not identical with the 

— > 
"pure" ratio X, yet the "applied" real number (s'H'X) K is identical with 

the " applied " ratio X £ k. This fact explains why the results of the habitual 

confusion between a ratio and a rational real number have not been even 

more disastrous. 



*366'01. X K = prec (U k )\X^k Df 

#3661. h:.Reie.D:S = X K <R. = .S = prec(U K )'X<R [(*356'01)] 

#36611. h :. Rex .3 : S = (s t g) K 'R . = . S = yrec(U lt ) t A R "Z 
[#3561. #336-1 2] 

#356-12. r :. k e FM sr subm . 

X, YeC'H'.ReK d .aes'a"K.Q = s< Kd .P= U K .D: 

XH'Y. - . (X t K<R)P(YtK i R) . = . \(X I K<R)'a} Q{(Yt *'&)'<£ 

[#352-73 . #336-4] 

*356'13. r- : k e FM sr subm .ReK d . aes'(I"K . Q = s'/c d .P=U K .1. 

H'^iC'H'MAn'P^iC'H'WAx'AJQ [#35612] 
#35614. h : Hp #35613 . D . P £ C'R K = * 1 A R ">H' [#35272] 

#35615. I- : Hp #35613 . \ C C'H .X=s'\.0. mnx P 'X'R = k 1 Aj t "taB.x H t \ 

Dem. 

h . #352-4.1 . D r : Hp . D . * n X'R C C'R K . X ( R - A R "\ (1) 

h . (1) . #356-14 . D h : Hp . D . niaxp'Z'E = nwx (P £ C'RJ'X'R 

— ♦ 
[#356-14] = * 1 A/'maxj/X : D h . Prop 
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*356 16. I- : Hp*356-13 . X <• C® . X= s<\ . D . max/X'P = A [*356'15] 
*356 17. h : Hp*35616 . D . X, = lt P \ ~X [ C'P [*356'16] 

#35618. r- : k e FM uounux . D . X K e 1 -> CIs 
[*206-161 .*336-62 .(*353'01)] 

*356 19. f- :. k e /W si ■ . P = £?, . D : Z € C'H . D . Z £ k>1> C l J 

Detn. 
h.*336-511.Dh :. Hp . A, if e/c . /i, veNC ind- 1*0 . Z = pjv . D: 

i2P# . = . i&'P^ . 
[*35043] D : £P# . M = (WO D *'£ • iV = (W") D *'# ■ 3 ■ M»PN> . 
j>33651 1 ] D . MPN :. D I- . Prop 

*356191. h : Hp *356-19 . A' e k"C l ® . 3 . X £ * \ P G P \ X £ k 
Devi, 

h.*356-19.D 
h :. H V .3 i\ e C<® . X = s<\ . Z e\ . 3 . Z\, k\P G P \Zt k:. lb . Prop 

*3562. h : Hp*356;16 ./te C<® . Le \-p . D . k ~\ A R i Lep i P"A R « fJl 
Deni. 

f-.*31011.D(-: Hp.D.Zep'tf'V 

[*206-6.*352-]2] D . «1 A R 'L ep'tc *\ A^H" A R « p . 

t*356*l 41 D . * 1 4 B -X e p'P"A R "ii. : D h . Prop 

*356-21. h :. * e F3f 8i- aubm . Gnv'*'ie s e semi Ded . X, Fes"C"B . D : 

Dew. 

h.*356-16.*214-7.D 
\-:n v .\, H ,€C*®.X = s<\. F=i->.i2eie a . I). ElX/U.E! Y K 'R (1) 

h.(l).*356-2. Dh:H P (l).P=& K . a !\- /i .D.(F/ J R)P<;X/i2) (2) 

Similarly h : Hp (1 ) . P = U K . a ! M - \ . D . (Z/i2) P ( Y K 'R) (3) 

I- . (1) . (2) . (3) . D h : Hp (1) . X/i2 = F/J2 . D . X = /*. 

[Hp] D . X = Y (4) 

h.(l).(4).DI-.Prop 

*356'2H. h : o-, t e NC ind - t'O . j; e NC ind - t'O - t'l . D . 

(o- + c t)" > a" + (i; x c o-"-^ 1 x t) 
Dem. 
I- . *113 4366 . *1 16*34 . D h . («r x c T f = ^ + c (2 x c a x c t) + c t* (1) 

h . *126"5 . D h :. Hp . D : (o- + c r)" > <r* + c (v x c o-"- 1 x c T ) . D . 

(a + c r)"+ 01 > it " + '' + c (v X <r" X c t) + (a" x t) (2) 

h. (1). (2). Induct. 3 h. Prop 
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*356 212. \- : p > a . p, a, %e NC ind . D . (a?) . v e NC ind . p" > a" x c £ 

I- . #35621 1 . D 

I" : Up . v e NC ind . p = <r + c T . 3 . />" > a"- 1 x c [a + c („ x c r)j ( 1 ) 

f- . (1 ) . #126-51 . 3 r- : Hp (1) . a + c (v x c r) > <r x c £. D . p" > a" x c £ (2) 
f- . (2) . #11343 . #120-416 . #126-5 . D 
H:Hp(l). v x T><rxj£- e l)0.p'><r"x £:DI-.Prop 

#356213. h : p > o- . p , a, £ v e NC ind . t; + . D . 

(gw) . v e NC ind . p* x c >/ > a" x c £ 

f- . *350'212 . 3 h : Hp . D . (31/) • v e NC ind . p" > a" x c f : D h . Prop 

#356214. h : p, a * NO ind - t'O . p > o- . X e C'H . D . 

(Hi/) . v e NC ind . (p/tryHX [#356-213] 

#356 215. h : \ € C© . p, <r e NC ind - t'O . p > a- . D . 

faX) , A' e \ . X x s pja ~ e \ 
Deni. 

r- . #305-142 . Induct . D I- :. \ C C'# . g ! \ . v e NC ind - t'O : 

X e X . D Y . X x s p\ a e X : D : A~ e X « D x . A x s p"/**-" e X : 

[#356-214] 3:H"\=C'H (1) 

h . (1) . Transp . D h . Prop 

#35622. h : Hp *356'13 . Q e semi Ded . D . 

Dem. 
V . #336-51] . D I- :. Hp . L = tl P '# {(&) .R = S"}.p,ve NC ind - t'O . D : 

S€K.S<* X " = R.3.L>P8": 
[#301-5] l;TeK.T» = R.3.L''PT: 

[Hp] D : Z"P*2> (1) 

I- . #337-21 . D f- : Hp . v e NC ind - t'O - t'l . L e K d . D . LPL V (2) 

h . (1) . (2) . 3 I- : Hp . D . L ~ e « a : D I- . Prop 

#356-221. h : Hp #3561 9 . § = sV a . X C k . L = tl/X . i2 e *a . D . 

E| Z,= tl/ J R 1 "X 
Dem. 
h . #33415 . #336 41 1 , D h :. Hp . D : LPM . D .(R\L) P(R\M) : 
[Hp] D:MeX.^.(R\L)P(R[M): 

[#37-61] :>:R|"\c1P'(i2|£) (1) 
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\- .*Wfril .3h -.Up .(R\L)PM .3 .(%N) . N e k b . M= R\L\N . 

[#330-31] D . (giV) .Netc d .R\M = L\N. 

[#336-41. #3341:3] D . LP(R\M) . R\M e* e . (2) 

[Hp] 3.(RN).Ne\.NP{R\M). 

[#336-411.(2)] D . {%N) .N eX.(R\N)PM . 

[#37-1] D . itf e P"# | "\ (3) 

h.(l).(3).#207 21.Dr-.Prop 

#356-23. h:Hp*356-22.i2P^.D.(3i/). V eNCind-t < 0.L|(»'+cl)M^^J^ 
Dem. 

\- . #356 22-221 . D h : Hp . X = f [Te k : (gi/) . # = T"} . D . tl P 'fi | "\ = R . 
[Hp] D.(^T).TtX.(R\T)PS. 

[Hp] D . ( a *) . i, c NC ind - t<0 . {i2 | (l/v) £ *< J2} P*S . 

[*350-62.*334-32] D . (gv) . i> e NC ind - /<0 . [{(* + l)/»/} £ jc«Ji] P& : D h .Prop 

*356'231. h : Hp *356'23 . D . (%v) . v e NC ind - 1<0 . SP [{(v - l)/v} £ x*i2] 
[Proof as in *356'23] 

#356-24 h : Hp #35623 . X e s"C*@ . D . X/iZ 4= X K 'S 

Dem. 
h . #356-23 . D h : Hp . X e C<® . X = s'X . D . 

(HP. o-) . /t>, o- e NC ind - t*0 . p > o- . )(/»/*■) £ k'R] PS . 
[#356-215] D . (gp, o-, 7) . p, o- e NC induct - t<0 . p > a . Y e X. Yx s p/<r ~ eX. 

{(p/*)tK*R}PS. ^_ 

[#336-511] 3.{'&p > <T,Y).p > <T6NCind-i*0.p>a.YeX.rx l) p/*€p ( H«X. 

\YtK<( P j*)tK<R}P{YtK<S}. 
[*351-31.*356-13] D . fa Pl a, Y) . F£ K<{p(a) £ k'R ep^'x'R rs P«~X'S . 
[#3561] D . X K 'R 4= y/i2 Oh. Prop 

#356-25. h : Hp #356-22 . X e s"C'% . Z) . X K 'R G Q 

Dem. 

h.#356-l-21.DI-:Hp.D.X/jRe« a (1) 

h. (1). #41-13. Dh. Prop 
#356-26. h : Hp #356-25 . D . Z K f k e 1 -► 1 

h . #35624 . Transp . D h : Hp . R, S € * d . X K 'R=X K 'S . D . £ = 8 (1) 
h.(l). #356-18-21.3 h - Prop 
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*356-3. h :. k 6 FM ap conx subm .s'Pot'VCie .^veC®. R,SeK,^ : 

R (s'fM X r A-'v) S.^.R {{i'fl) [ K (s' v )} 8 

Dem. 

h . #314-14 . #313-21 . D h : Hp . D . «'u x,.s'» = sVu x, "v (1) 

I- . (1) . D h :. Hp . D : 12(sV Xr*'*) # . = . (gJtf, N). Me p. ft e v .R(Mx g N)S. 
[*351-31'22] s . (gAf, i\ r ) . JfcT e /* . JV e 1/ . R (M [ k \ N) S :. Z) h . Prop 

#356-31. h ; * e Pilf ap conx subm . s* Pot"* C « . X, F e s"(7<0 . D . 

(Ix / .F)C« = (Xt«)|(Ft'c) [*S56'3] 

#356-32. f- : k e FM sr subm . X, F e s"C^ . # e k 9 . D . X/ F/£ = (X 1 F^'ii 

h . #356191 . D f- :. Hp . D : £ e k n 7<£ . D . /c n X'£ C P"X'Y,'R: 
[#37-63] D : X"(« a "?<£) C P"~X'Y k 'R (1) 

h . #305-6 . D h : Hp . X e C<© . X = i'\ . Z, Z' e\ . ZHZ' . Z) . 

Zt f c { Y K <R = Z'l f c'(Z\Z')t« iY «' R - 

[#35612] D .Ztic'YSReZ' £ k"~P'Y k 'R. 

[#35617] D . Z\ k'Y k 'R e Z' t k«P"Y'R . 

[#35619] D . Z I k'Y k 'R e P (i Z' £ k"7'R , 

[Hp] 3.ZtK t Y K 'ReP«X t 'Y t R (2) 

h . (1) . (2) . D h r Hp . D . P"X«Y'R = P"X'7 c 'i2 . 

[#356-1] D . (X j 7yj2 = X/ F/P Oh. Prop 

*356'33. I- : Hp *35632 . D . X K j Y K = (X x r 7). [#356-31-32] 

#356-4, hue PIT conx . Q = Cnv<s<*: a . S e « . a C C'Q . g ! a . E ! seq c 'a . D . 

S'seq^'a = seqg'»S"a 

h . #330-563 . D h : Hp . D . £<seq e 'a e j>'Q"S"a (1) 

h . #371 . D h :: Hp . D :. ^ e Q"^"#"a . = : 

(ay) : a ' e a ■ ^ • S'xQy • yQ^'z • 

[#330-542] = : (jgw) : x e a . X . S'x Q S'w : S'w Q S'z : 

[#208-2] = : (gw) : *• e a . X . xQw : wQz : 

[#37-1] =:* e Q"|>'Q"a ^ (2) 

(- . (2) . Transp . D h : . Hp . D : « ~ e Q"p?Q"z . = .S'z~e Q^p^S^a (3) 
I- . (1) . (3) . #330-542 . D h . Prop 

R. & W. III. 
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*35641. h./ce FM conx trs . P = U K . Q = s'* 5 . a e C'Q . X C k . g ! X . D : 

JV = seq/»'X. . = . N e k . seq (? '-4 a "X = iV r 'a 
Bern. 
h . #336-43-2 . #206-61 . D 

h :. Hp . D : JV= seq/\ . = .NeK. A a 'N= seq (Q £ J a "ie) M a "X (1) 

h . *206'21 1 . D f- : Hp . b = seq</J a "\ . D . (gi?) . # e X . iZ'aQfc . 
[Hp] 0.(^8).SeK.bSa. 

[#336-11] D.beA a «K (2) 

h . (1) . (2) . D h :. Hp . D : N= seq P <\ . - . JVe * . A a 'N « seq e M a "X (3) 
h. (3). #336-1 l.Dh. Prop 

*356'42. h : Hp #35641 . E ! seq/X . D . (seq/\)'a = seq e M a "\ [#356-41] 

#356-43. h : Hp *356'22 . f e C<© . X = s<£ . « £ C'Q . D . 

(Z«'.fi)«a = S eq Q <A a «A R «% = Beq Q 'A a "X<R 
[#356-421 1-21. #336-1 2] 

#3565. K-Hp #356-22. 

X, Fes"C'@ .aeC'Q.ReK.\ = KK X'R . ^=* n Y'R . D . 

(X K 'R)<( Y K l R)'a = se<{ Q 's<\<seq Q 's<p ( a 
Bern. 

h . #356-43 . #33612 . D h : Hp . Z) . (X/£)<(F/£)'a = seq a W( F/i2)'a 

— » — > 

[*356-43.*336-12] = seq<f's'X'seq e 's V« = ^ ^ • P r °P 

#356-51. I- : Hp *356'5 . D . (X + r Fy£ = seq/s'X I > 

Dem. 
h . #35611 . #31413 . D h : Hp . f *? e C<© . X = s'f . F = s' v . D . 

(Z + r F)/E = seq/,V<(f + B ^) 
[*312-32.*31111.#308-32] = seq P ( A R "s ( %+ s " v 

[#336-11] = seq/JV {(rL,M) . L e £ . if €7? . JV = (L +„M)t k'R) 
[#351-43] = seqp'^[( a Z, if) . Leg * Me V . N=(L £ K i R)\(M\, k'R)} 
[Hp] =seq i /$ r l( a £/, Tf ) . UeX. JFe/*. N= U\ W) : D V . Prop 

#356-52. h : Hp *356'5 . D . {(X + r Y) K 'R}'a = seq/(s'X)"sVa 

Dem. 

I- . #356-51 . D h : Hp . D . {(X + r Y) K <R\'a = (seq/s'X | "/*)'« 

tt 

[#356-42] = seqg'Aa^s'X | "/* 

[#336-11] = seq G '& {(gZ, F) . Z e \ . Ye fx . x = (X \ Y)'a) 
[#41-11] = seq c '$ {(gZ) .Ie\.^ Z"aV*'a] 
[#41-11] - 8eq<,'(s'X)"ffV a : D h . Prop 
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#356 53. h : Hp #356*5 . D . seq Q 's'\'seq e 's V« = seq g '(i'\)"s ■>'<* 

— * — > — » — » 

h . #3561 6 . D h : Hp . D . seq^'s'X'seq^s'yu'a = It^X'seq^s^^a 

[*41'1 1] = 1 V& {(gZ) .ie\.x = Z'seq Q 'sV«l 

[*356'4] = \t Q 'fc {(gZ) . Z e \ . a? = seq^'Z'^Vaj 

[*356'16.Hp] = lt</£ [(gZ) . L e X . x = lt c 'Z"iv'a} 
[*207-55] = ItgVfi f(gZ) .ie\.«= L"g'n<a} 
[*4M1] * lt Q '(*'\)"iv'a 

t*3-5616] = seq c '(£'\)"iy<* = 3 ^ ■ P">P 

*35654. h : k e FM sr subtn . Onv'sVg <• semi Ded . X, FeW® . P e k 9 . D . 

(X/P) \(Y K 'R) = (X +, F)/P [#356 -5-53-52] 

#356-6. \--.KeFMsr.ReK d .P= U K .Q = s'K d . X eC'H .D . 

Pern, 
h . #376 . D h :. Hp . D : MtAjf'H'X . = . (gF) . F#X . if Fit! . 
[#352-7] D. if P(X£ *'£):.}[-. Prop 

#356 61. h : Hp *356'6 . * e FM subm . e semi Ded . &P (X £ *<P) . D . 

(gF). FPX.#P(F£«'P) 

h . #356-231 . D h : Hp . D . (gi/) . v e NC ind - i<0 . &P [{{v - c 1 )/*} £ *<X fc k'R] 
[#35131] D . (rv) . v e NC iud - 1<0 . #P [{(v - l)/i/ x g X} £ «<P] 

[#305-71-51] D . (gF) . FtfX . SP(Ft k'P) OK Prop 

#35662. h : Hp #3566 . k e PIT subm . Q e semi Ded . D . 

P<X t k'R C P"A r "H'X [#35661] 

#356-63. h : Hp #356-02 . D . (s'Zf 'X )« = X £ * 
Pm. 

I- . #3566-62 . D h : Hp . D . X £ *'P = \t P 'A K "H l X . 

[#356-11] D.X*>^ = (6<i/<X)/P (1) 

h. (1). #356-2 l.Dh. Prop 



*359. EXISTENCE-THEOREMS FOR VECTOR-FAMILIES. 

Summary of #359. 

In this number we prove that, assuming the axiom of infinity, there are 
vector-families of the various kinds considered in previous numbers. 

If P is any well-ordered series having no last term, the converses of the 

interval-relations, i.e. the class finid'P, form an open family of C7'P(#359"ll). 
If P is a progression, this family is serial and initial (#359 12). 

The family consisting of additions of positive ratios to positive ratios 
(including q ), ie. consisting of all terms of the form (+ 3 X)l G'H', where 
X eC'H', is initial, serial, open, and submultipliable (#359*21), assuming the 
axiom of infinity. The family consisting of generalized additions of positive 
ratios to generalized ratios is serial, open, and submultipliable, but not initial 
(#359-25). 

The family consisting of multiplications of positive ratios not q by positive 
ratios not q is open and connected, but not serial or submultipliable (#359"22); 
if we confine the multipliers to ratios not less than 1/1, the family becomes 
serial (#359-25). 

The family consisting of additions of positive real numbers to positive 

real numbers (including t'0 s ) is serial, initial, and submultipliable (#35931); 

the family consisting of generalized additions of positive real numbers (including 

i l 0q) to generalized real numbers is serial and submultipliable, but not initial 

(#359'32). Similar propositions hold for multiplication, provided i l q is 

omitted; but the resulting families will not be serial. In the case where 

the field is. confined to positive real numbers, however, the family becomes 

— > 
serial if the multipliers are confined to such as are not less than 1P(1/1), 

which is the real number 1. 

The last set of propositions in this number (*359'4 — -44) are concerned 
in proving that, given a family k whose field is /S, it 8 is a correlator of 
a and /3, Sf "* is a family whose field is a, and which has the same properties 
of being connected, open, etc. as the original family k. Hence if k is a family 
whose field is the real numbers, and we are given any class a similar to the real 
numbers (in other words the field of any continuous series), if 8 is the correlator 
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of this class with the real numbers, $-j-"« gives a family whose field is a. Hence 
from oar previous existence-theorems we derive the existence, for a, of an 
initial serial family, giving us a system of measurement for a. Similarly 
if a is similar to the rationals. 



#3591. r : P e H . ~ E ! P'P . D . finid'P e CI ex'cr'C'P 
Dem. 

h . #260-23-28 . D f- : Hp . D . finid'P C 1 -> 1 (1) 

K #121-302. Dh:Hp.D.D*P = C"P (2) 
I-. (2). #12 1-302 35. #260-28.3 

r : Hp . v e NC ind . D'P, = C'P . D . D'P v+a = C'P (3) 

r . (2) . (3) . Induct . D h : Hp . R e finid'P . Z> . D'£ = C'P (4) 

I- . #121-322 . D I- : R e finid'P . D . <!'£ C C'P (5) 
(- . (1) . (4) . (5) . #330-1 .Dr. Prop 

#35911. I- : P e 12 . ex, E ! B ( P . D . finid'P e fm ap'C'P 
Dem 

h . #26028 . #121 352 . D h : Hp . D . finid'P e Abet (1) 

h. #7119. Dh:Hp.w,i'eNCind.a!P^|P,n/.D. / * + »; (2) 

r . #121-35 . D r : Hp (2) . y, > v . D . P^ | P, C P„_„, . 

[*91-6.*121-36] D.(P^P,)poC/ (3) 

Similarly r : Hp (2) . v > ^ . D . (P„ | P„) p0 C / (4) 

K (2) . (3) . (4) . D r : Hp . £ e(finid'P\ a .O.L^dJ (5) 

(-. (1). (5). #359-1. Dh. Prop 

#35912. r : P e cu . k = finid'P . D . * e fm sr init'C'P . s ( K d = P 
Dew* 

h . #263-14-141 . #122-1 . D h : Hp . D . M'P = C'P (1) 

(-.#263-14-141. Dh:Hp.D.s'/e B = P. (2) 

[*334-31.*359-ll] D . * e Pi/ sr (3) 

h . (1) . (2) . (3) . #335-14 . Z) h . Prop 

#359-2. h:Infina,x. K = R{(>zX).X€.C<H'.R = (+ s X)tC<H'}.3. 

KeFM. s l K d = H ' 
Dem. 
h . #306-54-25 . #304-49 . D I- : Hp . D . k C 1 -» 1 (!) 

1- . *300-2 5 . #304-49 . D V : Hp . £e* . D . <!'£ = C'iT . V'R C C'ff' (2) 
K #3061 1-31 . ^\-:Hp.R,SeK.D.R\S = S\R (3) 

K #306-52. 3h:Hp.D.s'« a = H' (4) 

h.(l).(2).(3).(4).Dh.Prop 



454 QUANTITY [PART VI 

#359 21. I- : Hp #359*2 .S.iceFM init sr subm . s'k s = H' 
Dem. 

h . *306 ; 24 . D h : Hp . D . *V0, = C'H' (1) 

h . #306*41 . D 

h :. Hp . X e C'H' . ^ e NC ind - i<0 . S = {+„ (X x, \jv)} £ C'H' . Z) : 

[Induct] D : ^= [+ S (Z x gf ijv)} t C'H' : 

[#305-51] D : S' = (+ f X) [ Off' (2) 

h . (2) . #3511 . #359'2 . D (- : Hp . D . k e FM swbm (3) 

I- . (1) . (3) . #3592 . #334-31 . D h . Prop 

#359-22. h : Infin ax . K = £ (( a Z) . X e C'H' .R = {+ g X)\, C'H g ) . D . 

k e FM sr subm . .%'k 3 = H it 

The proof proceeds as in #359-21, but in this case there is no origin. 

Every member of k is a connected point, i.e. a member of conx'/c. This 

results from #308'54. If, in #359-21, we substitute H for H', the proposition 

holds except that k has no origin. 

#35923. h: Infin ax. k = R[($X).X eC'H .R = (x g X)lC'H} .3 . 

k e FM ap conx 

The proof proceeds as in #359*21. We have to take H instead of H', 
because (x,0 g )£ C'H' is not 1 — > 1. We do not get KeFM subm, because 
not every rational has a rational i/th root. 

#359-24 h : Infin ax , 

K = R{(nX).XeC'H g -i'() q .R = (x g X)t(C<H g -i%)}.D. 
k e FM ap conx 
The proof proceeds as in #35923. 

*359'25. h : Infin ax . K = R {(rX ) . (1/1) H*X . R = (x 8 X ) £ C'H] . D . 

k e FM sr .s'/e d = H 
The proof proceeds as in #359*21. 

#359-31. h : Infin ax . k = R {(g^) . M e C'& .R = (+ P ^)l C'%'\ . D . 

k e FM sr init subm . s'k^ = & 
Bern. 

h. #311*74. Dr:Hp.D.*Cl->l (1) 

h. #311*27. 3\-:Rp.Re K .3.a'R = C'&.I>'RCC'®' (2) 

h . #31 1 *43 . D h : Hp . D . t'0 q t C'& = init 4 * (3) 

h. #31112*121. DhiHp.Z).* e Abel (4) 

h. #311-65. Dh:Hp.3.a'ieg = «' (5) 
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K(i).(2).(3).(4).(5). Dh:Hp.D.*ePifsrinit.6</c a = S' (6) 
I- . (6) . #310-151 .#351-11 . D h : Hp . D . * e Pilf subm (7) 

K(6).(7).Dh.Pi-op 

#359-32. f- : Infin ax . K = £ {(g/*) . p e C"0' . J2 = (+ p) £ C"@„} . D . 

ac e FM sr subm . s'/e 5 = % g 

The proof proceeds as in #359'22. Similarly the analogues of #359'23'2425 
can be proved for real numbers ; the resulting families, in these cases, will be 
submultipliable, bat it will be necessary to omit t'O? from their fields. 

#3594. h : k e CI ex'cr<£ . S e a sm @ . D . Sfte e CI ex'cr'a 

Dem. 
V. #330-1. #7 1-252. D h : Hp. D . St"* CI -» 1 (1) 

h . #150-21-211 . #3301 . D h : Hp . R e Sf«K . D . d'12 = #"£ . D'R C d'tf . 
[#7303] 3.<I<R=:a.D<RCa (2) 

h. (1). (2). #330-1. Dh. Prop 

#359-401. h : * e Abel . 5 e CIs -» 1 . *'<I"ie Ca'S.D. Sf'x e Abet 

h . #72-601 . D h :. Hp . D : P, Q e * O . P | S j # = P . Q | S| S = Q . (1) 

[*150-1J D.(5ti , )K^tG)«'Sf|P|g|S 

[*330-5] =8\Q\F\S 

[(1).#150-1] -WOK-S+P) (2) 

K (2) . #330-5 . D (- . Prop 

#359-41. \-:k€ fm<£ . & e a sm /3 . D . S\"k e fm'a [#359-4-401 . #330-51 J 
#359-411. I- : k t -FM . a e conx<« . S e 1 -* 1 . s'<I"k = (FS . D . S'a e conxSSf'* 

K #15111 . Db:Hp. P = #;*<«. D.£ePsmor(s'/c). 

[#151-33] D . P'&'a yj JWa = S"sVa " S"sVa 

[*331-1] =S'W ( « 

[*330-i:3.*15O-211] = (rs»*'* 

[Hp] =Q'P (1) 

(- . #150-10 . D h : Hp (1) . D . P = s'Sf* (2) 

h.(l). (2). #331-1.31-. Prop 

#359-412. h:*efmconx ( /8.£e«§m/9.D.St"Kefmconx'a [#359-41 -411] 
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*359 413. h : * <? FM ap . S e 1 -> 1 . s'd' V = (I'S . D . Sf"« e Wap 

I- . #72-601 . D h : Hp . P, Q e k . D . (5! P) | (5? Q) = S'> (P | Q) (1) 

I- . (1) . *150-4 . D h : Hp (1) . g ! (5» P) ' (S» Q) A J . D . g ! P I Q A J . 
[#333101] D.CPIQjpoGJ. 

[#200-21] D.S^PIQ^GJ. 

[*150-83] ^ D.{S;(P|Q)}poGJ (2) 

h.(l).(2). Dh:.Hp.D:Z, FfSf'K.a!^ Fn-/.D.(I F) p0 G</(3) 
h. #359-4. Dh:Hp.3.5f"« e Pi¥ (4) 

r . (3) . (4) . #333101 . 3 h . Prop 

#359-414. r : * e Pilf . S e 1 -► 1 . s'd"* = d'S . a = init'* . D . S'a = i nit'Sf"* 
[Proof as in #359-411] 

*359-415. r : tceFMsuhm . S e 1 -> 1 . (ISS = s'(I"* . D . £f"* ePi/ subm 

Dem. 
r. #301-21. Z>h:Hp. Fe* . reNCind . D . F" +cl = F" | F (1) 

r . (1) . #72601 . D r : Hp . S*> Y v = {S'> F)" . D . S m > F-+* 1 = (S'> Y)*+* 1 (2) 

r . (2) . Induct . Dh:Hp(l).D.S;F' = (SiF)" (3) 

h. #351-1. D r : Hp. v e NC ind - i'O.Ie/t.3. (g F).T= F". Ke* . 

[(3)] D.( a r).7€*.s;z«(s;r)» (4) 

r . (4) . #351 1 . #359-41 . D r . Prop 

#359"42. h i a ! f m conx ap subm'£? . a sm /3 . D . 3 ! fin conx ap subm'a 
[*359-41-412-413-4l5] 

#359-43. hzPei+Tf.l.Rl FM init sr subm n * (i«* s =P) 

[*359-42-21-414 . #27444 . *12318 . *304"47 . #2734] 

#359-44. r : Nr'P + 1 == 9 . D . a I FM init sr subm n H (s'* b = P) 
[*359-42'31-414 . #2753 . #310-15 . #204-47] 



SECTION D. 

CYCLIC FAMILIES. 

Summary of Section D. 

The theory of measurement hitherto developed has been only applicable 
to open families. But in order to be able to deal with such cases as the angles 
at a point, or the elliptic straight line, we require a theory of measurement 
applicable to families which are not open. This theory is given briefly in the 
present Section. 

When a family is not open, two vectors which have one ratio will usually 
also have many others, i.e. we shall not have g!JSrP/cr\F^ye.D.JSr= F, 
where X, Y are ratios. Also a ratio confined to the family will not usually 
be one-one. Under these circumstances, it is necessary, if measurement is to 
be possible, that there should be some way of distinguishing one among the 
ratios of two vectors as their " principal " ratio, and of then showing that, by 
confining ourselves to principal ratios, the requisite properties of ratios re- 
appear. 

The case of angles will serve to illustrate our procedure. Considered 
geometrically, not kinematically, a vector which is a multiple of 27r is identical 
with the null- vector, and if 6 is any angle, 6 = 2vw + $, where v is any integer 
positive or negative. We are here considering an angle as a vector whose field 
is all the rays iu a given plane through a given point. Thus there will be two 
angles which are half of the null-vector, namely ir and 2tt, and four angles 
which are a quarter of the null-vector, namely tt/2, tt, SttJ2 aud 'Itr ; and 
so on. The ratio of 7r/2 to tt is any number of the form (2/i+ 1)/(4p-I- 2) ; 
thus two terms may have many different ratios. 

In order to evade this difficulty, »ve first arrange angles in a series ending 
with 2tt, and having no first term, but proceeding from smaller to greater 
angles. Then the angles which have a given ratio fijv to a given angle will 
be finite in number, and therefore one of them will be the smallest. We take 
this as the " principal " angle having the ratio jn/v to the given angle, and 
define " {p(v) K " to mean the relation between two angles consisting in the 
fact that the first is the "principal ".angle having the ratio p/v to the second. 
Then of all the ratios between the two angles, the ratio fifv may be regarded 

30 
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as the "principal" ratio. It will be found that, with suitable hypotheses, 
(fi/v) K has the properties required in order to make measurement possible. 

In order to make the above method feasible, certain properties must be 
assumed to hold concerning the family k. (These properties are all verified 
in the cases that arise in practice.) We shall therefore only speak of a family 
as cyclic when it fulfils the following conditions : 

(1) It must be connected. 

(2) It must contain a non-zero member which is identical with its 
converse. This is the property which makes the family cyclic. In the 
case of angles, the member in question is tr. 

(3) It must be such that * g "] U K is transitive. This is the property 
which enables us to arrange the field in a series. It will be observed that 
U K cannot be transitive, since, if K K is the member which is its own converse, 
we have 

(/ |VCI"*) U K K K . K K U K (I [ *0«k), 

but we do not have {I\ s ( Q."tc)U K {I\ s 1 (1"k), because U K is contained in 
diversity (by #336"G). It is, however, possible that U K should be transitive 
so long as we do not start from / fs'G"*, and this we assume as part of the 
definition of cyclic families, 

(4) In order to avoid trivial exceptions, we assume that k does not have 
only two members, since otherwise it might consist only of I [s'(I"k and K K . 

We are thus led to the following definition : 
FM cycl = (FM conx - 2) n k {* a 1 U K e trans : (<&K) .Ke Kd .K = K} Df. 
We prove that there is only one such relation as K, and therefore put 

K K = (iK)(K € K d .K = K) Df. 
Also for the sake of brevity we put 

i K = i[s t a tt K Df. 

We then prove that * is a family having connexity, and satisfying the 
condition 

D"k = CI"k, 
i.e. having the domain of a, member always identical with the common 
converse domain. Thus by *33421, * t = k u Cnv"*. 

In a cyclic family, k u Cnv"* consists of two mutually exclusive parts, 
namely k- and K k \"k b . (In the case of angles, K K \R would be ir + R. 
Thus K- a would be the angles from (exclusive) to ir (inclusive), and K K \ "k^ 
v/ould be the angles from it (exclusive) to 2tt (inclusive).) Also K K \"ic h 
consists of the converses of k-i'K k . 

We tak-3 up next (*371) the question of arranging k uCnv"/c in a series. 
For this purpose, in order to avoid circularity, we have to erect a barrier at 
some point; we choose I K as this point. By the definition of cyclic families, 
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k^ U K is transitive; hence, since the family has connexity, U K \, k,- c is serial. 

This relation therefore arranges all the members of k^ in a series, beginning 

with K K and proceeding towards I K . In order to extend our series to 

K K \ "* 9 , we only have to make K K \ R precede K K \S if R precedes S, where 

R and S are members of k$. That is, we arrange K K \ (1 k$ in the order 

K K \'f U K £ Af g . This gives a series which begins 

with I K and proceeds towards K K without 

reaching it. Thus taking the sum of the 

above two series (in the sense of #160), we 

get a series whose field is k w Cnv"*, which 

begins with *„, navels through K K \ "*■$ to K K> 

and on through kq towards I K , without quite 

reaching I K again. This relation we call W K ; 

the definition is 

W K = K K \W K tK d $U K t Kd Df. 

Taking an arbitrary origin, a vector may be indicated by the point to which 
it carries the origin. Thus in the figure, I K is at the origin. K K is opposite 
the origin; the upper semi-circle, including both ends, is k\ not including 
the right-hand end, it is /e g ; the lower semi-circle, including both ends, is 
Cnv"*; including K K but not /*, it is Cnv"/cg ; including I K but not K K , 
it is K K \"tCd. Then W K starts from I K , and proceeds through the lower 
semi-circle first, and afterwards through the upper semi-circle, stopping just 
short of I K . 

If k is cyclic, W K is a series. Under most circumstances, if R e k , we 
shall have 

PW K Q.?.(P\R)W K (Q\R). 
The investigation of the various cases in which this holds occupies a large 
part of #371. 

In the remainder of this Section, our work becomes more full of ordinary 
arithmetic than it has been hitherto. We shall therefore, where cardinals 
are concerned, abandon the explicit notation we have hitherto employed, and 
substitute the ordinary notation. Thus we shall write fi + v in place of ft + c v, 
and fiv in place of fix v. We shall, however, retain /i— v for subtraction, 
in order to avoid confusion with the sign of negation of a class. 

We proceed next (#372) to consider what is in effect the class of vectors 
not greater than the vth part of a complete revolution {e.g. in the case of 
angles, not greater than 27r/v). We define this by means of the relation W K . 
It will be seen from the figure that if if is a non-zero vector, we shall have 
R* +1 W K R", unless R" belongs to the lower semi-circle and R" +1 to the upper, 
in which case R" WtR"* 1 . The first time this happens is the first time that 
R** 1 becomes greater than one complete revolution. Hence if, for every 
number a- less than v and not zero, R" +1 WkR", it follows that R" is not greater 
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than one complete revolntion, and therefore R is not greater than the rth 
part of a complete revolution. The class of such relations we call v K ; thus 
we put 

v k = (kv Cnv"*) n.R(«r<v.<r + 0.D # . R** 1 W K R") Df. 

The main propositions to be proved in this subject are 

Pev >c .PW K Q.D.P>'W K Q» 

and (what is an immediate consequence) 

P > Q€u K .3:P"=Q". = .P = Q. 

This latter proposition is the foundation of the theory of principal ratios. 

Another important property of v K is 

so that v K is an upper section of W K . 

We proceed next (#373) to consider submultiples of identity, i.e. vectors 
R such that H" = I K , where v is a cardinal. We assume here, and almost 
always henceforth, that k is a submultipliable family. We first consider 
vectors which can be reached from I K by successive bisections. We know 
that K K 2 =I t: ; if R?=K K , then R^K K> because K*^K K . Hence by con- 
tinuing th< game process we arrive at the existence of a vector Q such that 

Hence we easily arrive at the result that, if v is any inductive cardinal, 
there is a non-zero vector whose yth power is I K . (This does not follow 
from k e FM sub m alone, because I K V =I K , so that from the definition of 
FMsubm we cannot know that there is any vector except I K whose yth power 
is I K .) Thence we prove that there are non-zero vectors whose yth power is 
I K , and which are such that no earlier power is I K , i.e. we prove 

(a-R) : R €K d . R" = I K : a < v . <r + . X . R'jr A- 
The class of such vectors we call (I K) v). If R is such a vector, the number 
of different vectors which are powers of R is v. Hence the powers of R have 
a maximum in the order W K ; since W K proceeds from greater to smaller 
vectors, this will be the smallest vector, other than I K) which is a power of .ft. 
Concerning this vector, we show that it is a member of v K , i.e. it is such that, 
if o- < v . o-=j=0, E v+1 W K R°. Finally we prove that there is only one member 
of v K whose j/th power is I K . This will be what we may call the " principal" 
vih submultiple of I K ; in the case of angles, it will be the angle 2tt/v. It 
will be observed that Itr^jv always has identity for its vth power, and has no 
lower power equal to identity if p is prime to v. Thus the uniqueness of the 
" principal " v%\\ submultiple depends upon the fact that it is a member of v K , 
so that, by what has been proved in the previous number, no other member 
of v K has the same fth power. 
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We next, in a short number (#374), extend the last of the above results 
to any vector, proving that, if R is any member of k <j Cnv"*, there is a 
unique member of v K whose vih power is R. We may call this the "principal" 
vth submulfciple of R. We prove also in this number that, if S is the principal 
vth submultiple of I Ki v K consists of all vectors not earlier than S in the order 
W K , i.e. of all vectors not greater than S. 

Finally (#375) we define "principal ratios" and show that they are one- 
one and mutually exclusive. We denote the " principal rat" > " corresponding 
to fjt/v by u {fjLJv) K ." This is defined as the relation holding oetween R and S 
when the principal /xth submultiple of R is identical with the principal vth 
submultiple of $; that is, we put 

(ftfv), = M{(^T).T€fi K nv K .R = T^.S = T"} Df. 

It is obvious that (fijv) K G (fi/v) £ k l ; and there is no difficulty in showing 
that principal ratios are one-one and mutually exclusive. 

We have not thought it necessary to carry the development of this subject 
any farther, since, from this point onwards, everything proceeds as in the case 
of open families. We have given proofs rather shortly in this Section, 
particularly in the case of purely arithmetical lemmas, of which the proofs 
are perfectly straightforward, but tedious if written out at length. 



*370. ELEMENTARY PROPERTIES OF CYCLIC FAMILIES. 

Summary of #370. 

In this number, after the definition of cyclic families already cited, we 
proceed first to prove that only one non-zero vector is equal to its converse 
(#370'23). This one we define as K K . Next we prove that, if R is a non- 
zero vector other than K Ki R\K K is the converse of a non-zero vector, and 

R\K K is a non-zero vector (#370"31'311), whence it follows that 

V<R = (l'R = s'<I«K (#370*32), 

whence further we obtain 

D"« = Q"k . k e FM connex (#370-33). 

Hence further, since by definition k^ U K is transitive, it follows that **g1 U k 
is a series (#370*37). The remaining propositions (*370*4 — *44) are concerned 
with the relations of the two semi-circles « 9 and K K \ "*$ (cf. figure, p. 459). 
We have 

Cnv"* «#„!"* (#370-4), 

* n Cnv"* = i f I K u i l K K (#37042), 

K K \"K h ~ Cnv"« - i t K K (#370-43), 

and K h n K K j (< K d = A (#370*44). 



#37001. FM cyc\ = 

(JfJfconx-2)n*{« 9 1 U K e trans : faK) . Kex d .K = K] Df 

#370-02. K K = (iK)(KeK d .K = K) Df 

#37003. / K = /rs'CI"K Df 

#3701. h:.K€FMcycl. = : 

xeFM conx - 2 . * 9 1 U K e trans :(rK). K e K d .K = K [(#370-01)] 

#37011. r : K € FM conx . D . K d 1 U K G J [*336'6 . (*336'011)] 

#370-12. \--.KeFM conx. K b 1 t^- trans. R,S e « d . RU K S .SU K T .D . iJ+ T 
[#370-11] 

#37013. \-:/ceFM.KeK.K = K.D.K- J = I K [#330-31] 
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#370-2. h :. * e FM conx ,K d )U K e trans . K e /c d . K = K . D : 

Re K d . R\K e k . D . RU< (R\ K) . (R \ K)U K R 
Bern. 

h. #37013. ^YiH^.^.R K' = R (1) 

h . *336'41 .(l).2b:Kv.3.RU K (R\K).(R\K)U K R:3\-. Prop 

#37021. h : Hp*3702 .Re K d . R\K e K .0 . R\K~I K 

Bern. 
Y . #370-12 . Transp . D h : Hp . RU K (R\K).(R\ K) U K R: D . E ;# ~ e *g (1) 
h . (1) . #3702 . D h . Prop 

#370-22. r i Hp*3702 . R e K d - i'K . 3 . R | #~ e« 

h . #37021 . #330-32-5 . D h : Hp #37021 .3.R = K (1) 

h. (1). Transp. Dh. Prop 

#37023. r:Hp*370-2. J Re* a . J R = #.}.£ = # 

Bern. 

h. #331-33. Dh:Hp.D.i2|ire*uCnv"* (I) 

r . *330-5-52 . #34-2 . D h : Hp . D . £ | Z = Cnv<(R \ K) (2) 

h.(l).(2). 3\- :Ep. 3. R\K etc. 

[#37022. Transp] D . R = if : D r . Prop 

#370-24. r : * e JW cycl . D . E ! #„ [#370*1 -23 .(#370-02)] 

#370-25. h :. k eFM cycl .D : R e K b . R = R. = .R=K K [#37024 . (#370-02)] 
#37026. h : k e .Wcycl . D . K K eK- c . K K = K K . K K >= I K [*370-24-2513] 

#370-3. Y-.KeFM cycl . RU K K K . D . R = I K 
Bern. 

h. #336-41 .Dh:.Hp.D:#€*:(aS).S« K d . R = K K \S (1) 

h.(l). #370-21-24. Dr. Prop 

#370-31. YiKeFM cycl . R e tc h - i f K K . D . R K K e Cnv"* a 

[#331 -33. #370-22] 
#370-311. h :Hp #370-31. D.^ /Ce* a 
Dew. 

r . #370-31 ,Oh'.Rp.D.k K \ReK d . 
[*330-5.#370*26] D . R j Z* e * 6 .OH. Prop 
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#370 32. h : k e FM cycl . i2 e * . D . D'R = (I'i2 = s<d"« 
Z)em. 

h. #50-5-52. Dh.D'/^a'/^s'Q"* (1) 

h . #370-26 . #330-52 . D h : Hp . D . B'K K = <1<K K = *<a"* (2) 

h . *37031 . #330 52 . D h : Hp . i£ € * B - t'Z, . Z> . D'(.R j #,) = s'd"* . 
[*330-52.*34-36] D . D'R = s'(I"k (3) 

f-.(l).(2).(3).Dh.Prop 

#370 33. hzteFM cycl . D . D"* - d"/c . * e FM connex 
[#370-32 . #334-421 

#370-34. f- : K e FAT cyci .O.U K e connex [#37033 . *336'62 . (#336-011)] 

#37035. h : Hp*37031 . D . KJI^R .~(RU K K K ) 

[#370-3 . Transp . #370-34] 
#370 36. h : k e FM cycl . D . * 3 1 tf« e connex . C'fcg 1 C7, = * 

Ztem. 
h . *33641 . D h : Hp . D . G'ic d 1 U K C * (1) 

h. #37034. 3h:.Hp. J R ) Se«3. J R#S.D: 

iJ^gl^S-v.S^I^)^ ( 2 ) 
h. #336-41. Dh:Hp. J Re« a .^ = / )C .D. J R(/ fB -J 17<)S (3) 

h .#336-41 . D h : Hp . Se K d . R = I K . D . £(* s 1 ^«)^ (4) 

I- . (2) . (3) . (4) . D h : . Hp . R, S <= k . R 4= 8 . 3 : 

RMUJS.v.SMUJM (5) 
h . (1) . (5) . Z> h . Prop 

#370-37. h : * e JfAf cycl . D . « e 1 £/„ e Ser [*370-ll'l*36] 

#370-38. \-:KeFMcyc\.R,SeK.3.R\S = S\R [#330-561 . #37032] 

#370 4. h : * e FM cycl . Z> . Cn v " K = K K \ "k 
Dem. 

V . #370-31 . #3305 . Z> h : Hp . D . K K \ "(* s - i'K K ) C Cnv"* (1) 

h . (1) . #370-26 . D !- : Hp . D . #« "* C Cnv"« (2) 

h . #370-311 -26 . Dh: Hp. #€*.}.£! #*€*.- 
[#370-26] 3.('&S).S€K.R = S' ] K K . 

[*330-5.*37-6] D . R e K K \ "k (3) 

h . (2) . (3) . D h . Prop 

#370-41. h :. * eFM cycl . iJ, 5 e k . D : (K K j R) V K (K K | S) . = . RU K S 
Dem. 
h . #336-54 . #370-33 . D 

h : .Hp.D:(^|,R)F K (^ l S).^.(' R T).Te Kd .K K \R = T\K K \S. 
[*330o.*370-26] ~ .(%T) . r Te * d . R= T\S . 

[#336-41] =.RU K S:.D\-.Vro[> 
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*370 42. h : * e FM cycl . D . k n Cn v"« = t'/< u t'K K 
Dem. 

h . *370'22 . D h : Hp . R e K h - l'K k .3.R\K~<:k. 
j>370-311.Transp] D . R ~ e K d - l'K k (1) 

h.(l). Dh:.Hp.D:i?,i{€«.D. J R€t'/ )C u^ J S r x (2) 

h . (2) . *370'26 . D h . Prop 

*37G'43. \-: K eFM cycl. 3. K lc \«K d = Cn\«K-i t K K [*370-4] 
*37044. h:K€OTcycl.D.* a n J fi: <c |"* s = A [*370-42"43] 



B. <fe W. III. 



#371. THE SERIES OF VECTORS. 

Summary of #371. 

In this number, we begin by defining the relation W K , which takes the 
place, for cyclic families, of the relation V K defined in #336. The definition 
is 

#371-01. W K = K m \W m tK d $U m tK d Df 

Then if k is a cyclic family, W K is a series (#37112), and its field is « v Cnv"/e 
(#37114), which =*v since * has connexity. It will be observed that V K is 
not a series if k is a cyclic family ; we have e.g. I K V K K K . K K V K I t . The above 
relation W* is constructed so as to make a barrier at /,„ thereby preventing 
the relation W K from being cyclic. 

If P, Q are both members of kq or both members of K K \ "*$, 
PW K Q . s . (rT) .Teie d .P=Q\T (#37115151). 
Most of the properties of W K depend upon the fact that «g "] U K is transitive, 
in virtue of the definition of cyclic families. If k is any connected family, we 
have 

K^U.etrms.tEiP.Q.Ql^PlQlReKz.ReK.^p^.PlQe^ (#371'2). 
This proposition is required for most of the subsequent proofs in this number. 
It leads at once to 

#371-21. \-'.KeFMcYc\.P,Q,Q\B,P\Q\ReK d .Reic.D.P\QeK d 

Most of the propositions of this number are concerned with the circum- 
stances under which we can infer (P j R)W K (Q \ R) from PW K Q. We have 

*371'31. h :. * e FMcycl . Re « s : P e * 5 . v . P|#~ e * a : D : 

PW K Q.1.(P\R)W K (Q\R) 
Another useful proposition is 

#371-27. h :. * e FM cycl . P, Q e K d . D : PW K Q . = . QW K P 



#371-01. W K = K K \'>U K tK d $U K tK d Df 

#3711. h ::. *e FMcycl . 3 :: PW K Q . ~z.P,QeK K \ «K d : 

{RR,S).R,S€K d .RU K S.P = K K \R.Q = K K \S:v: 
P,QeK d .PU K Q:v'.PeK*\"* d .QeK B 

[#202-55 . *37084 . (#371-01)] 
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#871-11. ViieeFM.Keic.'}.(K\)ticel-*l 
Dem. 
h . #33031 . D I- : Hp . R.Se k . K\ R = K\ 8 . D . R = S : 3 h . Prop 
#37112. I- : k e FM cycl . D . W K e Ser [*370*37-44 . #37 111 . #20421 5] 
#371-13. h : k e FM cycl . . TP, - V K t (Cnv"« - t'lT,) £ (7 K £« a [#370-41-43] 

#37114. h : * e PM cycl .. 3 . C W K = « u Cnv"* = * 3 u K* \ "k b 
Dem. 
h . *202-55 . #37034 . #160-14 . D h : Hp . 3 . C* W K = K K \ "* a u * a 
[#370-43] = * u Cnv"* : D h . Prop 

#37115. h :. arePilf cycl . P, Qe * a . D : PW K Q. = . (gT) . T e * a . P = Q | ^ 
[#370-44 . *336-41 . (#371-01)1 

#371151. h :. * e Fif cycl . P, e K K \ "* a . D : PTT.Q . = . {^T).TeK d . P=Q\T 

Dem. 
h . #37044 . #33641 . D 1- :. Hp . D : 

PW K Q. = .(nR > S,T).R,S ) r € K d .R = S\r.P = K K \R.Q = K K \S. 
[#37026] == . (gT) . 7e * a . P = Q | T :. D h . Prop 

#371152. h : k e PJtfcycl . P e K K \ "* 9 . Q e rc d . 3 . PTP^Q [#3711] 

#37116. h:« e Pi\fcycl.Pe* 9 .PF K Q.D.Qe* a [#370-44. #37 11] 

#371161 r : * ePif cycl . Qe j£« j "* s . PI^Q . D . Pe #, | "* a 
[#370-44. #37 1-1] 

#37117. b:KeFMoyc\.Q t TeK d .^.(Q\T)W K Q.(Q\T)W K T 
[#371-15-152] 

#37118. hiKe FM cycl . D . If /if, = if, | "* 9 . ^/iT* = * a - I'iT. 
[#37115-152. #370-311-22] 

#37119. h :. * e FM cycl . P^I, . D : PW K K K . = . K K W K P 
[#371-18. #370-43] 

*371'2. I- :: kcFM conx . D :. * 9 1 £T« e trans . = : 

P,Q,Q|B,P|Q|ile* 9 .22e*.D,. < , ia .P|Qe* 8 
.Dem, 
h . #336-41 . Dl- :. Hp . D : 2> 9 1 tf K ) £ . S (* a 1 U K )R. = . 

(^P,Q).P y Q i S,T e K d .R. l c.T=P\S.8=Q\R (1) 
I- . (1) . #13-21 . D h :: Hp . D :. * 9 1 & e trans . == : 

P ( Q ) Q| J R,P|Qj J Re«g. J R^.Dp, CriJ .(P|Q|i2)^i2 (2) 
K*330-31-5.D 
V:.Hy.P,Q,R6K.MeK d .P\Q\R~M\R.^.P\Q = M (3) 

l-.(3).#336-41.Dl-:.Hp.P,Q, J R,P|Q| J Ke/c.D: 

(Pl«|i2)^U.= .P[Q€* a (4) 
r- . (2) . (4) . D r- . Prop 
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#371*21. h:*e«cycl.P,&Q|i2,P!Q|i26* a .i2e*.D.PiQe* s 
[#3712. #3 70-1] 

#371-22. h:*eWcycl.P,#,P[i2e* 6 .PF«Q.D.Q!£e* 8 
Bern. 

h.*371-15-16.DI-:Hp.D.(a2 T ).Q ( T6« a .P = Q|r (1) 

h.(l). D\-:R V .D.(^T).Q,R,T,Q\T,Q\T\ReK d . 

[#371-21] 3. Q| £ e * 9 Oh. Prop 

#371-23. r : k € FM cycl . TW K S .3.TW K (S\T) 
Bern. 

V . #330-31 .#370-38.3 h : Hp . 3 . T= S\ (8\ T) (1) 
h.(l). #371-15-16. Dh:}ip.T,S\TeK d .J.TW < (S\T) (2) 
h.*371-15-16. D\-:Rp.T€K d .D.8\T€K d (3) 
h . (2) . (3) . D\-:TIp.T6K d .3.TW K (S\T) (4) 
h. #371-152. }\-:H 1 p.T~eK d .8\Tcie d .'}.TW K (S\T) (5) 
h. #371151161. 3\-:lIp.S~ € K d .3.T~€K d .S\TeK B (6) 
h . (5) . (6) . 3 h : Hp . S ~ e * a . 3 . TW K (8 \ T) (7) 
h . (1) . #371-151 . D h : Hp . T, S | T~ e k b . S e k ? . D . TW K (S\ T) (8) 

h . (5) . (8) . 3 h : Hp . T ~ e * a . S e « d . D . TTf , (# | T) (9) 

h.(4f).(7).(9).Dh.Prop 

#37124. V: K eFMcyc\.P > R i P\ReK d .PW K Q.^.{P\R)W K (Q\R) 
Beta. 

Y . #3711516 . D h : Hp . D . (<&T) . P,Q,R,P\R,TeK d . P=Q\T . 
[*37l-21.*330-5] D . (gT) . i>| #, Q | E, T e * a . P j # = Q \ R | T . 
[*37M5] D . (P | £) F, (Q | R) : D r . Prop 

#371241. YzKeFMcycl.PtRe^.PlR^eKz.PWtQ.^.iPiRyWtiQlR) 
Bern. 

h.*371-152.Dh:Hp.Q|Ee* a .D.(P|E)F lt (g|i2) (1) 

h.*37l 15.D 

\-zKp.Q\R~ ef c d .'}.(RT).Te Kd .P\R,Q\R~eK d .P\R = Q\R\T. 
[#371151] 3.(P\R)W<(Q\R) (2) 

K (1) . (2) . 3 h . Prop 

#371-25. h:KeFMcycl.P,ReK d .PW K Q.O.(P\R)W K (Q\R) 
[*37l-24-241] 
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#371251. h i k e FMcyd . R,R\Q e K d . PW K Q .3 .(R\ P)W K (R\Q) 

Dew,. 

r . #37125 . Transp . #371-12 . D 

h : * e FM cycl . P, R e K d . (Q \ R) W K (P I R) . D . Q W K P ( 1 ) 

, n ,R\Q<R\P _, p 
O P, Q ' DI "- Pr °P 

#37126. r : . K € FM cycl : P, Q e K d . v . P, Q ~ e tc d : 3 : 

Z?em. 
I- . #871-25 , #370-26 . 3 r : Hp . Pe * a . P JP«Q . 3 . (iT« | P) W K (K K \ Q) (1) 
h.*37V25l.*3'70-26. Oh :Kp.QeK d .(K K \P)W K (K K \Q). 3. PW K Q (2) 
r.(l).(2). Dh:.Hp.P t Qe* 3 .D:PF ir Q. = .(^ (e |P)F«(^ l ,|Q) (3) 

K(3)^ P ^5.*37114.:> 

h:.Hp.P,Q~6* 8 .D:PF ll Q.s.(^|P)F < ,(^|Q) (4) 

h . (3) . (4) . D h . Prop 

#371-27. h :. * e Pifcycl . P, Q e * 9 . D : PF K Q . = . QF K P 
Dew. 

h. #371-15. Dh:.Hp.D:PF«<2.s.( a T).re* 3 .P=:Q | 7. 

[#370-33] s .(gT) . Te^g . Q = P| T. 

[#371-15119.#370'43] = . QF.P :. 3 r . Prop 

*371'3. h -.KePJtf cycl. Ee* a . P| i£~e* s . PW^Q . D . (P|i£)*MQ | R) 
Dem, 

h . #371-27 . 3 1- : Hp . 3 . QF.P . 
[•371-251] l.(R\Q)W K (R\P). 

[#371-27] 3 . (P\R) W K (Q\ R) : 3 h . Prop 

#371-31. h :. * e Pilf cycl . E <r* s : Pe* a . v . P\ R ~e* a : D : 

PW K Q.3.(P\R)W K (Q\R) [#371-25-3] 



*372. INTEGRAL SECTIONS OF THE SERIES OF VECTORS. 

Summary of *372. 

The subject of this number is that section of W K which consists of 
vectors not greater than the rth part of the whole circumference of the 
cycle. This is defined by means of W K , as consisting of those vectors which 
(taking W K as " greater than ") are such that R" +1 is greater than R* so long 
as a < v. It will be seen that so long as R v and all earlier powers of R 
do not exceed I K , R satisfies this condition; but if R'eK^ "kq, while 
R' r+l €K S , we shall have i^W^i? 04 " 1 . Thus our definition selects those vectors 
which, starting from any origin, do not, by v repetitions, take us farther than 
once round the cycle. The definition is 

*37201. i/« = (*uCnv"*)n^(a<^.<r4=O.D <r .i2^ 1 Tr (t i2'') Df 

We then have l, = KuCnv u * (*372-ll),2 K =« a (*372'13),^<i/.3.^C^, 
i.e. v K diminishes as v increases (*37'215) ; v > 1 . D . v K C tc d (*372"16). 

An alternative formula for v K , sometimes more convenient than the one 
given in the definition, is (assuming »>>1) 

v K = K d Kp{n<v.n^Q.I*+UK d .^t.P*<:K d ) (*37217); 

i.e. so long as fj,<v, either P** comes in the upper semi-circle, or P"- +l comes 
in the lower semi-circle; that is to say, the step from P* to P* +1 does not 
cross I K . For an even number (not zero), this leads to a simpler formula, 
namely 

(2v) K =K d ryP(jjL^ v .(M^0.^.P^€K e ) (*37218). 

We have next a set of propositions leading up to 

*372 27. h :. k e FM cycl . v e NC ind - t'O . P e v K . P W K Q . : 

f*^ i p.p$0.D.P»W lc Q» 
whence, since W K is a series, we obtain 

*372 28. h :. k e FM cyc\ . v e NC ind - t'O . P, 0. e v K . D : P" = Q" . = . P = Q 

It is largely owing to this proposition that v K is important, in virtue 
of this proposition, there is in v K at most one vector which is the vth sub- 
multiple of a given vector. We shall show later that, if k is a submultipliable 
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cyclic family, there is at least one such vector ; hence there is a unique vector 
in v K which is the vth submultiple of a given vector. This does not hold in 
general for larger classes than v K . 

A specially useful case of the above proposition is obtained by putting 
v — 2, which gives, in virtue of *372"13, 
*372'29. h :. *e FM cycl . P, Q e* 9 . D : P 2 = Q 3 . = . P = Q 

The remaining propositions of this number are concerned in proving that 
v K is an upper section of W K , i.e. 

*372'33. h : * e FM cycl . v e NC ind . 3 . W K "p K C v K 



#37201. p K = (KvCw"te)KR(<r< v .<r^Q.Ja.R (r+1 W K R' r ) Df 

#372 1. h :. Re v K . ~ : R e k v Cnv"« : <r < v . a 4=0 . X . R* +1 W K R a 

[(#372-01)] 

#37211. h . l K = k v Cnv"* [*372\L. #117-53] 

#37212. h : «e FM cycl . ReK\ il K d . D . RW K R? 
Bern. 
h . *371 152 . D h : Hp . i? e K d . D . RW K R? (I) 

h . #37044 . D h : Hp . R? ~ e K d . D . R, i£ 2 ~ e k b . R e k 3 . R = E | iF . 

[*37M51] D.tflfVft 8 (2) 

h.(l).(2).Dh.Prop 
#372121. h : k e FM cyc\ . R e K d . D . i2 2 F KJ K [*37M7] 

#372 122. h :. « ePifcycl . D : E e * 8 . = . R?W K R [*372*12'121 . *37112] 
#372 13. I- :-* e FM cycl . D . 2« = * a [#372*1 22] 

#37214. V:KeFMcyc\.J.K K ~e3 K 

Dem. h . #371152 . D h : Hp . D . if K 2 F^ 3 Oh. Prop 

#37215. r : /* < v . D . v K C ^ [#3721] 

#37216. r : *e PAf cycl . p > 1 . 3 . v K C * a [*372'1513] 
#37217. V : k e FM cycl . v > 1 . D . 

Dew. 
h. *372M6. #371-16. D 

h : Hp . D . i/« C k b a P 0* < *> . /i + . P^ 1 e « 5 . D, . P* 6 * s ) (1 ) 

h. #37115. DhiHp.P.P^.P^e/tg.D.P^F.P" (2) 

h. #371-152. D\".Kp.P > P»6K d .I*+ 1 ~e / c d .0.P»+ 1 W K P* (3) 

h. #371151. Dh: Hp. P e * a . P^.P^^ e ^.D.P^Tf.P 1 (4) 

h . (2) . (3) . (4) . D r- : . Hp . P e * a : P* e * d . v . P* +1 ~ e * a : ■ P^ +1 TF K P^ (5) 

I- . (5) . #3721 . D h : Hp . . * 3 r% ^(/i< y. ^^=0 . P»*+'e* 9 . D^.P^e^Cy. (6) 
h.(l).(6).DH.Prop 
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#37218. h-.KeFM cycl .v > . D . ( 2 V ) K = * a n P (/* < v . p + . 2* . P* e * a ) 

Z)era. 
h . #3721 . #37112 . 3 h : Hp . P e (2v) K . D . P iv W K P" . 
[#872122] D.P"e* a (1) 

I- . (1) . #3721 7 . 3 h : Hp . . (2v) K C * 5 « P (,* < p . ^ + . D, . P* e * a ) (2) 
h. #37115152. Dh:Hp.P,P^e* 5 .D- P^FJ* (3) 

h . (3) . #371-25 . 3 h : Hp . P, P" +1 P' e * a . D . P* + ' +1 W K P» + <> (4) 

f-.(4). DH:.Pe* a :/*<i/./A + O.D^.P'»€*a:D: 

^ + 1 < «/ . /> < v . \, p . P^ +l W K P*+> : 
[#117 561] 3 : o- < 2 V . 3 ff . P" +1 Tf K P' 

[#3721] >:P € (2v) K (5) 

h . (2) . (5) . 3 h . Prop 

#37219. \-:k€ FMcycl ljU) v«NC ind - t'O . P e (pv) K . D . P* e v K 
[#3721. #37112] 

#372-2. h : Kt FMcycl . v eNCind. P e v K . fi^v . <r < fi . (T^O.^.P^WtP* 
[#372-1. #37112] 

#372-21. I- : k e FM cycl . v e NC ind . P e i>„ . 2/i < v . fi + . D . 

P^F^.P^e^ 
Bern. 

Y . #3722 . D h : Hp . . P^TFJF* . (1) 

[#372-122] D.P*e* a (2) 

h.(l).(2).DKProp 

#37222. Y-.KeFM cycl .P^Q.P,?^^.?" F„Q* . D . P* +1 TT.Q^ 1 

V . #371-25 . 3 r : Hp ; 3 . P^ 1 Tf.P | Q* (1) 

h.*37M6.Dh:Hp.D.Q^e* a . 

[#371-25] 5.P\&W K Qr+ l (2) 

I-. (1). (2). #371-12. Dh. Prop 

#372-23. h : * e FM cycl . * e NC ind . P e v K . 2/* < i> . /i 4= . P F K Q . D . 

P* +1 W K Qr +1 [#372-21 22 . Induct] 

#372-24. r :. * e FM cycl . o- e NC ind -t'O.Pe (2<r)« ■ P W^Q ■ 3 = 

fi^2<T.fj.$0.D.P*W K Qr 
Dem. 

V . #372-21-23 .DhiHp.^a.Tj^o-.D.P^e/cg. P*TF«(K . P^F.Q* . 

[#371-25] D . P* +*W K P*> \Q*.P>>\ QtW K Qt +1 > . 

[#37112] 3. P^TT.Qf +":!>!-. Prop 
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#37225. h :. tc e FM cyc\ . a e NC ind - i'O . P € (2a + 1) K . PW K Q . 3 : 

/i<2o-. / i4=0.3.P^Tf,Q^ [#372-24-15] 

#372 26. Y'.KeFM cyd . a- e NC ind . P e (2<r + 1 ) K . P W K Q . D . P**+* W K Q»+i 
Dem. 

K*372'25. 3h:.Hp.D:P»+ 1 T7 )C Q< r + 1 : (i) 

[*371'3] D : P 2 ** 1 ~ e K d . D . P 2 ^ 1 l^P* | Q«r+i (2) 

b. #371-31.(1). 3h:. Hp:P*|Q"»~e* a .v.Q* +1 e* a :D. 

P*\Q ,+1 W K Q» + i (3) 
I- . #37221 . *37M5151'152 . 3 h :. Hp . D : P" | Q^TT.P* : 
[*37M6] D : P*| Q^> e* a . 3 . Q"+> e* e (4) 

h.(3).(4). Dh^p.D.P'j^F.^ 1 (5) 

H . (2) . (5) . #371-12 . D h : Hp . i»*+> ~ 6 * e , D . P^ +1 If .Q^ 1 (6) 

b. #372-22. Dh:Hp.P ) *e* 8 .D.P*+ 1 jr (e Q*'+i (7) 

h. #371-16. #372-1. 3 r : Hp . P*-»e*g. D . P^e/sg (8) 
h.(6).(7).(8).DI-.Prop 

#372 27. H :. « ePif cycl . v e NC ind - t'O . P e »„ . PW K Q . D : 

fi^v./j,^Q.D.P»W K Qr [*37 2-24-25-26] 

#37228. h :. * e Pilf cycl . » e NC ind - t'O . P, # e v K . D : P» = Q* . = . P = Q 

h . #371-12 . D h :. Hp . P ± Q . D : PF K Q . v . Q W K P : 
[#372-27] D : P" F K Q" . v . Q- PF.P" : 

[#371-12] D:P*4=Q" (1) 

h . (1) . Transp . D h . Prop 
#372-29. h :. « e Pif cycl .P,g e «g.D:P 2 =^.= .P=Q [#372-28-13] 

#3723. h : * e PJlf cycl . cr e NC ind - 6'0 . P e (20-), . PTP.Q .D.Qe (2<r) K 
Dew. 

h .#372-18-27 . D I-:. Hp . D : / i< < r. /i =f=0. VP*e* a .P^TT^. 
[#371-16] ^.Qre^z 

[#37218] D:Qev K :. D h . Prop 

#37231. h :. * ePif cycl . <re NC ind - t'O . Pe k 8 . 3 : PJ^P 3 ". 3 . P*^ 1 e * a 
Dem. 

h. #371-16. DI-iHp.P^P^.D.P 2 ^^ (1) 

h. #301-23. Dh:Hp.D.P = P 9ff jP 9 " +1 (2) 

h . (1) . (2) .#371-15 . D f- : Hp . PTf K P* . 3 . P^ +1 e * e : D 1- . Prop 

31 
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#37232. \-: f ceFMcyc[.<reNCmd.P6(2cT + l) lc .PW lc Q^.Q€(2(r + l) K 
Dem. 

h . *372'315'17 . Dh:.Hp.D: A t<2 < r.Q'*6Ac a .D.^- 1 e* 9 (1) 

I- . *37M6 . *372'271 . D h : Hp . Q* ~ e * a . D . P** +1 ~ e * a . 

[*372'31.Transp] D.P^FJ 3 . 

[*371'27] 3.Q to W K P. 

[Hp] D.Q*JF„Q. 

[*372'31 .Transp] D . Q^ +1 ~ e k s (2) 

h . (1) . (2) . Transp . D h :. Hp . D : ^ < 2<r + 1 . Q» e k b . D M . Q"" 1 e * s : 
[#372'17] I): Q e (2o- + 1),:.DK Prop 

#372 33. h : « e « cycl . i, « NC iod . 3 . flVV C »>„ [«372-3*32] 



*373. SUBMULTIPLES OF IDENTITY. 

Summary of #373. 

The purpose of this number is to prove that, in a cyclic submultipliable 
family, there exists a unique vector which is a member of v K and satisfies 
R" — I K , This we call the "principal" vth submultiple of I K . It is the 
smallest vector (other than I K ) which satisfies R v — l K . The proof of its 
existence proceeds by several stages ; the problem is analogous to that of 
the construction of a regular polygon. Suppose the cycle divided into v 
equal parts. Then a vector which takes us from any one point of division 
to any other is a i/th submultiple of identity. If v is prime, every such 
vector will have every pdwer less than the i/th different from l K ; but if v 
has factors, say p and er, if R" = J K> (R?y=I K ; thus Rfi, which is one of the 
i/th submultiples of identity, has a power less than the vth which is equal 
to I K . We define (I K , v) as the class of those vth. submultiples of I K which 
have no power less than the vth equal to I K ; more generally, we put 

#37303. (S,p) = P(P" = S:a<v.<r$O.X.P ,r $S) Dft 

We then have first to prove the existence of k% r\(I K , v) when k is cyclic 
and submultipliable. For this purpose, we put 

#37301. M VK = §P ( Q eic d . Q> = P) Dft 

I.e. M VK is the relation of a i/th submultiple of P to P, when the submultiple 
of P is a member of «g. It is to be observed that although k is submultipliable, 
we do not know to begin with that /„ has submultiples which are members 
of *g, except in the case of K K) which is half of I K . Owing to this, we proceed 
first by bisection, i.e. by means of the relation if 2it . We prove that the 
process of bisection can be applied endlessly to any member of k s , and always 
gives new terms (#373*14*13), hence it gives a progression starting from any 
member of «g (#373'141), and therefore the existence of a cyclic submultipliable 
family implies the axiom of infinity (#373 , 142) ; also we prove that v bisections 
starting from a member of * a give a member of (2* +1 ) lt (#373*15). Hence, 
taking K K as the member of «g to be bisected, we arrive at 

fi^2 v+1 .D.^lK d n(I K)f i) (#373*17). 

In order to extend this result to numbers not of the form 2" fl , we have 

31* 
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first to prove that there are /tth submultiples of identity. This we prove 
first for numbers of the form 2"+l, then for (2<r + 1) 2" + 1, and then for 
2<7 (#373-21 -22-23); hence it holds generally, i.e. we have 

#373 25. h : k eFMcycl subin . fielUC ind - t'O - i'l .^.{^Q).Qeic d .Qr = I K 

Next, we prove that, if Re>e d and R< L = R*~I K , ther fi, v have some 
common factor p such that Re(I K ,p), i.e. such that R? is the earliest power 
of R which is [ K (#373-3). Hence if p, is prime, and i^ = 7«, it follows 
that no earlier power of R is I K , i.e. Re{I K ,n) (#373'32), and that, if 
Re(I K) p) and Rr=l K , then ft is a multiple of p (#373*33). 

We now make a iresh start with the general relation M VK . Owing to 
#373'25, we know that I K ed'M VK . Also since k is submultipliable, 
ie d C<I'M> VK . Hence if a. is any inductive cardinal, I K e(l'M VK ' k (#373 , 4.(H). 
Also it is easy to show that if v is a prime, and QM^'I^Q"* is the first power 
of Q which is I K . Hence when v is prime, * 9 n (T K) y") exists (#37343). In 
order to extend this result to numbers which are not powers of primes, we 
prove 

#37345. I- : k e FM cycl . p Prm a . R e (I K> p) . Se (I K , a) . D . R j 8 e {I K ,p*) 

Hence by the help of a little elementary arithmetic we arrive at 

#373 46. hz/ceFM cycl subm . p e NC ind - 1 '0 - 1<\ . Z> . g ! ie d a (I k , p) 

Having now proved that there are i>th submultiples of I K which have no 
power short of the yth equal to I K , we have still to show that there is one 
among them which is a member of v K . For this purpose, we take any one 
of them and consider its powers. It is obvious that it has only v different 
powers (#373 5), since after reaching I K the previous values repeat themselves. 
It is this fact which makes it easier to deal with submultiples of I K than with 
submultiples of other vectors. 

Now let R be any vth submultiple of identity, and assume that 8 t T are 

powers of R, but T is not a power of S, and TW K S. Then S\ T is a power of 

R but not of 8, and TW K (S\T) (*373'53). Hence T is not the maximum, 
in the series W K , of the class Vot'R - Pot'& Hence by transposition, if T is 
the maximum of Yot'R — Vot'S, we must have 8W K T. Now since Yot'R is 
a finite class, Vot'R — Pot'S must have a maximum if it exists ; but since 8 
has the relation W K to this maximum, S is not the maximum of Vot'R. 
Hence by transposition, if 8 is the maximum of Vot'R, Vot'R — Vot'S is 
null, and therefore Vot'R = Pot'S (*373'54). Hence it follows easily that, 
if R€K S r\(I K)V ), the maximum of the powers of R is a member of 
ie d a (I K , v ) (#373-55), and further that it is a member of v K (*373'56). Since 
we have already proved (#37346) the existence of k$ r\ (I K> v), we thus have 

#373 6. h : k e FM cycl subm . v e NC ind - i'O . D . g ! v K nS(S" = I K ) 
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The uniqueness of v K r\S(S v = I K ) follows from #372-28, and thus the 
principal vth submultiple of /< exists. Hence also it immediately follows 
that the other i/th submultiples of I K are powers of the principal i/th sub- 
multiple, and that the total number of vth submultiples is v (*373'63'64). 

#373 01. M PK = QP(Q€K d .Q"^ P) Dft [#373— 5] 

#37302. Prime = NCindnjJ( jW = o-x c T.D 0(T :o- = l.v.o- = ^) Df 

#373 03. (S,p)~P(P* = S:<r<v.<r$Q.D 9 .P'±S) Dft [#373—5] 

♦8731. h : QM 2K P . = . Q e k z . Q> = P [(#373-01)] 

#37311. t-:KeFMcyc\.D.M 2K el->l [#37229] 

#37312. h : k e FM cycl . D . M v G W K [#372121] 

#37313. Y-.KeFM cycl . D . (M^ G W K . (M^ G J [#37312 . #37112] 

#37314. V : * e FM cycl subm . P e * d . i> e NC ind - i' . D . E ! M 2K "'P 

Dem. 

h . #372-29 . #351-1 . } I- :. Hp . Z> : Q e * a . D . E ! M W 'P (1) 

I- . (1) . Induct . D h . Prop 

#373-141. ViKeFM cycl subm . P e * a . D . if* £ (#*)*' -P e Prog 

[#373111314] 
#373-142. I- : a ! Pif cycl subin . D . Infin ax [#373141] 

#373-15. \-:k€ FMcycl subm . P € * s . * e NC ind . D . J ftf Sl( '"P <? (2" +1 ) K 
Dem. 
r . #373-114 . D h : Hp . Q = M^~ U P . R = J/„"P . 3 . Q' = .R 2 * (1) 
h. (1). #372-18. Dh:.Hp(l).Q e (2") x .D:2 t r< 2". D.iJ^e*- (2) 

h . (2) . #373-1 . D h :. Hp (2) . D : 2a < 2" . D . &»,!&"+*, W,ReK d . 
[#371 -2] D.i^e*- (3) 

I- . (2) . (3) . D r :. Hp (2) . D : fi < 2" . D . R» e K d : 

[#372-18] D:iJe(2' +1 ), (4) 

h. #372-13. D(-:Hp. I / = 0.D.i/ 2K '"Pe2 K (5) 

I- . (4) . (5) . Induct . D h . Prop 

#373-16. r- :. * e FM cycl subm . * e NC ind . Q = M iK "'K K . D : 

Bern. 
h.#3731. Dh-.Hp.D.Q 3 ^^. 

[#371-26] O.Q* v+1 = I K (1) 

h . #37315 . #3722 . (1) . D h :. Hp . D : p < 2- +1 . p + . D . # TT./, (2) 
h . (1) . (2) . D h . Prop 
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#37317. \-:k€ FM cycl subm . v e NC ind . /z, = 2" +1 . D . g ! * a a (I k , fi) 

[#373-1614 . (#373-03)] 
*37318. h: Qe Cnv"* 3 . Q- = /, . 3 . Q e k b . Q" = I K [#50'5-51] 
#37319. h:( a Q).Q6« a yCnv"^.Q" = / K . = .(aQ).ge« 9 .Q'' = / K 

[#373-18] 
#3732. \-:.fc € FM cycl subm . v e NC ind . P = M^"K K . 

Se* 9 .#*+ 1 = P.#* +1 = Q.J.Q* ,,+1 = /,.<2*/ )( 

h . *301-5 . D h : Hp . D . Q a " +1 = P a " +1 = /« (1) 

h. #373-1. Dh:Hp.D.P« , ' +1 -ir i c|P. 

[#370-22] D . P 2 ^* 4= P . 

[Hp] D . P*"+i+ ^'^ . 

[#30-37] D.P + iS -, (2) 

I- . #301-5-23 . D h : Hp . D . Q = (S^ 1 )* ! ^ 2 

[Hp] = i*|& 

[(2).#37229] + /« (3) 

h.(l).(3).Dh.Prop 

*373'21. Y-.KeFM cycl subm . v e NC ind . p. = 2" + 1 • 3 ■ 

(aQ).Q^ a .^ = / (( [#373-2-19] 

#373-22. h : * e Pif cycl subm . v, a e NO ind . ul = (2<7 + 1) 2* + 1 . D . 

[The proof proceeds as in #373"2*21] 
#373-23. b-.KeFM cycl subm . a e NC ind . yu - 2o- . D . (gQ) .Qe^.ty^I* 

h . #370-26 . D h : Hp . D . K e « d . if* = I K : D h . Prop 
#373-231. h:.TeNCind.D:(a<r):creNCind:T = 2o-.v.T = 2o- + l [Induct] 

#373-24. h:peNCind.p + 0.D. 

f^,(7).^(7eNCind.2p + l = (2(7+l)2" + l 
Dem. 

h. #11 7-661. D 

h :. Hp . \ = £ {(gr) . t e NOind - i<0 . p = t2"1 . D : v e \ . 3 . p > v (1) 

h . *116-301 . D I- : Hp (1) . D . p = p2° . 

[#10-24] D.OeX (2> 

h . (1) . (2) . #261-26 . *263'47 . D h :. Hp (1) . D : 

(gi'):i'e\:/i>v.D^./t'vf\ (3) 
h . #116-52-321 . D (- : p = t2" . t = 2<x . D . p = o-2" +1 (4) 
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h.(3).(4).Df-:.Hp.D:(ai/,T):i/,TeNCind.p-T2'':/A>i;.D |1 . 

~(3 T ) . p= t& : ^(go-) . r= 2<r : 
[#373*231] D : (g„, <x) . i>, (7 e NC ind . p = (2(7 + 1) 2" : 
[*116'52-321] D : ( a „, a) . *, a e NC ind . 2p + 1 = (2<7 + 1) 2"* 1 + 1 : . D h . Prop 

#37325. I- : « e FM cycl subm . /i e NC ind - t'O - t'l . D . 

(gQ) .QeK d .Q*=r K [*373*22'24-23-14.1 
#3733. h:«ei^Mcycl. n$0 .v$0 . Re>c d . & = R> = I K . . 

h - #300-28. Dh:.Hp.D:(ap).p + 0.2ft» = / (t :<r< /». a + OO^.i^ + J,,- (1) 

h. #301-2. Dh:Hp. Rr = I K . D.p + 1 (2) 

r . #30225 . D h : Hp . p e NC ind - t'O . D . 

(go, P,y,S).ti = ap + 0.v = y P + &.p< P .8<p (3) 
h . #301-23-504 . D 

h:Hp(3).i^ = / lt . /i = a / > + ^.^ = 7P + S.i^ = ii' = A.D.E« = Z2' 5 = 7 (t (4) 

h . (4) . D I- :. Hp (4) : a < p . a- + . D„ . iZ* 4= I K : 

}t=ap + p.v*=yp + B:D.p = 0.8 = (5) 

h . (3) . (5) . D h :. Hp : p + . ^ = 7. : a < /j . (7 + . D a . i2'4=/« : D . 

(a a >7)-/ i = *p-i' = 7P (6) 
h . (1) . (2) . (6) . (#373-03) .Dr. Prop 

#373-31. \-iiceFMcyc\.Rcie d . p^O.v^O. r > = R' = I K . D . ^(/tPrm *v 

[#373-3] 
#373-32. hiiceFM cycl .Re^.fie Prim e . i^ = 7 K . D . i£ e (7, , p) 

[*37331 . Transp . (#373-03)] 

We assume here that a prime number is prime to all numbers less than 
itself except 1. This follows at once from the definition. 

#373-33. h : k eFM cycl .Re^rs (I K , p) . R"=I K .3.(<&T).p=pT [#373-3] 

#373-4. h : QM VK P . = . Q « * a . P~Q" [(*373'01)] 

#373-401. V :k eFM cycl subm . v e NC ind - t'O . D . I K e (I'M,, [#373'25] 

#373-402. \-:k€ FM subm . v e NC ind - t'O . D . K d C d'M VK [*373'4] 

#373403. h : v e NC ind - t'O . D . D'M VK C K d [#3734] 

#373*404. h : * e FM cycl subm . v, a e NC ind - t f . D . I K e 0. l M v S 
[#373-401*402-403 . Induct] 

#373405. h : v, a e NC ind - t'O . QM yK *I K . 3 . Q" a = 7, [#3734 . Induct] 
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#373 406. h : v, a e NC ind - i'O . R e B'M^ . D . M^'R = R" a 
[*373-4 . Induct] 

#373 407. h : v, a, 7 e NC ind - i'O . RM v s+vl K . D . R*M v jI K [#373-406] 

#373 41. V : v, a, e NC ind - i'O . QM VK *I K . RMJI K .a<0.D.Q$R 
Dem. 

V . *373-405-407-403 . D h : Hp . D . Q" a = I K . R"" e K d : D V . Prop 

#373 42. h : * e .Fi/cycl . v e Prime - i'l . a e NC ind . 

QM VK «I K .<r< v *.<T$Q.l.Q"JrI K 
Dem, 
(-. *37 3-405. #300-23. D 

h:.Hp.D:(a / (j):p + 0.^ = / )£ :o-<p.o-4=0.D„.^=f/, (1) 

h. #373-33-405. D 

[Hp] D.(a/8).p-> (2) 

h . *373'407 . D h : Hp . /3 < . D . Q"" + /„ (3) 

h.(2).(3). Dh:Hp(2).D.p = ^ (4) 

h . (1) . (4) . D h . Prop 

In obtaining (2) of the above proof, we assume that if v is a prime, and 
pr is a power of v> then p is a power of 1/. This is easily proved. 

#373 43. V : te c FM cycl subm . v e Prime - t'l . a e NC ind - i'I . D . 

3 ! « a n (/„ , ^) [*373-404405-42] 

#37344. I- : 7 Prm p . 7 Prm a . D . 7 Prm pa 

Dem, 
h . #3021 . D h :. 7 Prm p . ~ (7 Prm pa) . <r e NC ind . D . 

(3t, u y p). T € NC ind - t'O - t'l . 7 = or . po- = 0r (1) 
h. #303-39. Df:Hp(l).TeNCind-t'0-i'1.7 = aT.po- = ^T.D. 

y/p^ota/0 (2) 
h . (2) . #303-341 . D h : Hp (2) . «o- Prm . D . 7 = «<x (3) 

I- . (3) . #302-1 . D h : Hp (3). cr 4=1.3.^(7 Prm <x) (4) 

K #113-621. Dh: / 3 6NC.o-=l.~(7Prm /0 o-).D.~(7Prm/>) (5) 

h . (5) . Transp . D h : Hp(l) . D . «r + 1 : 

[(4)] D h : Hp (3) . D . ~ (7 Prm a) (6) 

h . #302-36 . D h : Hp (2) . ~ (<w Prm 0) . D . 

(af?.0-£P™^^i-«* = £r-/S=?? ( 7 ) 

r . #303-39 . D r : Hp (7) . £Prm v . £={= 1 . a<r = f£. £ = t?£. D . a<r/£ = f/17 . 
[(2).*303-341] l.y=£.p = ri. 

[Hp] D . apa = @y = apfr . 

[#126-41] D.<t = £t (8) 
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K(7).(8). Dh:Hp(7).D.( a r^). 7 = «r. ff = rT. 

[*3021 .Hp] D . ~ (7 Prm a) (9) 

h.(6).(9). Dh:Hp(2).D.~( 7 Prm -) (10) 

h . (1) . (10) . D r : 7 Prm p . ~ (7 Prm po-) . <r € NC ind . D . ~ (7 Prm tr) (11) 

h.(ll).Traosp.Dh.Prop 

#373 441. I- :. p Prm a : (gS) . P j3 = Sa : D . (g£> . £ = £<r 

h.*126'41.D 

h : Hp . p/3 = So- . p = £>& . 8 = 7713T . £ Prm 77 . D . f/3 = ^o- . f Prm 77 . £ Prm o- . 

[#373-44] D . #3 = lyo- . ? Prm 7,<r (1) 

l-.(l). Dh:Hp(l).f+l.D.f+l.f=fx«l-^=f>«c/9- 

[#302-1] 3.~(£Prm7»<r) (2) 

h . (2) . Transp . (1) . Z) r : Hp (1) . D . £ = 1 (3) 

r.(l).(3).Dh.Prop 

#373-45. (-r^e^ifcyci.^Prmo-.Eet/^^.^e^.^.D.^l^e^^cr) 
Bern. 

h. #37033. Dr-:Hp.D.(^|^ = / (C (1) 

h . (1) . #373-31 . D h :. Hp . (R \ S)r = /„ . 7 + . D : ~ (7 Prm pa-) : 

[#373-44] D:~( 7 Prm i9 ).v.^(yPrm<r) (2) 

h . #370-33 . #301-504 . D 

\- :Kp(2) . p = a T ,y = ^r .D . I K =(R\8Y^ = S a ^ = S^ . 

[#373-33] D.( a S). / ,/5 = Sff. 

[#373-441] D.(af).£=&r (3) 

h.(3). Dh:Hp(3).D.(E!^r=/,.^ T = / K . 
[#37033] O.Bfi r = I K . 

[#373-33] D . (gyLt) . /3r = /*«t . 

[Hp] D.(g M ). 7 = ^. M + (4) 

K(3).(4).3h:Hp(3).D.(ai/).7 = i7Hr. v + ( 5 ) 

Similarly h : Hp . ~(7Pnn <r) . D . (gv) . 7= vpa . y =^0 (6) 

h . (2) . (5) . (6) . D h : Hp (2) . D . (g*>) . y + . 7 = v/twr (7) 

K (1). (7). #117-62. DK Prop 

#373-451. h :. p e NC ind - i'O : ~ (gv, a) . v e Prime . p = v a : D . 

(g/i, y) . /i Prm v.p,<Lp>v<.p.p = p.v 
Dem. 
h. #261 -26. #263-47. D 

I- : Hp . D . (g 7) a) . 7 « Prime . p e D'x e 7* . p ^ e D'x y a+1 . /> 4 s 7* ■ 
[#373'44. Induct] D . (g 7 , a, /3) . 7 e Prime . p = Yfi . /5 Prm 7* . # 4= 1 : 3 r . Prop 

R. & W. III. 
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*373 452 h :. v e Prime . a e NC ind . D^ . cf> (v a ) : p, Prm v . <£/* . cpv . D^, „ . 

<f> (ju>) : D : p e NC ind - t'O . D p . <p (p) [#373-451] 

#373-46. h : tceFM cyclsubm . peNC ind - t'O - t'l . D . g ! * a « (!„, p) 
0373-434518-452] 

#373-5. f- : * £ FM cyc\ . v e NC ind . R e K d r> (I K , v) . D . Pot'i? e i> 
Item. 

h. #302-25. #301-504. D 

h : Hp . a e NC ind . D . ($%, 17) . a = f 1/ + t? . rj < 1/ . R a = ifr . 
L*120-57] ^.Nc'Vot'R^v (1) 

h . #301-23 . D\-:Kp.p<v.<r<p.D. R*\R? = Re~°* . 
[Hp] D.R*\R>$I K . 

[#33032] l.Ro^R* (2) 

h . (2) . Transp . D h : Hp . p < v . o- < * . R? = R°. D . p = »> (3) 

h . (3) . #12057 . D h : Hp . D . NcTot'E > z> (4) 

K(l).(4).Dh.Prop 

*373'51. h : « € FMcycl .R<-K d n (/«,/«/) .D.R^e (I K , v) . Vot'R* e v 
Dem. 

h. #301 -504. D 

h :. Hp . D : (R?)' = I K : a < v . <r + . X . (#*)" + /« :. D h . Prop 

#373-52. \-:KeFMcyc\.R€K d n(I K , v ).fjL Prm v . D . 

i^ e (I K , v) . Pot'I^ = ?ot'R 
Dem. 

h . #37333 . D h : Hp . Rr €(I K , p) . D . (gr) .p,p = vr. 

[#373-441] 3.(aS)-p = *C (1) 

K #301504. D I- :Hp(l).D. (£*)" = /«. 

[Hp] 3-p<i' (2) 

h.(l).(2). D h : Hp. D. 22* e (/„,*) (3) 

I- . (3) . #373-51 . D h : Hp . D . Nc'Pot'fl* = Nc'Pot'tf = v (4) 

I- . #91-6 . D h : Hp . . Pot'ifr* C Pot* £ (5) 

H . (4) . (5) . #120-426 . Transp . D h : Hp . D . Pot'ifr* = Pot'IZ (6) 

h.(3).(6).Dh.Prop 

*373521. hiKe FMcycl .R € ( Kd v Cnv"* a ) . v e NC ind . R»=I K . D.R € Pot'R 
Dem. 

h. #301-2. #1314. Dh:Hp.D.^ + (1) 

h . (1) . #301-21 . D h : Hp . D . R = -R"-' 1 Oh. Prop 
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#373 522. I- : Hp #373*521 . S, T £ Po l*R . D . 5 1 T € Fot'R 
Dem. 

r . #373-521 . D h : Hp . Z) .SeFot'S. 

[*91-0] D.SePot'R. 

[#91-343] Z) . S \ T e Fot'R O r . Prop 

#37353. I- : Hp #373-521 . S, T € Pot'E . T~ e Pot'S . TW K S . D . 

2 T W r «(iS|y).5|r 6 Pot' J R-Pot'fif 
Dem. 

h.*37123. Oh:Rp.O.TW K (S\T) (l) 

h . #373-522 . D I- : Hp . D . #j Te Pot'fl (2) 

h . #91-36 . Transp .Dh:Hp.D.S|y^,e Pot'fl (3) 

r . (1) . (2) . (3) . D h . Prop 

#373-531. r : Hp #373-53 . D . ~ [T = max ( TT») ( (Pot'i2 - Pot'S)} [#373-53] 

#373-532. h : Hp #373-521 . 8 e Yot'R . T = max ( W K y(Vo\,<R - Pot'S) . D . 

SW K T [#373-531 . Ti-ansp . #371-12] 

#373533. I- : Hp #373521 . 8 e Pot'.R . E ! max ( W K )'(Pot'R - Pot'S) . D . 

~ [S - max ( IT^'Pot'iJ} [#373-532] 

#373-54. h : Hp #373-521 . S = max ( TT^'Pot'iS . D . Pot'22 - Pot'S 
Dem. 
h . #373-533 . Transp . D h : Hp . D . ~ E ! max { }¥<)'(?<*' R - Pot'S) (1) 
h . (1) . *373-3-5 . #261-26 . Transp . D I- : Hp . D . Pot'i? - Pot'S - A (2) 
K (2). #91-6. Dh. Prop 

#373-55. V-.KeFM cycl . v e NC ind - t'O . R e « a a (Z, , „) . 

tf = max ( W K Y Pot'iJ . D . -S e (/« , r) 

h. #373-3-5. DI-:Hp.D.(a J o). j oeNCind-t'O.S€(/ K , /[ )).Pot'S€p (1) 
I- . #373-54-5 . D h :. Hp . D : Pot'S e i> : 

[#100-34] D: P e^C.Fot ( Sep.^.p = v (2) 

h . (1) . (2) . D I- . Prop 

#373-56. r : Hp #373 55 . D . £ e ^ 

Dem. 
h. #205-21. !> h : Hp . Q e Pot<22 - t'S . 3 . Q JT K S (1) 

h.(l). #301-21. D\- •..Hp.ae'ItCmd. S*^*S.1:8*»W K S.8* +1 = S*\S: 
[#371-15] 3:S*-»etc d .3.S*eie d (2) 

r- . (2) . #373-55 . D r :. Hp . D : a + . a< y . S a+1 € * s . D . /Sf*e* a (3) 

h. #371-16. 3l-:Hp.D.£e* a (4) 

h.*301-2.*1314.Dh:Hp.D.i;>l (5) 

I- . (3) . (4) . (5) . *372-17 . D r- . Prop 
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#3736. h :* e Pif cycl subm.i/eNC ind -t'O. 3.g ! v K n S(S" = I K ) 
[♦373-46-S6-5 . #261-26 . *372"11] 

#373-61. h : Hp #373-6 . D . v K n 8 (S» = I K ) e 1 [#372-28 . #373-6] 

#373 62. 1- : Hp #373-6 . 8 e v K . S v = /„ . D . 

8e(I K , v) . Fot'S=P(P" = I K ) a (« u Cnv"*) 
Dem. 

\- . *373-55-56-61 . D h : Hp . D . S € (/«, v) (1) 

I- . *3735654 . D h : Hp . R e (I K> v) n * g . 2 1 = max ( ITJ'Pot'i* . D . 

[#372-28] D.^=2 T .i26Pot'T. 

[#13-12] D.ReYot'S (2) 

h. #373-33. Dh:Hp. R € {I K) p) r> K?j . R* = I K .D .(ftr) .v = pr (3) 

h. #372-19. Dhi.Hp.Dii/^^T.D.jS'f/*,. 

[(2)] D.EePotSS' (4) 

h.(3).(4). Dh:Hp(3).:).PePot<S (5) 

h.(l).(2).(5).Dh.Prop 

#373-63. V-.KeFM cycl subra . i; e NC ind - t'O . D . 

P (P" = /„) n (* « Cnv"*) = Pot'(?S) (^STe i> K . #* = 7 K ) [*373"61'62] 

#373-64, h : k e FM cycl subm . v e NC ind - t'O . D . 

Nc'{P (P* = /„) n (* u Cnv"*)} = v [*373-63-5] 



*374. PRINCIPAL SUBMULTIPLES. 

Summary of #374. 

In this number we prove for any vector what was proved for I K in #373, 
namely that, if v is any inductive cardinal not zero, and R is any vector, 
there is just one member of v f whose yth power is R. This one we call the 
"principal " i>th submultiple of R. The proof of its existence is as follows. 

Assume R is a non-zero vector, and Q is a yth submultiple of R. (Q exists 
provided we assume that k is submultipliable.) Let T be the principal vth. 
submultiple of I K , whose existence has been proved at the end of #373. We 
wish to prove that there is a i>th submultiple of R which is a member of v K - 
By #37233, Q is a member of v K if TW K Q. But if QW K T, then T must have 
a last power T" such that QW K T", and for this value of a we shall therefore 
have T* +l W K Q, (We cannot have T" +1 = Q, because if Q were a power 
of T, we should have Q v = I K , whereas by hypothesis Q v = R.) Now if 

T a+l W K Q*QW K T', the vector T«\Q must be less than T, i.e. we shall have 

TW K (T'\Q), and therefore T" j Q will be a member of v K , by #37233. More- 

over since T" = I K , we have (T* \ Q) v = Q" = R by hypothesis. Hence T* \ Q is 
a vth submultiple of R and a member of v K . In virtue of #372*28, it is the 
only wth submultiple of R which is a member of v K . Thus the existence of 
the principal i/th submultiple of any vector is proved, assuming the family 
concerned to be cyclic and submultipliable. 

We prove also in this number that v K consists of all non-zero vectors 
not greater than the principal vth submultiple of I K> which is therefore the 
greatest member of v K ; that is, we have 

#374-21. V : k e FM cycl subm . D . v K = {WJ*'{iR) {Rev K *R" = L) 



#3741. }■:.*€ FM cycl . R,Qe k 8 .Q" = R . Tev K . T" = I K . D : 

TW K Q.D.Qev K [*372'33] 

The above hypothesis is not all necessary for the conclusion, but is 
adopted because it gives the construction with which we shall be con- 
cerned. 
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#37411. H : Hp*3741 . QW K T. D . (30-) . T^TT^ .QW K T* 
Dem. 

h . #301-504-3 . D h : Hp . <r e NC ind . D . Q + T° (1) 

K #373 62-5. DHHp.D.Pot'Tei/. 

[#261-26] D . E ! min ( ^'(Pot'T^ TT/Q) (2) 

h. (1). (2). #37 21. 1) K Prop 

#37412. H : Hp*37411 . r* +1 J^Q . QW^T 7 ' . P = ?* j Q . D . P e v K 
Dem. 

V . #371-23-16 . D h :. Hp . D : P e ie d . 7" e * a : 

[#37125] D : PI^Z 7 . D .P\T°W K T°^ . 

[Hp] D.QTT.T^ 1 : 

[Transp.Hp] D : ^ P : 

[#37233] DrPe^i.Dh.Prop 

#37413. h : KeFM eye] subm . E e« 5 . D . (gP) .Pev K .P> = R 
Dem. 

K #374-1. Dh:Hp*3741.7 7 V (t Q.D.g6i; <t .Q' = J R (1) 

h . #37412 . D h : Hp *374"12 . D . P e V(t . P" = £ (2) 

h . (1) . (2) . #37411 . D h : Hp*3741 . D . (gP) .P € v K .P" = R (3) 
h . #373-6 . D h : Hp . D . (g? 7 ) . T^y, . T 7 -^/, (4) 

h . (3) . (4) . D h . Prop 

#37414. h : k e FM cycl subm . R e « \j Cnv"« . D . (gP) .Pev t .P* = R 
Dem. 

h . #374-13 . #373-6 . D h : Hp . £e/c a . R = 8. D . 

faT,Q).T t Qe V ,.T' = I m .Qr = S.R = S. 

[#372-27] D.( a r,Q).7 T ,g6 l ; lt .rTr it Q.(Q|jr)'' = ^=i2. 

[*37l-16.*372-33]D.( a r,Q).7 1 ,Q6^.Q|7 7 €i; K .(Q|ir)'' = i2 (1) 
h . (1) . #374-13 . #373-6 . D h . Prop 

#374-2. h : k e FM cycl subm .i?e K y Unv'V . D . ^ a P (P* = #) e 1 
[#374-14. #372-28] 

#374-21. h : k e FM cycl subm . D . y« = (W^^iii) (Rev K .R" = I K ) 
Dem. 

h. #374-2. ^\-:U^.D.El(iR)(Rev K .R" = I lc ) (1) 

h. #372-33. D h : Hp . R e v K . R" = I K . D . (W.^'R C v K (2) 

h . #372152 . D h : Hp . R e v K . R" = /« . P e i/ K . D . i?" ( W K )# P" . 
[#372-27] D.i^tf^P (3) 

h.(l).(2).(3).Dh.Prop 



#375. PRINCIPAL RATIOS 

Summary of #375. 

In this number we define a relation (pjv) K , which is contained in 
Ut/v)t k*, but has the advantage of being one-one, and of excluding (pJ<r) K 
unless fjbjv — pfa: The relation (fijv) K is defined as hol.ding between R and S 
when the principal jtth submultiple of R is identical with the principal vth 
submultiple of S> i.e. we put 

#37501. (fxjv) K = M{(rT) .Te f t K rsv K .R=Ti'.S=T'} Df 
(Here p K a v k — p, K if p ^5 y, and = v* if v ^s p, by #37215.) 
The properties of (fi/v) K result from #374'2. We find that, except when 

^=1/^=0 or f=^ — 0, 

rfv = f/, . = . (/,/„)„ = (f/9). (#375-27). 
If><v, d'0*H = * u Cnv"K (#375141), 

and D VR = (WJ*'0*/v)*'I* (#375-22). 

The principal vth submultiple of $ is (lJv) K 'S, and its /u.th power is 
(nJv) K 'S. Also we have 

(l/ P V(l/v) K <S = (l/^'S (#375-15), 

Ne v K . D . (1/pVtf € (p„)« (#375-16), 

W^ = W1)-!(V^ (#375-2). 
The propositions 

0V y )« ! (p/°")« * (a*/" x « p/°")« 
and MvYR] I {(/>/*)«'#) = W» +* pW^ 

do not hold without limitation. The former requires either 

jX ^ v . v . cr ^f p, 
or that the converse domain should be iimite'd to 

i.e. to D'(<r/p)«. 

The latter requires either 

flfv +g pj<T < r 1/1, 

or ReCi^fi/v+gpja-)^ 



Except in the trivial case when /* = . p = 0. In this case, (^/v)£jc t = A but {>t/i>)« = r« + f« 
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♦37501. ( H .lv) K = RS{(^T).Tefi K n VK .R=T^.S=T"} Df 

♦3751. H : R (nJv) K S. = . (gT) . Te ^nv K . R = T* , S=T" [(>375'01)] 

♦37511. r- : k e FM cycl .fi,ve NC iud - t'O . D . (^/i/), e L -> 1 
Dem. 

h . ♦372-28 . D 

r- : Hp . # e * v Cuv"k . r, Tf e /x K n v» . R = T* = W* . D . T = W (1) 
K (1) . ♦3751 . D h : Hp . R (jifv). S . R (pfv) K S'.D.S= l " (2) 

Similarly h -• Hp . R (fi/v), S . R' {pjv) K 8.0.R=R' {3) 

h . (2) . (3) . D K Prop 

♦375-12. \--.rce FMcyd . ~ {p. = v = 0) . 3 . (/i/v), G (^/j/) £ « t [#37033] 
♦375-13. H . (v/fi% = Cnv'^/H [♦375'1] 

♦375-14. V: fx^v .k€ FM cycl subm . D . D'^/i/)* = k w Cnv"/e 
[♦374-2. ♦372-15] 

♦375-141. h : a* < v - * e Fif cycl subm . D . d'0*/i>)« = * w Cnv'V [#3751 314J 
♦375'IS. I- : k e FM cycl subm .Setcv Cnv"* . p, v e NC ind - t'O . D . 

(i/pV(V"V^(iH'S 

Dew. 
I- . ♦375-14 . D I- : Hp . D . E I (l//?)/(l/i/) K ^ . E ! (l/pv) K 'S (1) 

I- . (1) . ♦375-1 . D h :. Hp . D : i/ = (l/ P y(l/i/)/S . = . 

( a i\T).#e^.ifep.. #" = £.;¥? = # (2) 
h . (1) . ♦3751 . D h :. Hp . D : M = (l/pv^'S . = . Me(pv) K . M* v = S . 
[♦37219] ?.Mep K .M>cv K .(M»y = S. 

[(2)] D.M=(l/ P V(VvVS (3) 

h.(l).(3).Dh.Prop 

♦375151. h:*e^4fcycl.JV€i/ (e .D.JV=(l/vVJV' [#3751] 

♦375-16. h : k e FM cycl subm . N e v K . p e NC ind - t'O . D . (l/p)/lVe (pi/). 
Dm. 

h . ♦37515151 . D H : Hp . D . (ljp) lt t N = (\/pv) K t N v . 
[*3751] D . (l/p) K 'N e ( pv ) K Oh. Prop 

*375'2. r- : * e JW cycl . p, v e NC ind - t'O . 3 . (p»« = Qi/l) K | (l/i/)« 
Z)em. 

I- . ♦375-1 . D h :. Hp . D : R {Qijl) K | (1/v),} S. = . 

(rT) . Te ^ i/« ■ 12 = ^ . S = 7 1 " :. D h . Prop 
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#375-21. \-ixeFM cycl subm . g I (^/i/), * (/?/ a) K . D . /i/v = p/o- 

i)em. 
h . #375-1 . D r : Hp .P(pjv) K Q .P(pj*) K Q.D. 

{KS,T).Sep K r>v K .Tep K r>cT K .P = S»~ri>.Q = S'' = r° (1) 
1- . (1) . #374-2 . #375-16 . D r : Hp (1) . D . (gtf, 8, T) . Sep* n *« . 

re /3/t « £ r K .i J = ^=T' ) .g = ^ , '=r-.»Sr=i2-.i2€(^ -) Jc n(i;a) it . 
[#301-504] D . (gi2, S, T).S € p K nv K . 

T€p K n<T K .Re(p<T%r>(va) K .P=S>' = Tr = R>«'.Q = S>'=zT< r = R>"'. 
[#372-28] D.(RR,S t T).8€fi K nv K . 

Tep K n<r K . Re{p<r) K n {v<r) K . P = S"= T? = &" . T= R" . 
[#301-504] D . (giJ) . £ e (^0% n ( vp ), . R*t> = R^ (2) 

r . #372-2 . (2) . D h : Hp (1) . ^o- > v/ t> . D . /4<r = i/p (3) 

Similarly h : Hp(l) . vp^pa . D ./icr= i/p (4) 

r . (3) . (4) . D r : Hp . Z> . ^o- = vp : D r . Prop 



*375'22. h : k e W cycl subm . p < ? . D . D'0/")« = ( HQ*' W V V *« 



K #375-1. D 

r:.Hp.D :j ReDVH« 
[*372-15.*21-2] 

[#374-21] 

[#372-27] 

[Hp] 
[*3751-11] 



.{nS,T).Sev<.S>> = I K .S(W K )*r.R = T». 
.(nS,T).Se VK .S" = I K .S»(W K hT*.R=T» 
.(nS).Sev K .S" = I K .S»(W K )*R. 
.{(p/v) K 'I K }(W K )*R:.D\-.Vrov 



#375-221. V-.KeFM cycl subm . p > v . D ■ a '(/*/")« * ( ^-V (vyW^ 
#375-22 ^.#37513 

#375-23. h : K e FM cycl subm , /i, y € NC iad . ~ (p = v = 0) . D . g ! (/*/")* 
[#37514141] 

#375-24. \-: K eFMcyc\mbm.(plv) K = (pla) K .D.plv~pl<r [#375-21-23] 

The cases when we do not have p, v, p, er eNC ind — t'O require separate 
treatment in obtaining *375-24, but they offer no difficulty. 
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$375*25. \- : k€ FM cycl subm . p Prm a . jn/v = pja . D . (fijv) K = (p/cr) K 

Dem. 
V . #303-39 . *302-35 . D \- : Hp . D . (gr) . p = pr . v = <rr (1) 

H . #372-19 . D h : Hp . p = pr . i/ = or . T e^ n v, . R = T* . S = T" . P = T r . D . 

Pepper*. R=Pe.S = P* (2) 
r . (1) . (2) . #3751 . D h : Hp . D . {^) V ) K G (p/<r) K (3) 

h. #375-15. D 
r : Hp ( 1) . fi = pr . v = <tt . P e p K n a. . R = P<> . 8 = P* . T = (l/r)/P . D . 

T efJtK n Vll .R = f.S=T' (4) 
I- . (1) . (4) . #3751 . D h : Hp . D . (p/a) K G (^ (5) 

I- . (3) . (5) . D h . Prop 

#375-26. \-:k€ FM cycl subm . ~ (^ = y = 0) . ~ (£ = ?? = 0) . yu/i/ = f?/«7 . D . 

Dem. 

h . #303-39 . #302-34 . D 

h : Hp . ft, v, £, 7/ e NC ind . D . (g;p, <r) . (p, o-) Prm (/*, i>) . (p, o-) Prm (£ ??) . 

[*375-25.*303-211] D . (gp, <r) . (p/a) K = (^p) K . (p/cr), = (£( V ) K . 

[#13-171] 3 -(W>0« = (/>/«■)« (!) 

h.*375-l.*303-1114182.D 

HHp.-^^^^fNCind.D.^/^^A^p/^^A (2) 

h . (1) . (2) . D r . Prop 

#375-27. I- :. * <= Pitfcycl subm . ~ (^ = v = 0) . ~ (£ = ^ = 0) . D : 

^ = ^ . h . (,*/„). = (£/,)« [*375-24-26] 

#375 3. h : k e FM cycl subm . ^ „, p, <r e NC ind - i<0 . D . 

(p» K i (p/«x)„ G (jiplva)* 
Dem. 

K #3751 . D h : Hp . P <>/,/), Q . Q (p/o-) x £. D . 

(a-Sf, T) . Se/^ n i;, . P- flf" . Q = 5" . Tep, n er. . Q= 7 1 " . JJ= 7" (1) 

r. #37514115.3 

I- : H p . 8 e fi K n „„ . P = 8» . Q = 5 - . T e p K n <t k . Q = T p . R = T* . 3 . 

faM) . i/ = 0/pVS . P = M»» . Q = M v <> = T* . R = T^ . #«•(/*/■>)« . 

[#372-28] D . (%M) . Me(jip) K . P = M<*? . T = M» . R= T° (2) 

I- . (2) . #375-1 . D I- : Hp (2) . w > i/o- . D . P (pp/v*), R (3) 

h.(l).(3). Dh:Hp(l). A tp> V0 -.D.P(/i/)/i/«r) (C i2 (4) 

Similarly h : Hp ( 1 ) . v<r > yup . D . P Mva) K R (5) 

h . (4) . (5) . D h . Prop 
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#375-31. \~:.iceFMcyc\ subm . /a, *, p, a- e NC ind- t'O :/*> v . v . o- >p: D . 

(fip/vtr),, = (fijv) K | O/o-), 

If P (jJtpfvtr) K R, we have 

(a-flf ) . Me{fjLp) K n (yo-), .P~M>*.R=; M v \ 
The result follows by putting Q= M" p . 
Without the hypothesis /x. ^ i> . v - <r ^ p, we have 
<jjq>lva)SR = (n/ V y(p/a) K <R, 
if 72 is sufficiently small to ensure (l/vc-)/^ € (v/))*, i.e. if 

i.e. ir R e(\ l {pja) K . 



*375 32. h : « € jW cycl subm . /li/v +, pja < r ljl .Re K \J Cnv f f * . D . 

The proof -follows immediately from the definitions. 

The same result follows, without the hypothesis ^jv -\- s pja <i r \f\ pro 
vided R is sufficiently small to ensure 

(llva-) K t Re( f j / p+va-) K , 

i.e. R e Q'ifjLiv + a p/o") K . 



'/r 



